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We have measured the differential cross section for elastic scattering of 14-Mev neutrons 
from carbon, nitrogen and silver at angles from 20 to 140° and from molybdenum, cadmium, 
and tellurium at angles from 15 to 160°. After some necessary corrections have been made, 
the experimental data are compared with cross sections calculated on the basis of the op- 


tical model of the nucleus. 


HERE are many experimental data which are 
well accounted for by the optical model of the nu- 
cleus, particularly by the more recent modifica- 
tions of this model.""~“) This is especially true 
of cross sections for the elastic scattering of 
neutrons at an energy of 14 Mev. 1% 

The purpose of the present paper is to present 
experimental results on the differential cross sec- 
tion for elastic scattering of 14-Mev neutrons by 
carbon, nitrogen, sulfur, molybdenum, cadmium, 
and tellurium. 

The measurements were made on toroidal 


- scatterers. 


The 14-Mev neutrons were produced by bom- 
barding a T-Zr target with 120-kev deuterons in 
the neutron generator of the Physics Institute of 
the Academy of Sciences of the Ukrainian S.S.R. 

A scintillation counter was used to detect neu- 
trons from molybdenum, cadmium, and tellurium. 
The counter was sensitive only to neutrons having 
energy greater than a threshold of 11 Mev. This 
threshold was not high enough to discriminate 
completely against inelastically scattered neu- 
trons, and this effect was significant at large 
angles. However, a higher threshold could not be 


used partly because a lower counting rate would 


lead to larger statistical errors and also because 
of instabilities in the electronic circuitry. 

Neutrons scattered from carbon, nitrogen, and 
sulfur were detected with a scintillation spectrom - 
eter using a stilbene crystal and an FEU-14A 
photomultiplier. Pulses from the photomultiplier 
were fed to an AI-100-1 amplitude analyzer. The 
resolution of the spectrometer was 3% (400 kev). 
The neutron spectra obtained made it possible to 
distinguish reliably between elastic and inelastic 
scattering events. 

We measured the relative sensitivity A(q@) of 
the neutron detector as a function of the direction 
of flight of the incident neutrons. 

The scatterers were rings of diameter 13, 20, 25 
and 30cm. The cross-section diameters of the 
rings were 2 cm for carbon, 3 cm for cadmium, 
molybdenum, and tellurium, and 4 cm for nitrogen 
and sulfur. 

In the case of nitrogen, the scatterer was made 
by filling a toroidal Dewar flask with liquid nitro- 
gen. The flask walls were made of 0.5 mm copper. 

The measurements were normalized by using 
scintillation counters to monitor neutrons and @ 
particles from the T(d, n)a@ reaction. 

The differential cross section Tg] (3) for elastic 
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scattering was computed from the experimentally 
measured values of the quantity 


S (8) = (Nsc— Nb) / Na, (1) 


where Ngg is the number of counts with the scat- 
terer and shield in, Np is the number of counts 
without the scatterer (background), and Ng is the 
number of counts without the scatterer and without 
the shield. 

The differential cross section for elastic scat- 
tering through an angle # was calculated from the 
formula 


det (8) = S (8) (RiRe/ Ro) exp (nsind) /NA(%)B(En)y (2) 


where R, is the distance from the source to the 
scatterer, R, is the distance from the scatterer 
to the detector, and Ry is the distance from the 
source to the detector. n is the number of nuclei 
per cc in the scatterer, Ojn is the cross section 
for inelastic scattering, d is the thickness of the 
scatterer, N is the number of scattering nuclei, 
and B(Epy) is a correction factor to account for 
the dependence of the detector sensitivity on 
energy. 

No correction was made for multiple scatter- 
ing, although it may be considered that these ef- 
fects are partially accounted for by using ojy in 
formula (2) instead of the total cross section ot. 

The measurements did not take long, so that 
drift in the electronics was not important. For 
angles less than 70°, statistical errors were less 
than 4%, while for larger angles these amounted 
to 7 or 8%. 

Measurements were made for angles in the 
range 20 — 40° for carbon, nitrogen and sulfur, 
and in the range 15 — 160° for molybdenum, cad- 
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FIG. 1. Differential cross section for the elastic scatter- 
ing of 14-Mev neutrons on carbon (in the laboratory frame of 
reference), Theoretical curves: the solid line in this and the 
following figures is taken from Bjorklund and Fernbach, the 
dashed line from Beister et al. ['*] 


mium, and tellurium. The results are shown in 
Figs. 1—6. The solid curves are theoretical, 
being calculated using the optical model. 

Our data agree well with the results of other 
authors: for carbon, Anderson et al" ; for nitro- 
gen, Hughes! 141 ; for sulfur, Elliot" and St. Pierre 
et al]; for cadmium (at large angles), Ander- 
son et al, /2) 

For carbon, sulfur, molybdenum, cadmium, and 
tellurium the experimental data are compared with 
calculations based on the potential given by Bjork- 
lund and Fernbach (Fig. 1, solid curve). There 
are no theoretical curves for scattering from 
molybdenum and tellurium, so the data have been 
compared with existing calculations for the neigh- 
boring nuclei zirconium and antimony. 
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FIG, 2. Differential cross 10" 
section from elastic scattering 
on nitrogen. 
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FIG. 3. Differential cross section 
for elastic scattering on sulfur. 
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FIG. 4. Differential cross sec- 
tion for elastic scattering on molyb- 
denum. 
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ELASTIC SCATTERING OF 14-Mev NEUTRONS 
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FIG. 5. Differential cross section 
for elastic scattering on cadmium. 
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FIG. 6. Differential cross sec- 
tion. for elastic scattering on tel- 
lurium. 
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The theoretical curves calculated by Bjorklund 
and Fernbach are in good agreement with the ex- 
perimental data for sulfur, molybdenum, cadmium, 
and tellurium. The calculations disagree with ex- 
periment for-carbon. Better agreement is obtained 
by comparing the experimental data with the curve 
calculated by Beister et al™® (and shown as the 
dashed curve in Fig. 1). 


1Culler, Fernbach, and Sherman, Phys. Rev. 
101, 1047 (1956). 


227 


2 Bjorklund, Fernbach, and Sherman, Phys. Rev. 
101, 1832 (1956). 

SF, Bjorklund and S. Fernbach, Phys. Rev. 109, 
1295 (1958). 

4Luk’yanov, Orlov, and Turovtsev, JETP 35, 
750 (1958), Soviet Phys. JETP 8, 521 (1959). 

5J. P. Conner, Phys. Rev. 89, 712 (1953). 

6 J, R. Smith, Phys. Rev. 95, 730 (1954). 

™w. J. Rhein, Phys. Rev. 98, 1300 (1955). 

8m. M. Khaletskii, DAN SSSR 118, 305 (1957), 
Soviet Phys. Dokl. 2, 129 (1958). 

9J. O. Elliot, Phys. Rev. 101, 684 (1956). 

10H, Nauta, Nucl. Phys. 2, 124 (1956). 

11Berko, Whitehead, and Groseclose, Nucl. Phys. 
6, 210 (1958). 

12 Nakada, Anderson, Gardner, and Wong, Phys. 
Rev. 110, 1439 (1958). 

13Coon, Davis, Felthauser, and Nicodemus, 
Phys. Rev. 111, 250 (1958). 

4K, Yuasa, J. Phys. Soc. Japan 18, 1248 (1958). 

15st. Pierre, Machwe, and Lorrain, Phys. Rev. 
115, 999 (1959). 

161. Hughes, Proc. Second International Confer- 
ence on the Peaceful Uses of Atomic Energy, Neu- 
tron Physics, p. 39 (1959). 

1T7,, A. Rayburn, Phys. Rev. 116, 1571 (1959). 

18 Bobyr’, Grona, and Strizhak, JETP 41, 24 
(1961), Soviet Phys. 14, 18 (1962). 

197. I, Strizhak and N. S. Nazarov, Pribory i 
Tekhnika Eksperimenta (Instrum. and Exptl. 
Techniques ), in press. 

20 Anderson, Gardner, McClure, Nakada, and 
Wong, Phys. Rev. 111, 572 (1958). 


Translated by R. Krotkov 
63 


SOVIET PHYSICS JETER 


VOLUME 14, NUMBER 2 


MAGNETOACOUSTIC OSCILLATIONS AND INSTABILITY OF AN INDUCTION PINCH 


A. V. BORODIN, P. P. GAVRIN, I. A. KOVAN, B. I. PATRUSHEV, S. L.. NEDOSEEV, V. D. RUSANOV, 


and D. A. FRANK-KAMENETSKII 
Submitted to JETP editor January 27, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 317-321 (August, 1961) 


The results of an experimental investigation of an induction pinch are presented. It is shown 
that the radial oscillations that arise in rapid compression of the plasma are of magneto- 
acoustic nature. Pinch instabilities are also noted at high shock-wave intensities. 


Fare magnetoacoustie oscillations in a dense 
plasma have been investigated by means of an ex- 
perimental arrangement similar to that usually 
used for induction compression and heating of a 
plasma. 473] 

A schematic diagram of the experiment is 
shown in Fig. 1. The magnetic field is excited 
by a uniform turn with an inductance of 30 cm;* 
preionization is obtained by means of an rf gen- 
erator with a nominal power of 200 kw, which is 
connected through a A coaxial cable to a coil 
arranged coaxially with the turn that produces 
the main magnetic field. This scheme makes it 
possible to avoid trapping of the rf magnetic field 
in the plasma since the frequency of the main 
field is 59 kc/sec while the frequency of the gen- 
erator is 50 Mc/sec. The magnetic field strength 
in the main coil is 25,000 oe while the amplitude 
of the rf field is 50 —70 oe. 

The discharge is produced in a quartz vacuum 
chamber. When a glass chamber was used it de- 


Direction of 
photograph 


Direction of 
photograph 
FIG. 1. Schematic diagram of the apparatus; 1) 50-kv 

charging supply, 2) capacitor bank (C = 50 pf, Umax = 50 kv), 
3) slit in turn, for photography, 4) main magnetic field coil, 
5) quartz vacuum chamber, 6) coil for rf ionization generator, 
7) magnetic probe, 8) ionization rf generator (f = 50 Mc/sec, 
P = 200 kw), 9) trigger unit. 


*1 cm = 10~° henry. 


teriorated gradually under the effect of the dis- 
charge. The vacuum chamber is evacuated to an 
initial pressure of 10~’ mm Hg while heated to 
450 — 500°C. 

Most of the experiments were carried out in 
air in the pressure range 10°'— 107? mm Hg; 
some experiments were also performed with hy- 
drogen, argon, xenon, and helium in the pressure 
range 10-!— 107? mm Hg. 

The investigation of discharge behavior was 
carried out by means of a high-speed camera 
(SFR-2M) and a magnetic probe, which was lo- 
cated at the axis of the vacuum chamber. The 
discharge was photographed laterally through 
vertical slits in the main coil and in the radio- 
frequency coil and was also photographed axially 
from the end of the system. Framing operation 
and the streak mode were both used. 

In Fig. 2 we show lateral photographs of dis- 
charges in hydrogen, air, and argon. In the pic- 
tures in Figs. 2b and 2c it is evident that the 
emission intensity of the discharge is small in 
the first half-cycle as compared with the subse- 
quent half-cycles. 


Figure 2b was obtained with rather strong pre- 


ionization; no preionization was used in Figs. 2a 
and 2c. Similar pictures were obtained through 
the end face. 

In Fig. 3 we show photographs obtained by 
frame photography of a preionized discharge in 
air. Radial oscillations of the plasma tube are 
noticeable in each half-cycle of the magnetic 
field; the strength of these oscillations increases 
markedly from the first half-cycle to subsequent 
half-cycles. This feature is illustrated in Figs. 


3a and 3b and in Fig. 4, which are end photographs 


of discharges in air with strong preionization. In 
the end photograph obtained with frame operation 
(Fig. 3) it is evident that the emission from the 

gas is distributed in the form of a circular layer 
in the first half-cycle; it can be assumed that the 
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FIG. 2. Lateral photographs of the 
discharge obtained with a streak ca- 
mera (peak field Hmax = 25,000 oe, 
half-cycle 8 psec); a) hydrogen, p=1.3 
x 107~* mm Hg; b) air, p= 8 x 107? mm 
Hg, c) argon, p = 7.8 x 10>? mm Hg. 


FIG, 3. Axial photographs of discharges 
in air taken with a framing camera (Hmax 
= 25,000 oe, with preionization): a) p = 4 
x 107? mm Hg, b) p = 8 x 107>* mm Hg. The 
time interval between frames is 0.3 psec. 


FIG. 4. Axial photographs of discharges 
in air taken with a streak camera (preioni- 
zation. p = 8 x 107? mm Hg.) 


{ 


radial oscillations are oscillations of the cold 
plasma located inside this circular layer. The 
fields outside the circular tube and outside the 
plasma are in the same direction. 

A similar treatment of the effect is given ina 
paper by Niblett,") in which the oscillation period 
is described by the following formula: 


t= 20 V NM,/H, 


where N is the total number of ions over the cross 
section of the pinch and Mj is the ion mass. 
Great interest attaches to the behavior of the 
plasma during the second, third, and subsequent 
half-cycles of the magnetic field, because in these 
cases the density distribution (as is evident from 
the frame photographs ) is approximately uniform. 
Magnetic-probe measurements show that in the 
second half-cycle (preionization) or in the third 
half-cycle (no preionization, Fig. 5) the magnetic 
field trapped in the plasma is in the opposite di- 
rection to the field outside the plasma. As a re- 


FIG, 5. Oscillogram of the magnetic field at the axis of 
the discharge chamber (Hmax = 25 koe, T/2 = 8.5 psec, 
p = 8x 10-7 mm Hg): a) with plasma, b) combined oscillo- 
grams of the magnetic field outside the plasma and in the 
center of the plasma column. No preionization. 


sult, mixing of these fields at the periphery of the 
plasma column leads to the formation of a circu- 
lar plasma layer in which there is no magnetic 
field. Field growth inside the plasma is inhibited 
in this stage. 
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After this stage there is a sharp discontinuity 
in magnetic field at the axis of the plasma column 
(up to values exceeding the field outside the plasma 
by 1.5—2 times). Oscillations of the magnetic 
field are observed (with decreasing amplitude ) 
inside the plasma both in the growth suppression 
stage and immediately after the break; the field 
oscillates about a variable value close to that of 
the field outside the plasma. To an accuracy of 
20 — 30% the period of these oscillations coincides 
with that obtained by photography. 

The initial compression can be attributed to 
the formation of a relatively weak shock wave. 
The velocity of the shock wave v = 2.3 x 10° cem/ 
sec and the width of the front is approximately 
0.7 cm for a discharge in air (p= 8x10 ?mm 
Hg). The discontinuity in magnetic field at the 
axis can be explained by the collision of strong 
shock waves coming together from two sides of 
the circular plasma layer in which there is no 
magnetic field. 

The radial oscillations of the visible boundary 
of the plasma column and the oscillations in the 
intensity of magnetic field would appear to indi- 
cate that we are observing magnetoacoustic oscil- 
lations of a plasma cylinder. It is somewhat dif- 
ficult to give an exact description of the boundary 
conditions for the present experiment since the 
plasma is surrounded by a copper shield with a 
longitudinal break. 

Foregoing a detailed analysis, we consider 
two limiting cases. If it is assumed that the shield 
does not prevent free radiation of the electromag- 
netic waves at infinity the boundary condition is 
that of a cylinder executing axially symmetric 
oscillations in an infinite space.“4] In the absence 
of surface currents this boundary condition gives 


Jo (RR) Hy” (RoR) = Jy (RR) Ho” (RoR) / 1, 


where J is the Bessel function, k and ky are the 
wave numbers in the plasma and in vacuum, and 
n,; is the plasma refractive index transverse to 
the magnetic field. In the present case nj >1 so 
that the boundary condition reduces approximately 
to Jo(kKR) = 0, whence py = kR = 2.4, 5.5,.... 
The opposite limiting case corresponds to the 
assumption that the plasma oscillates as though it 
were completely surrounded by a copper shield. 
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In this case the lowest natural frequency corre-. 
sponds to the asymmetric oscillation character- 
ized by m = 1; in this case the boundary condition 
is of the form J,(kR) = 0, whence yu = 1.84, 5.3, 
This condition applies for the magnetoacoustic 
region, i.e., the frequency should be appreciably 
lower than the ion cyclotron frequency, as is ob- 
served in the present case. For comparison with 
the experiment we can use the results obtained 
by Frank-Kamenetskii™® and write the natural 
frequencies of the magnetoacoustic oscillations 
in the form 


H [2 
i ne bamo _ p” pel Mn; 1 be No = A ; 
2nR V 4np* Ng+n, v?+ wo 


a 


where p* is the effective density, Uym is the 
n-th root of the m-th Bessel function, M is the 
ion mass, nj; is the ion density, and np is the 
neutral particle density 


v8 = Vqz (ty + mi) ln = Vin (19 +.14)/ No. 


Inasmuch as the condition )* > w* applies in the 


present case, the neutral particles are effectively 
carried along and p*= M(nj)+nj). Thus, 


f = tamH/2nR V 40M (ny + 1). 


Substitution in this expression of the experi- 
mental values for three different gases allows us 
to form the table below. 

The following conclusions can be drawn from this 
work: 

1) The dependence of the natural oscillation 
frequencies on gas mass is in good agreement 
with theory; 

2) The agreement between the absolute values 
of the computed and observed frequencies is some- 
what worse because we have not taken account of 
a number of factors such as plasma temperature, 
nonlinearities, multiply charged heavy-gas ions, 
ete: 

The largest contribution is probably due to the 
nonlinearity of the oscillations, since the magnetic- 
probe oscillograms show that the amplitude of the 
radial oscillations is generally not small (cf. Fig. 5). 
Poorer agreement is found for argon, where only 
the first oscillation can be seen clearly, that is to 
say, the oscillation is almost a weak shock wave. 

In control experiments with xenon at high pres- 


Frequency f, Mc/sec foalc/fexptl 
Gas Pp, 19°" 10-7 A(no+n;) | 10-47,, o€ exptl. 
mm Hg Se 3 ah = 
u—t.sh | poed ae Ba | ain: 
He 13.4 4 ul aid Ae ol 1.6 aS 1.6 
No 8.0 8 187 1.3 1,6 1 1,3 1.6 
Ar 7,8 11 2 ie} 1,6 0.8 1.6 2.0 
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FIG, 6. Lateral photographs of dis- 
charges in xenon taken with a streak 
camera: a) p = 1.5 x 10°-* mm Hg. 

b) p=1.5 x 10°? mm Hg. No preioniza- 
tion. 


sures (Fig. 6a) it is impossible to observe a 

strong plasma compression since the quantity 

M (nj + np) becomes appreciable and the charac- 
teristic times become comparable with the period 
of the main magnetic field. In addition, the stronger 
dissipation in these gases leads to weaker trapping 
of the magnetic field. 

The experiments on the heavy gases at low pres- 
sures are of interest in themselves. Thus, the os- 
cillogram (Fig. 6b) shows the effect of compression 
and formation of a shock wave at p= 1.5 x 10°? mm 
Hg. Under these conditions the frequency of colli- 
sions may be comparable with the natural frequency 
of the plasma column and this should lead to incom- 
plete entrainment of the neutral particles and 
strong attenuation due to charge exchange. These 
effects would explain the inability to excite oscilla- 
tions under these conditions. 

The experimental data given above also give 
qualitative information concerning the stability of 
the plasma under conditions of rapid radial com- 
pression. 

As first noted by Kvartskhava,'! end-view pic- 
tures disclose a clearly defined discharge insta- 
bility which manifests itself in irregular expulsion 
of plasma ‘‘tongues’’ in approximately the radial 
direction. This result is completely verified in 
the present work. This form of instability is char- 
acteristic of a discharge in a long cylinder in 
which the radial distribution of magnetic field is 
approximately uniform. * 

Analyzing the end-view frame photographs we 
note that the instabilities arise in the second, 
third, and subsequent half-cycles of magnetic field. 
The first half-cycle, which is characterized by 
slow compression and low temperature is, on the 
other hand, completely stable. 


*A special case of an induction compression of plasma 
has been considered by Osovets and his co-workers; [*-10] in 
this case the discharge was produced in a chamber with 
small ratio of length to diameter, in which a specially chosen 
stable magnetic field configuration was produced. 
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_ Since the instability appears in photographs 
taken along the axis of the discharge (cf. Fig. 3) 
but is not seen in the lateral photographs, it may 
be assumed that the expelled plasma tongues ex- 
tend along the lines of force of the magnetic field. 
The formation of plasma tongues starts at the 
time of maximum plasma compression. It may 
be assumed that this effect is associated with ac- 
celerated plasma motions, so that we are observ- 
ing some kind of inertia instability. 


CONCLUSIONS 


Rapid transverse compression of a plasma 
leads to the excitation of free time-damped mag- 
netoacoustic oscillations of the plasma column. 
Effects associated with the expulsion of plasma 
tongues are observed at maximum compression . 
of the circular plasma layer; these tongues extend 
along the field lines and are evidently due to some 
form of inertia instability. 

The excitation of oscillations can be regarded 
as the result of rapid compression, by shock 
waves, of a circular layer of plasma in which 
there is no field; this layer is formed as a result 
of mixing of the fields inside and outside the 
plasma, which are in opposite directions. 

The authors wish to thank E. K. Zavoiskii for 
his continued interest in this work and L. I. Ruda- 
kov for many valuable discussions. 
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In 1500 cases of elastic scattering of 128- and 162-Mev m mesons in a hydrogen-filled 
cloud chamber, no cases were found in which the angle of emission of the recoil proton 
exceeded the angle calculated from the conservation laws by more than 3°. On this basis, 
it was found that the upper limit for the bremsstrahlung cross section for ™ mesons 


scattered by nuclei is 5 x 10729 cm”, 


1. INTRODUCTION 


foe emission of bremsstrahlung by 7 mesons 
in a nuclear force field has been considered from 
the theoretical viewpoint. {1-5 In particular, 
Solov’ev™ used perturbation theory to calculate 
the angular and energy distributions of the y 
quanta and the total cross section for the process 
™ +p—7 +p+y fora m -meson kinetic energy 
close to the m-meson rest mass. The theory has 
been further developed by Low,'*! who showed that 
one can calculate in general form not only the first 
term of the expansion of the differential cross sec- 
tion in powers of the y-quantum energy (as was 
done by Solov’ev™!), but also-the second term, 
which contains derivatives of the nonradiative 
scattering amplitude with respect to the energies 
and angles. This theory was used by Cutkosky"* 
to calculate, in the fixed-nucleon approximation 
model, the basic characteristics of bremsstrahlung 
emission by 7* mesons of energy close to 200 Mev 
scattered by protons. In particular, it was shown)! 
that the high-energy y-quantum intensity is smaller 
than that determined from perturbation theory. (24 
The emission of bremsstrahlung by 7* mesons 
has been studied experimentally in the 80 — 300 
Mev range in a freon bubble chamber." On the 
basis of 25 observed cases of bremsstrahlung 
emission, the cross section for the process was 
found to be about 7 x 10727 cm? in the case of the 
fluorine nucleus, which is in satisfactory agree- 
ment with the theoretical estimates. We recently 
learned of the results obtained by Deahl et al,' 
who studied elastic scattering of 225-Mev 7 me- 
sons by protons (1570 cases) in a liquid-hydrogen 
bubble chamber. They observed five cases of 


bremsstrahlung of energy Eylab > 50 Mev, which 

corresponds to a cross section of 5 x 10729 cm”, 
In the present experiment we have attempted 

to estimate the bremsstrahlung cross section in 

elastic scattering of 128- and 162-Mev 7 mesons 


by protons in a hydrogen-filled cloud chamber. 


2. METHOD AND RESULTS 


In a previous experiment, "*! we studied the elas- 
tic scattering of m mesons by protons in a cloud 
chamber operating at a hydrogen pressure of 23 
atm in a magnetic field of 9000 oe. In 90000 
stereophotographs we found 385 and 1136 cases of 
elastic scattering for pion kinetic energies Ey of 
128 + 8 and 162 + 10 Mev, respectively. Since 
most of the y quanta from the process m +p 
—m +p+y should be of low energy, it was not 
possible to separate the cases of radiative scat- 
tering by means of measurements in which the 
scattered mt -meson and recoil-proton momenta 
are determined from the radii of curvature or by 
measurements of the noncoplanarity angle, since 
the accuracy of measurement of these quantities 
is of the same order as the expected variation. 
(If, however, the proton momentum is determined 
from the range, then the accuracy of the momen- 
tum measurement is 2.5% when the range meas- 
urement error is 10%. ) 

Hence, to search for cases of bremsstrahlung, 
we employed measurements of the quantity 


(1) 


i.e., the difference between the measured recoil- 
proton angle 6258 and the proton angle goals gobs ) 
corresponding to the kinematical conditions for 
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elastic scattering of a 7 meson by the measured 
angle gobs. ‘From the total number of cases of 
scattering at the two energies, we selected cases 
satisfying certain criteria based on the following: 
a) the angle between the scattering plane and the 
horizontal should be less than 60°; b) the length 
of the projection of each of the three tracks on the 
horizontal plane should be greater than 2 cm; in 
those cases in which the proton range could be de- 
termined, the length of the range should be at least 
5 mm; c) the incident = meson should not be de- 
flected from the basic beam direction by more 
than 5°. 

A total of 844 cases satisfied the selection cri- 
teria. For these cases, we measured simultane- 
ously the angles 9p and 6, on a reprojector; the 
measurements were always made in the azimuthal 
plane which simultaneously coincided best with 
the projections of the scattered 7-meson and pro- 
ton tracks on the reprojector screen. The histo- 
gram of Fig. 1 represents the distribution of all 
measured cases of elastic scattering as a function 
of the quantity A@. The smooth curve represents 
the normal distribution A exp [— (A@)*/262] with 
a standard deviation of 6 = 0.7°. As seen from 
Fig. 1, no cases of elastic scattering were ob- 
served with A@ > 3°. 


= _—— —e 
=F =28 2 ELS) HRIAO) US aS 22,5 3 
46, deg 
FIG. 1. Experimental distribution of cases of elastic scat- 
tering as a function of the quantity Ad in the laboratory sys- 
tem. The smooth curve represents the normal distribution with 
a standard deviation of 0.7°. 


Figure 2 represents the c.m.s. momentum dis- 
tribution of the protons for cases in which this mo- 
mentum could be determined from the measured 
range of the proton (the total number of cases at 
the two energies was 112). The numbers beside 
the arrows indicate the proton momentum for 
elastic 7 p scattering at the given meson energy. 
These distributions also indicate the absence of 
bremsstrahlung, since no cases with smaller mo- 
mentum were found, within the limits of error of 
the measurements. (For example, for Ey = 20 | 
Mev, the c.m.s. proton momentum for the process 
™ +p—-m +p+y should have values from 201 
to 170 Mev/c for Ey) = 162 and from 176 to 143 
Mev/c for E, = 128 Mev). 
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FIG, 2. Recoil proton c.m.s. momentum distribution de- 
termined from the ranges: a — E, = 162 Mev; b — E, = 128 Mev. 


The main process which can resemble brems- 
strahlung production in our experiment is quasi- 
elastic mp scattering by complex nuclei of im- 
purities (methyl alcohol). Analysis of the stars 
produced on complex nuclei indicated that none 
could have been attributed to the process under 
investigation. 


3. ESTIMATE OF THE UPPER LIMIT OF THE 
CROSS SECTION FOR THE PROCESS 1 +p 
<n aoe 


The bremsstrahlung cross section was calcu- 
lated in the form 


o, <6,, CINK, (2) 


where de] is the elastic scattering cross section 
for 154-Mev a mesons and was taken as the 
weighted mean for the number of cases at each 
energy; N is the total number of cases of elastic 
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scattering; C is a correction to the number N 
which takes into account the contribution from 
Coulomb scattering and interference between 
Coulomb and nuclear scattering; K is the relative 
number of cases of scattering with radiation for 
the entire spectrum of y quanta with Aé@ > 3°. The 
quantity K is determined from the expression 


Ey max 


w (E,) a (E,) dB, 
Ey=10 Mev 


K (3) 


Ey max 

@ (Ey) dE,, 

E.=10 Mev 

where w (Ey) is the theoretical c.m.s. energy spec- 
trum of the y quanta, which was taken from ™; the 
function a (Ey) expresses the probability of brems- 
strahlung production with a change in angle A@ > 3° 
as a function of the y-quantum energy. For sim- 
plicity, this function was first calculated without 
taking into account the angular correlation between 
the direction of scattering of the 7 meson and the 
y quantum; the angular distribution of the scattered 
™ mesons was taken in the same form as that ob- 
tained in"®!, The lower limit of integration over 
Ky in formula (3) was chosen as 10 Mev, since 
the probability of recording y quanta with Ey < 10 
Mev was small under our conditions. 

In Figure 3, curve 1 represents the energy spec- 
trum w(Ey) and curve 2 represents the product 
w(Ey)a(Ey), i.e., the effective energy spectrum. 
Graphical integration of these curves gave the 
value K= 0.6. A correction taking into account 
the angular correlation between the 7 meson and 
y quantum, given by Eq. (1) in Solov’ev’s article, 
was then applied to this value of K. The calcula- 
tion showed that the average value of this correc- 
tion over the entire y-quantum spectrum is about 
20%. We finally obtained for K the value 0.5. The 
upper limit of the total cross section for the pro- 
duction of bremsstrahlung with Ey > 10 Mev, cal- 
culated from formula (2), is 5 x 10729 cm?. 

The obtained value can be compared with the 
total cross section calculated from the perturba- 
tion theory formula! 


f+ 8 
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where Eymin = 10 Mev; f) and p’ are the mean 
velocities of the mesons before and after scat- 
tering. For a meson energy of 154 Mev, the cross 
section oy found from formula (4) is 2.3 x 10°." 
cm’. However, integration of the energy spectrum 
obtained by Cutkosky ! for bremsstrahlung produc- 
tion by 7* mesons gives for the ratio 0,/c¢] 

a value approximately 1/1.5 —1/1.8 as great as 
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FIG. 3. 1 — C.m.s. energy 
spectrum of y quanta w(E); [s] 
2 — effective energy spec- 
trum w(E.) a (Ey). 
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that calculated from (4). (The ratio 04,/og] for 
m™ mesons should not differ essentially from this 
ratio for 7* mesons.) Hence, the upper limit 

5 X 10°*° em? obtained by us for the bremsstrahlung 
cross section is evidently not in sharp contradiction 
to the theoretical estimates. Comparison of this re- 
sult with the cross section obtained by Deahl et 
al." is difficult because of the lack of detailed in- 
formation on that experiment, but estimates made 
with allowance for the difference in 7-meson ener- 
gies, different cut-off energies in the y-quantum 
spectrum, and the experimental errors indicate 
that these results are not in contradiction with 
one another. 

The authors express their gratitude to V. P. 
Dzhelepov and S. M. Bilen’kii for discussion of 
this work and to Yu. A. Budagov for aid in carry- 
ing out the experiment. 
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The disintegration of Ag and Br nuclei induced by 9-Bev protons and accompanied by the 
emission of two or more multicharged particles (Z =3—9) is investigated. Various char- 
acteristics of the multiple emission of fragments, such as the probability of disintegration 
with the emission of Ng fragments, the charge and energy distributions of the fragments, 
and their angular correlations, are analyzed. It is concluded that multiply produced frag- 


ments are emitted independently. 


1. INTRODUCTION 


An interesting phenomenon connected with the 
production of fragments with Z = 3 in the disinte- 
gration of complex nuclei by fast particles is the 
emission of two or more fragments in one disinte- 
gration. This multiple fragment production be- 
comes rather conspicuous at proton energies 
greater than 1 Bev. If, for 660-Mev protons, the 
cross section for disintegration with a production 
of two or more fragments with Z => 4 amounts to 
~ 0.5 mb (roughly 4% of the total cross section 
for fragment production), then, for 9-Bev protons, 
this cross section is equal to ~ 16 mb™! (this 
amounts to ~ 16% of the total fragment-production 
cross section). In the 1—3 Bev energy range, 
one should expect that the multiple production 
constitutes a still greater fraction of the total 
fragment production cross section, judging from 
the available preliminary data.@># 

In addition to the above, rather scanty, informa- 
tion on the energy dependence of the fragment 
production multiplicity, very little is known about 
other features of this phenomenon. Thus, it was 
mentioned by Perkins™! that, in disintegrations 
involving two or more fragments, the fragment 
with the greater charge has a greater velocity. 
Lozhkin™! indicates a strong angular correlation 
of two fragments in the disintegration, and con- 
firms the tendency mentioned by Perkins. ©] 

At the same time, it is absolutely clear that the 
study of the multiplicity can provide relevant in- 
formation on the mechanism of the fragmentation 
process. The question whether some of the frag- 
mentation process characteristics, such as the 
multiplicity, can be calculated’ makes it even 
more necessary to carry out an experimental 


study of this feature of the fragmentation process. 
Results of a study of multiple fragment production 
at 9-Bev proton energy are presented in this 
article. 

The nuclear emulsion method used has great 
advantages, since it permits us to study many 
features of the multiplicity at the same time. 

In order to determine the fragment charge, the 
width of the fragment tracks was measured on 
fine-grain emulsion of the P-9ch type. The meas- 
urements were carried out using a special pho- 
tometer whose optical system enables us, while 
observing the measured track through a binocular 
attachment, to scan a certain portion of the track 
by a narrow slit placed in front of a photomulti- 
plier tube. The pulse from the photomultiplier, 
representing the transverse profile of a given 
section of the particle track, was fed to an elec- 
tronic circuit (Fig. 1). This circuit produced a 
number of pulses proportional to the half-width 
of the photomultiplier pulse. The instrument had 
a dispersion of ~ 1% for a multiple measurement 
of one object. The length of the measured track 
portion could be varied. To exclude the necessity 
of introducing corrections, only the tracks of 
particles having an angle of dip less than 12° with 
the emulsion surface (in the developed emulsion) 
were selected. 


2. EXPERIMENTAL RESULTS 


1. Statistics of the disintegrations. From the 
scanning of nuclear emulsions irradiated by 9-Bev 
protons, 405 disintegrations with two or more 
fragments (N¢ = 2) were found. This number of 
disintegrations corresponds to about 2000 disinte- 
grations involving one fragment. The determination 
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FIG. 1. Block diagram of the apparatus: 1 — photomulti- 
plier with preamplifier, 2 — main amplifier, 3 — memory de- 
vice, 4 — milliammeter, 5 — limiting circuit, 6 — Schmitt trig- 
ger circuit, 7 — blocking generator, 8 — scaler, 9 — oscillo- 
scope. The shape of pulses at various points is indicated at 
the right-hand side of the figure. 


of the fragment charge revealed that the majority 


of the fragments had charge between 4 and 9. Frag- 


ments with charge 3 were almost completely re- 
jected in the selection of the disintegrations be- 
cause of the small difference between them and 
the He nuclei. An exception was the isotope elit, 
which produces a characteristic T-shaped track. 
The classification of the found disintegrations 
involving several fragments is shown in the table. 
2. Disintegrations involving two fragments. In 
order to determine the charge distribution of the 
fragments in multiple emission and to compare it 
with the usual charge distribution, 193 tracks 
were selected from disintegrations with Nf = 2, 
and 209 tracks from disintegrations with Ng = 1. 
The distributions of the tracks with respect to the 
integral width, which was measured on the 38 u 
of the residual range, were constructed for both 
groups. In the distributions, the tracks which did 
not end in the emulsion were not taken into ac- 
count. As has been shown by the study of the geo- 
metrical conditions of tracks which were suitable 
for the width measurement, the corrections due 
to this effect are small, and, what is more im- 
portant, are the same for both types of selected 
disintegrations. 


Characteristics of the disintegrations 


Only with fragments with Z = 4-9 

Only with ,Li® fragments 

One of fragments ,Li*, the rest with 
Z = 4-9 

One of fragments ,B*, the rest with 

Z = 4-9 
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In view of the small range of the fragments 
studied, the track distribution with respect to the 
integral width does not give a sharp differentiation 
with respect to the fragment charge. Therefore, 
in order to compare the distributions, we did not 
pass from the measured track-width distribution 
to the charge distribution, but analyzed the data 
obtained directly. To compare the obtained dis- 
tribution, the x? test was used. 

The obtained statistics make it possible to apply 
the test only in the range of charges Z=4—6 
(in this range, the width distribution was divided 
into 8 intervals). As a result, the probability 
P(x?) that purely statistical reasons will not 
make the difference between the distributions 
smaller than the actually observed value of ,?, 
was found to equal 0.8. The value P= 0.8 shows 
that the compared distributions can be considered 
as identical. 

After having established the above fact, we can, 
in addition, compare both distributions with re- 
spect to the average values of the track width. We 
can then take into account fragments with Z > 6, 
which could not be used in comparing the distri- 
bution according to the x? test. It has been found 
that the mean values of the track width in both 
distributions are fully identical (the difference 
is less than 2%). 

Thus, the results lead to the conclusion that the 
distribution of the tracks with respect to the width, 
and consequently the charge distribution of multi- 
charged particles in multiple and single emission 
events, are identical within the limits of experi- 
mental error. 

The charge distribution of fragments obtained 
from the total distribution of the track width of 
402 fragments [in disintegrations with Nf =1 
and N¢ = 2, after calibrating the latter using par- 
ticles with Z = 3 (,Li°) and with Z = 5 (;B%)] is 
shown in Fig. 2. The relative frequency of charge 
pairs Zn, Zm in single disintegrations as a func- 
tion of the sum Zyn+Zm, and the frequency of ob- 
servation of two fragments with different charges 
as a function of the fragment charge, are also 
shown in the figure, based on the study of 36 dis- 
integrations in which the charges of both frag- 
ments could be measured. 

The distribution of space angles between the 
two fragments shown in Fig. 3 was obtained from 
the angle measurements in 303 disintegrations. 

A marked angular correlation of the fragments in 
this disintegration is visible: the fragments are 
emitted predominantly at angles > 120° to each 
other. No variation of the mean angle between the 
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FIG, 2. a — charge distribution of fragments in the disin- 
tegration of Ag and Br nuclei; b — probability of the emission 
per disintegration of fragments with charge Z, and Zm asa 
function of the sum Z, + Zp: the points represent experimen- 
tal values, and the curve is calculated; c — probability of 
emission of two fragments with different charge Z, as a func- 
tion of Z,: points — experimental values, curve — calculated. 


aNn/aQ 
50 


FIG. 3. Distribution of 
spatial angles between 
fragments. Histogram — ex- 
perimental values, curve — 
calculation for the case of 
independent fragment 
emission. 
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fragments from the sum of their charges has been 
established; for a variation of the fragment charges 
from 6 to 10, the mean angle between the fragments 
remains about 110°. 

The energy spectra of fragments in disintegra- 
tions with Nf = 2 for Z equal to 4, 5, and 6 are 
shown in Fig. 4. In the same figure, the distribu- 
tion of the ratio of the energy per nucleon in heavy 
and light fragments emitted in the same disinte- 
gration is also shown. The energy spectra of the 
fragments are similar to those observed in disin- 
tegrations involving one fragment!?] and the most 
probable ratio of the energy per nucleon in heavy 
and light fragments is close to unity. 

3. Disintegrations involving three fragments. 
Because of the small statistics of disintegrations 
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FIG. 4. Energy spectra of fragments in disintegrations 
with two fragments for Z = 4-6, and the ratios of energy per 
nucleon in heavy and light fragments (Ey/M)/(Em/m). 


involving three fragments (44 cases), it was im- 
possible to carry out a sufficiently complete study 
of the characteristics of such disintegrations. The 
most reliable information is obtained for the angu- 
lar distribution of the fragments in these disinte- 
grations. The distribution of the projected angles 
between adjacent fragments in disintegrations with 
three fragments is shown in Fig. 5, which clearly 
shows the predominance of large angles between 
fragments. 

The measurement-of the fragment charges in 
the disintegrations gave the following charge dis- 
tribution of fragments for Z = 4; the number of 
fragments corresponding to charge 4, 5, 6, and 7 
is equal to 18, 9, 2, and 1 respectively. The com- 
parison of these numbers with the total charge dis- 
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FIG. 5. Distribution of projected angles (3) between frag- 
ments in disintegrations involving three fragments. Histo- 
gram — experimental results, dotted line — calculation carried 
out assuming independent fragment emission. 
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tribution for disintegrations with Nf =1 and N¢ = 2 
(Fig. 2) shows that they agree, within the limits of 
statistical error. 


3. ANALYSIS OF EXPERIMENTAL RESULTS | 
AND CONCLUSIONS 


The experimental results presented above were 
analyzed assuming independent fragment production 
in disintegrations involving several fragments. This 
problem can be considered independently of the ac- 
tual mechanism of the fragment production. The 
idea of independent fragment production already 
follows from the study of the charge distribution 
of the fragments in disintegrations with different 
numbers of fragments. Identical charge distribu- 
tions in disintegrations with one and two fragments 
will be obtained if the probability Pom of observ- 
ing a pair of charges Zy and Zym is equal to the 
product of the probabilities for the production of 
each charge: Pnm =PnPm- Thus, if 


Pn = 1, >) Pm = 1, 
n m 


then the probability of observing fragments with a 
charge Zn in disintegrations involving two frag- 
ments will be given by 


Ce Nina =e Da | De = Das 
m m 


i.e., is found to equal the probability of observing 
a charge Zy in a disintegration with one fragment. 

Figure 2 shows the calculated probabilities pyy 
as a function of the sum of charges Zn +Zm, and 
the probability of observing identical charges Pym 
as a function of charge Zp. It can be seen that the 
experimental functions p,,, and p,,, are close to 
the theoretical ones. 

The relative probabilities of observing a differ- 
ent number of fragments in a single disintegration, 
assuming their independent production, will follow, 
to a first approximation, a geometrical series with 
the common ratio determined by the probability of 
the production of one fragment in a disintegration. 
If we denote the probability of emission of 3Li® in 
a disintegration by p,;, and the probability of emis- 
sion of fragments with Z = 4 by p»2, we can expect 
the following relation between the numbers of dis- 
integrations with different numbers of fragments: 


N (2¢¢)/N (lite) = N (3te)/N (2¢r) = N (4 ee) / N (Bie) = Pro 
(1) 


N (2Li8) / N (1Li3) = N (3Lig) / N (2Li3) = pi, (2) 
N (l¢ + Lid) /N (1g) = N (2 te + Lis) / N (2er) 


=N Be + Lig) /N (St) = Pir (3) 
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= N (3¢ + Lis) /N (2g + Lis) = po. (4) 


The probabilities p,; and p,.are calculated as a 
ratio of corresponding cross sections to the total 
cross section for the inelastic interaction of 9-Bev 
protons with Ag and Br nuclei. 

We shall analyze the number of disintegrations 
with a different number of fragments, substituting 
the data from the table into Eqs. (1) to (4). 

For row (1), we have the experimental values 
0.14, 0.12, and 0.06. Within the limits of statis- 
tical error of the experiment these coincide with 
the value of py = 0.09. Because of the small sta- 
tistics available, this value cannot be considered 
as contradicting the values 0.17 and 0.22 of row (4). 

For row (2), the values are 0.026 and 0.25, while 
for row (3) we have 0.030, 0.032, and 0.057, which 
are somewhat greater than the value p, = 0.01 but 
are in good agreement with each other with the 
exception of the ratio N(33Li°®)/N (2 5Li°), but 
this ratio is statistically inaccurate. 

Thus, the study of separate probabilities of ob- 
servation of different numbers of fragments in each 
disintegration also does not contradict the assump- 
tion of the independent emission of fragments in 
disintegrations involving several fragments. 

The energy spectra of fragments in disintegra- 
tions involving two fragments, and the ratio of the 
energy per nucleon in light and heavy fragments 
(Fig. 4), also do not contradict the hypothesis of 
an independent emission of fragments. 

At the same time, the angular correlation of 
fragments in disintegrations involving two and 
three fragments (Figs. 3 and 5) are very unusual 
for such a picture of an independent emission. In 
Fig. 3, the dotted line shows the distribution of 
spatial angles between the two fragments for an 
independent emission from the nucleus. This dis- 
tribution was calculated by the Monte Carlo method, 
and the angular distribution of fragments was taken 
from ™, In contrast to the experimentally ob- 
served distribution, the expected distribution falis 
off monotonously from 0 to 180°, while in the in- 
terval 0 to 30° there is not a single event in the 
experimental distribution. 

For distributions with three fragments, the ex- 
pected distribution of the projected angles between 
two adjoining fragments can be constructed accord- 
ing to the formula given in (81 (dotted line in Fig. 5). 
The experimental distribution is substantially dif- 
ferent from that expected for an independent frag- 
ment emission. 
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Thus, while the relative emission probabilities 
of different numbers of fragments and the corre- 
lations of their energies and charges are in agree- 
ment with the hypothesis of their independent pro- 
duction, the angular correlation of fragments con- 
tradicts it. The situation is not changed if we take 
into account the fact that the fragments emitted 
from the nucleus may interact with each other 
through their Coulomb field. Because of the fact 
that the interaction with the residual nucleus is 
much stronger than that of the fragments with each 
other, we cannot expect a shift of the angular dis- 
tribution between fragments to the region around 
180°. The effect of the Coulomb interaction can 
only deplete the range of small angles between the 
fragments. In addition, the Coulomb interaction 
between the fragments should depend substantially 
on the fragment charge. No dependence of the 
mean angle of the sum of the fragment charges 
for the given distribution was observed in the 
experiment. 

However, we cannot at present discard the hy- 
pothesis of an independent production of fragments 
only because of the angular correlation, but, on the 
contrary, should try to understand it assuming an 
independent fragment emission. Moreover, in con- 
trast to other features of the independent emission 
of several fragments, it is necessary to have re- 
course to models in the study of angular correla- 
tion. 

There are, in principle, two possible explana- 
tions. Since, in the picture in which the fragments 
are produced in a cascade process in a nucleus 
(both assuming quasi-elastic collisions of cascade 
nucleons with groups of nucleons in the nucleus®>4J 
or assuming ruptured bonds during the passage in 
the nucleus"), the existence of an angular corre- 
lation of produced fragments demands the assump- 
tion of a spatial non-uniformity in the distribution 
of nucleons in the nucleus, it is not very probable 
for two large nucleon groups to occupy nearby lo- 
cations in the nucleus. Thus, the emission of frag- 
ments will occur from regions of the nucleus far 
from each other, and the requirement that the 
emitted fragments have small orbital momenta will 
lead to large angles of emission between them. 

The other possibility of explaining the angular 
correlation of fragments lies in assuming that the 
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fragments may be produced as a result of a so- 
called direct nuclear decay, whose characteristics 
are determined by the statistical distribution of the 
energy and momentum between the products of dis- 
integration before their emission from the interac- 
tion volume. In such a case, the angular correla- 
tions of fragments follows from conservation laws. 

It is difficult at present to draw final conclusions 
supporting this or the other model. It is necessary 
to develop the methods of calculating the processes 
under question, and further increase the accuracy 
of the experimental data. 

In conclusion, the authors would like to thank 
the workers of the Joint Institute for Nuclear Re- 
search I. V. Chuvilo, V. A. Sviridov, and E. N. 
Tsyganov for help in irradiating the emulsions, 
and the workers of the Radium Institute V. F. 
Darovskikh, N. P. Kocherov, and M. M. Makarov 
for discussion of the results. 
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The power exponent of the energy spectrum of 4 mesons in EAS has been determined by 
comparing the intensity of the penetrating component of EAS at a depth of 40m water equiv- 
alent with that at sea level. The result is F(>E) ~ E~-@, where a = 0.46 + 0.09. 


O)pszrvarions of EAS at a depth of 40m water 
equivalent (below 18m of earth and 15 cm of lead) 
were initiated in our laboratory in 1960. A dia- 
gram of the arrangement (top view) is shown in 
Fig. la. Each of the areas S, S;, or S, is covered 
by two layers of counters. A vertical section of 
the setup is shown in Fig. 1b. The trays S,; and 

S, constitute part of an array used for other meas- 
urements and described in detail in ™, 


5,752 5* 1,44 m? 


LLL Ly, «=P, 150m 
@Oo+.+- — +o \ 


eo => I 30 counters in each layer 


FIG. 1 


Sixfold coincidences were recorded. The count- 
ing rate was C, = 1.93 + 0.05 hr~‘, as determined 
from the total number of showers recorded (1464). 
This rate was compared with the rate of EAS meas- 
ured at the earth’s surface under 20 cm of lead! 
in order to find the energy spectrum of 4 mesons. 
The corresponding number of fourfold coincidences 
C,= 0.29 + 0.01 hr7! refers, however, to the array 
shown in Fig. 2. 

We can compare the rates C, and Cy, only after 
introducing the following corrections: 

1. Since the effective areas S of the two ar- 
rangements differ, C, should be multiplied by 
(S/S’)Y1, where y, is the density spectrum expo- 
nent for showers detected under 20 cm of lead. Ac- 
cording to our measurements carried out with the 
same apparatus (Fig. 2), y, = 1.89 + 0.17.~ Thus 
we have 


C,(S/S)% = 5.04 iSnrTh 


2. Because of the difference in the geometry of 
the arrangements, we should multiple Cy by C3 rere 


akg 


FIG, 2 


where Cz3 is the rate of triple coincidences at the 
earth’s surface under 20 cm of lead for the array 
geometry shown in Fig. 1. 

Since the difference between the lateral distri- 
butions of the electrons and w mesons over dis- 
tances of the order of several meters can intro- 
duce only a negligible error, we measured, the 
factor C3/C, without lead (C3/C4). This applies 
to a change of the distance between the counters 
from 10 to 16.8m. Since a distance of 16.8m 
could not be realized in the underground labora- 
tory, the measurements of the coincidence rate 

3 were carried out with the configuration of 
Fig. 1 at distances of 8.9m and 13.4m. From 
the two results, we determined the power exponent 
B of the function used for extrapolating the C3 co- 
incidence rate at 16.8m. The following results 
were obtained: 


13.4 
133.621 .7 


distance between counters, m 8.9 


coincidence rate, hr7* 144.7+1.7 


Hence 8 = —0.20 + 0.04, and for 16.8m we found 
C4 = 128.0 + 3.6 hr-. 

Since the coincidence rate C4 was found to be 
79.6 + 1.0 hr-4, we have 


C =C,(S/S'W(Cg/ Cy) = 8.0+2.1 hr}, 


Thus the rate of EAS at 40m water equivalent is 
4.1 + 1.1 times less than at the earth’s surface 
under 20 cm of lead. 

If we denote the mean p-meson density at the 
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earth’s surface (under 20 cm of lead) by x, and 
the density at the depth of 40m water equivalent 
by px, we find 

\ (1 pow e~Spx)\8 xis dx, (1) 


0 


a = \ i est)? ya dy 
0 

where S = 1.44 m’, and y; and vy, are the expo- 
nents of the u-meson density spectrum under 20 
cm of lead and at a depth of 40m water equivalent 
respectively. 

From our previous experiments [2] we have v4 
= 1.89 + 0.17; according to George et al'®! y, = 2.2 
+ 0.2. The latter value was found at 60m water 
equivalent by means of an arrangement similar to 
the one used in the present experiment, but with a 
different effective area. From Eq. (1), it follows 
that 


p = 0.47 £0.07. 


Thus, at 40m water equivalent the flux density 
amounts to 50% of the 4 mesons under 20 cm of 
lead at the earth’s surface. 

Assuming that the energy of the » mesons is 
proportional to their residual range, and that the 
integral energy spectrum can be represented by 
a power law E~%, we can determine the exponent 
a. The calculations give a = 0.46+ 0.09 (only 
statistical errors are indicated ). 

The results on the energy spectrum, as ob- 
tained by different investigators, are shown in the 
table. The value of a obtained by us agrees well 
with that obtained by others for the same energy 
range. As can be seen from the table, the expo- 
nents differ greatly for different energy ranges, 
i.e., the spectrum cannot be represented by a 


power law. No final conclusion can be drawn as 
to the variation of the energy spectrum with the 
shower size. 


1S4ndor, Somogyi, and Telbisz, KFKI Kozlém- 
enyek 6, 117 (1958); Nuovo cimento 16, Suppl., 209 
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Experimental values of the y-meson spectrum exponent in EAS 


Reference Depth, eee Shower Energy range Spectrum 
mw.eé. aFi size,N E, Bev exponent, 
xis Oo 
[3] 12—1600 0.4< E<400 0.66 
[4] 14—162 0.4<E<35 0.60+0.05 
[5] 13—160 | ~28 1.4-104 0.4<E<35 0.54+0,07 
0.4<F<15 0.34* 
~28 2.9-108 { 15<E<35 4.25+0,20 
[6] 12—52 ~25 10!°< N<108 0.4<E<5d 0.08+0.08 
{ bse 8) lO) O73320.3 
~25 10°<N<6-105 0.4<E<5 0.1+0.08 
5 F< 10 Or Or 2 
~100 105<N<6-105 | ( 0.4<E<5 0.13+0.1 
H { S<E<10 0.45+0.25 
PSE cet | 10<E<50 | 1.1+0,4 
Present | | 
experiment 42—50 0 4 E10 | 0,46+0.09 


*This value has been computed by us from the first two points of Fig. 3 from refer- 


ence 5, 
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The hyperfine structure of the electron paramagnetic resonance lines in supercooled glycerine 
solutions of Ti,(SO,)3, enriched in the isotopes Ti*’ and Ti**, is investigated at a frequency 

vy = 450 Mc/sec and a temperature T= 77°K. The nuclear spins obtained are I = ¥, for Ti‘ 
and I= % for Ti‘*. The hyperfine splitting constants |A| and |B| are determined. The 
hyperfine structure of the electron paramagnetic resonance lines in liquid alcohol solutions 

of Ti*® are not resolved at a frequency of 9430 Mc/sec at T = 295°K. 


Tue hyperfine structure (hfs) of the electron 
paramagnetic resonance (e.p.r.) lines of the odd, 
rare isotopes of titanium in solid solutions of its 
trivalent compounds has not been studied, due to 
the great width AH of the absorption curves. 

In a previous work!4 we reported the existence 
of narrow symmetric e.p.r. lines in liquid alcohol 
solutions of Ti*** salts in the frequency range 
300 — 9460 Mc/sec. The absorption line is also 
narrow and symmetric in supercooled alcohol and 
glycerine solutions of Ti*** at a temperature 
T=77°K ata frequency v = 300 Mc/sec, but be- 
comes broad and asymmetric for v = 9460 Mc/sec, 
due to the considerable anisotropy of the g-factor. 
The g-factors were calculated from an analysis of 
the curves as: for a supercooled glycerine solution 
ZI = 1.99, g; = 1.93, and for alcohol gj = 2.00, 

g, = 1.90. 

We have studied the hfs of the e.p.r. lines in 
liquid and in supercooled solutions of Ti,(SO,)3, 
enriched in the Ti‘’ and Ti*® isotopes to 43.3 and 
71.5% respectively. In liquid alcohol and glycerine 
solutions of Ti*** the measurements were made 
at v = 9430 Mc/sec and at T = 295°K, and in 
supercooled glycerine solutions at frequencies of 
450 — 270 Mc/sec and T=77°K. The concentra- 
tions of the solutions were ~ 0.05 mole/liter. The 
method of measurement has been described 
earlier ®3), 

As is well known, a double hfs is observed for 
the e.p.r. lines of supercooled solutions™ and 
glasses™) containing VO** and Cu** under strong 
field conditions, with hyperfine splitting constants: 
A for gj and B for g,, with |A| >|B|. This 
spectrum is described by a Hamiltonian with axial 
symmetry, dependent on the spin I, of the form 


#H = g\BHS,+ g iB (HS, + H,S,) 
+ AI,Sz + B(IeSx + IySy). 


The greater the anisotropy of the g-factor, the 
stronger the hfs anisotropy. We would expect an 
analogous picture for the e.p.r. lines in super- 
cooled Ti*** solutions. If the g-factor is iso- 
tropic, as in supercooled Mn** solutions, “ then 
A =B and the hyperfine structure spectrum is de- 
scribed by an isotropic spin Hamiltonian. 


RESULTS OF THE MEASUREMENTS 


The hfs of the e.p.r. lines of supercooled glyc- 
erine solutions of “’Ti*** and *°Ti*** are not re- 
solved at a frequency v = 9430 Mc/sec at 77°K, 
owing firstly to the large width of the absorption 
curves, and secondly to the small hyperfine split- 
ting constant. As has been indicated above already, 
the e.p.r. line width at these frequencies in super- 
cooled Ti*** solutions is determined by the aniso- 
tropy of the g-factor. The further experiments 
were therefore carried out at frequencies 450 — 270 
Mc/sec. 

We were able to achieve resolution of the hfs of 
the e.p.r. lines for supercooled *’Ti*** and *Ti*** 
solutions under high field conditions at v = 450 
Mc/sec. Although further narrowing of the e.p.r. 
line is observed at lower frequencies, the strong 
field condition is destroyed, and at v = 270 Mc/sec 
the hfs for the intermediate field condition is ob- 
served. 

At a frequency v = 450 Mc/sec at 77° K the hfs 
of the e.p.r. lines of supercooled glycerine solu- 
tions of ““Tit** consist of five partially resolved 
peaks (see Fig. 1). We consider that these hfs 
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peaks belong to the e.p.r. line produced by the 
term with g) and the constant A. The more in- 
tense e.p.r. line from “°Ti*** lies between the 
third and fourth hfs peaks. These peaks are there- 
fore badly resolved. On the other hand, the e.p.r. 
line from ‘Ti*** at the given frequency should 

lie practically in the center of the spectrum and 
the total number of hfs peaks from *'Ti*** should 
be six. The last, sixth, peak is not observed be- 
cause of its great width. 

As a result, the hfs spectrum of the e.p.r. line 
from the *’Tit** ion is explained if the spin of the 
Ti*’ isotope is given by the value I = SE) The hy- 
perfine splitting constant A is of the order of 
30 oe: it was determined from the resolved hfs 
peaks. Besides this hfs there is a second, unre- 
solved, hfs of the line, determined by the terms 
with g, and the constant B. This unresolved hfs 
is superimposed on the e.p.r. line from Ti*®, so 
that the difference between the resonance values 
of the field H* for the lines corresponding to the 
factors g) and g, amounts to less than 4 oe. 

From a graphical analysis of the width of the 
combined curve, consisting of the unresolved hfs 
components and the e.p.r. line from *®Ti*++, the 
value of |B| was calculated as ~ 2 oe. 

At a frequency v = 450 Mc/sec the hfs spectrum 
of the e.p.r. lines of supercooled glycerine solu- 
tions of **Ti+** at T= 77°K has seven partially 
resolved peaks (see Fig. 1). The intense e.p.r. 
line from **Ti**++ lies between the fourth and 
fifth hfs peaks. In addition, the absorption line 
from **Ti*** at this frequency should lie practic- 
ally in the center of the hfs spectrum. The total 
number of peaks of the hfs spectrum of *°Ti**+ 
for the line related to g, should therefore equal 
eight. Due to the anisotropy of the hfs, the sixth 
and seventh peaks are broadened and merge into 
one broad peak, while the eighth peak is not ob- 
served at all. The spectrum of the e.p.r. line 
from ‘°Ti***+ is thus produced by a nuclear spin 
of the isotope *Ti*** equal to I= %. |A| is of 
the order of 30 oe. 

The unresolved hfs lines, determined by the 
terms with g, in the Hamiltonian are superim- 
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posed on the absorption line of “*Ti***. A graph- 


ical analysis of this total curve gives |B| = 2 oe. 

At a frequency v = 9430 Mc/sec at T = 295°K, 
the hfs of the e.p.r. line of an alcohol solution of 
Ti,(SO,)3, enriched in the isotope Ti‘’, is not re- 
solved. The e.p.r. line consists of two parts, a 
broad base and a narrow peak. 

The broad curve is produced as a result of the 
superposition of unresolved hfs peaks from “Ti***, 
and the peak is from the e.p.r. line from “Ti***. 
The hyperfine splitting constant was determined 
from a graphical analysis of the broad curve as 
|a| = 12 0e. As is well known, in liquid solutions 
an averaged hfs is observed with |a| = (A+2B)/3. 
Substituting the values of A and B determined for 
the hfs of the e.p.r. line in supercooled *°Ti*** 
solutions, we obtain |a| ~ 11 oe. 

We did not study the hfs of the e.p.r. line of 
liquid alcohol solutions of *’Ti*** Ta 


3 28, TA in 
alcohol solutions rapidly oxidizes to Ti****. 


DISCUSSION OF THE RESULTS 


As was shown above, the hfs components of the 
e.p.r. lines of supercooled Ti*** solutions, en- 
riched in the Ti*’ and Ti‘® isotopes, are not fully 
resolved. The values of the nuclear spins, I = % 
for the isotope Ti‘? and I= % for Ti‘? were 
therefore obtained not by means of a simple count 
of the total number of hfs components, but only 
from the number of those components which lie in 
the resolved half of the spectrum. 

The values obtained for the spins of the isotopes 
Ti*’ and Ti*® can also be calculated from the ratio 
of the hyperfine splitting constants, since the nu- 
clear magnetic moments for these isotopes were 
determined accurately by the method of nuclear 
paramagnetic resonance. “4! 

We have thus been able by the e.p.r. method to 
confirm the values of the nuclear spins of Ti*” and 
Ti*® obtained earlier indirectly from measurements 
of nuclear paramagnetic resonance in these titanium 
isotopes. "7 
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Fluctuations of the y-meson flux in extensive air showers of a given size N (N > 10°) were 
studied using an arrangement which simultaneously measured the total number of shower 
particles and the number of » mesons in the shower. It is shown that the fluctuations can 
be explained by fluctuations in the height at which the shower-producing primary particle 
experiences its first interaction. The data obtained are used to determine the interaction 
mean free path for the ultra-high energy primary particles producing the extensive showers. 


INTRODUCTION 


‘The experimental study of the fluctuations of the 
p-meson flux compared to the total flux of all 
charged particles in extensive air showers (EAS) 
is of great interest, since the character of these 
fluctuations is apparently determined by the fluc- 
tuations in the development of the cascade of high- 
energy nuclear-active particles in the atmosphere. 

Recently, a number of models of EAS develop- 
ment were considered which predict the existence 
of strong fluctuations, in particular of the ratio of 
all charged particles to u mesons."73 


The present article presents results of a study 


of the fluctuations in the y-meson flux in EAS, 
carried out using the array for the comprehensive 
study of EAS at Moscow State University. 


EXPERIMENTAL METHOD AND DESCRIPTION 
OF ARRAY 


In order to solve the problem at hand, it is nec- 
essary simultaneously to determine the total flux 
of charged particles and to detect a sufficiently 


large number of yw mesons in individual extensive 
air showers. In order to determine the total num- 
ber of particles, we used an array consisting of a 
large number of Geiger-Miiller counters forming 
a hodoscope. The position of the counter trays and 
the number of counters of different areas in each 
tray are shown in Fig. la and in Table I. 

The total number of particles and the position 
of the shower axis were determined by the usual 
method, assuming that all showers have the same 
lateral-distribution function of charged particles, 
closely approximated by the Nishimura-Kamata 
function with age parameter s = 1.3. 

The relative error AR/R in the determination 
of the shower-axis position (R is the distance 
from the shower axis to the center of the array) 
for showers detected using the triggering method 
described below amounted to 20%. The relative 
error in the determination of the number of par- 
ticles AN/N amounted to +30% for R < 60 m, and 
to + 100%, —50% for R~ 150 m. 

The pw mesons were detected both on the sur- 
face of the earth (chambers 2, 3, 5, 6, 7, 9), and 


Table I. Distribution of counters with different areas in differ- 
ent points of the array represented in Fig. 1 


Unshielded Shielded Unshielded Shielded 
f counters counters counters counters 
Point Point 
330 cm? | 100 cm? | 330 cm? 330 cm? | 100 cm? 330 cm? 
i} 
I 264 100 | == 5 72 48 24x2 
II 60. 48 — 6 96 24 24x 2 
III 120 48 — 7 UPS 48 24X2 
U,(20 mwee.) -- 6 & 96 24 = 
U,(40 mw.e.) = — 492 9 108 24 24x 2 
iF We 48 — 10 96 24 — 
2 108 24 24x2 I] 36 24 —_ 
3 96 24 24x 2 12 36 24 = 
4 Te? 48 —- 13 36 24 —_ 
14 24 48 = 
| 15 24 48 _ 
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FIG. 1. a—position of the Geiger-Miiller counter trays, 
@—j-meson detectors; dashed line — outline of underground 
chambers; b— positions of detectors in the underground cham- 
ber U,. The squares indicate the effective areas of the coun- 
ter groups. 


underground at 20 and 40 m water equivalent (w.e.) 
in chambers U, and U, respectively. On the sur- 
face of the earth, we used a hodoscope arrangement 
of Geiger counters shielded by lead and iron (see 
Fig. 2) for the detection of 4 mesons. Underground, 
we used for this purpose a hodoscope of Geiger- 
Miiller counters which was similar to the arrange- 
ment shown in Fig. 2 but without the top counter 
layer and the absorber above it. 

The total effective hog of the u-meson detec- 
tors papunted to 4.75 m? on the surface of the 
earth, 3.2 m? at the depth of 20 m w.e., and 6.3 m? 
at 40 m w.e. The position of the asst detec- 
tors and the number of counters in them are shown 
in Fig. 1 and Table I. 

EAS were selected by requiring a six-fold coin- 
cidence of counters with 0.132 m? area in each coin- 
cidence channel. The counters of three channels 
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FIG. 2. u-meson detector. 


were placed into one tray, in which the distance 
between the counter walls amounted to 3 cm 
(6 x 55 cm counters were used). The distance 
between the two trays was 2.5 m. 

The triggering array was placed in the center 
of chamber 1, Fig. la. 


REDUCTION OF DATA 


From the total number of detected showers, we 
selected showers of large size. The selection cri- 
terion was the discharge of 100 counters out of 264 
with 330 cm? area each in chamber 1, and the si- 
multaneous discharge of at least 30 counters out 
of 72 at trays 1, 4, 5, 7, 8, 10. The shower selec- 
ted in such a way had a total number of particles 
Noa0, 

For the determination of the number of yu 
mesons (with energy E,, > 4 x 108 ev) detected 
by the detectors at the surface of the earth, we 
inspected the hodoscope pictures of counter dis- 
charges in the detectors. We regarded either one 
of the following events as a passage of ~ mesons: 
a) one counter is discharged in each layer of the 
detector, b) one counter is discharged in one layer, 
and two counters in the second layer. In one de- 
tector (Fig. 2), several events of the types a) or b) 
could be observed during the passage of several 
4 mesons, with the order of the discharged counters 
corresponding to the parallelness of the »-meson 
tracks. 

In order to exclude the contribution of nuclear- 
active particles to the detected. ~ mesons, we ana- 
lyzed only those cases which occurred at a distance 
of more than 50 m from the shower axis. For these 
showers, the probability of a discharge of two 
counters amounted to 12%. It follows from the ex- 
perimental data» that, at distances r > 50 m 
from the shower axis, the fraction of nuclear-active 
particles as compared to the total number of yu 
mesons is small (10% at a distance of 50m), and 
decreases rapidly (as r !) with an increasing dis- 
tance from the shower axis. Using these data, we 
have calculated the contribution of nuclear-active 
particles to the detected y-meson flux for selected 


248 


SN. VERNOV eteale 


Table II. Distribution of events with respect to the ratio of the 
number q of detected » mesons to the mean expected 
number p of mesons 


A B Cc 
ie 1 2 3 4 5 6 | 7 | ae 
ee 13 7 aa 0 23 | 4 | 8 
cy a 18 20 8 | 40 0 56°. 20° 037 
21,4 22 26 rete! Oe; 65% Dom eedOs Ut Se 
4—11/5 20 24 21) 2071. 26m 17 | 38 | 32 } 
11/g—12/5 peat 14 { 5 6% 48 {| 45 | 43 
42) 5—2 ta 6 4 2 1 Goin ores 5 
2—21/3 6 5 4 1 ) 5 2, 2 
Dp 208 2 2 deat ap ali rs su? 2 
pape a 4 | 1.4%) — | 1 4 
8— 31/3 — 1 t 4 ; = 
3!/3—3?/s | 3 
3?/3—4 | | 
4H) 4 J 
Total number of events 106 106 57 57 {00% SPAY 427 127 
P (2) 20 % 0.03% < 0.01% 


Remark: A—data from all surface detectors for N baa 5 x 10°, B—from detector U, for 
N ea 4x 10°, C—from detector U, for N = 4x 10°. Column 5 shows the distribution ex- 
pected because of the spread of the real distances from the shower axis to U,. Columns 1, 
3, and 6 show the experimental distributions; columns 2, 4, and 7, the distributions ex- 
pected according to Eq. (2); and column 8, the distribution expected because of the factor 
shown in column 5 and of statistical fluctuations. 


showers. It was found that the contribution amounts 
to 5%. 

The determination of the u-meson flux density 
with energy E,, > 5 x 10°ev and E,, > 10!° ev was 
carried out using detectors U,; and U, (at 20 and 
40 m w.e. respectively). It was assumed that, when 
- one » meson traverses the counters, we should ob- 
serve the discharge of one, two, or more counters 
of the detector of Fig. 2 (in the lower layer). The 
probability of a simultaneous discharge of two or 
more counters due to the passage of one 4 meson 
amounted to 8%, and was due to the production by 
the mesons of 6 electrons and of secondary 
electron-photon showers. 

In measuring the y-meson flux using the U, 
and U, detectors placed below the level at which 
the position of the shower axis was being deter- 
mined, a certain uncertainty arises in the actual 
distance from the shower axis, owing to the un- 
known angle of shower arrival. This uncertainty 
decreases with increasing distance R from the 
trace of the shower axis on the surface of the 
earth to the vertical line passing through U, and 
Uo. 

Table II (column 5) shows the probabilities of 
the deviation of the y-meson flux density from the 
average density obtained for R=H (where H is 
the depth of the underground chamber in meters), 
assuming an angular distribution as cos’ @ and 
a lateral y-meson distribution as 1/r. 

For the analysis, we used showers with R = H. 


Using the method for determining the number 
of 4 mesons described above, the average lateral 
distributions of 4 mesons with different threshold 
energy were obtained for showers of different size 
(Fig. 3). 

The obtained average characteristics of the 
u-meson flux permitted us to determine, for each 
detector, the expected number of mesons cor- 
responding to the detected number of shower par- 
ticles, and the distance of the p-meson detector 
from the shower axis. 


RESULTS 


As a result of the above-described data reduc- 
tion, we have found for each selected shower the 
number q of u mesons detected by the detectors 
and the number p of » mesons expected in those 
detectors for a given total number of particles in 
the shower and for known distances of the detectors 
from the shower axis on the surface of the earth. 

The investigated showers were divided into the 
following size intervals: 


Nica? > (2 — 5) - 108 
For the detector on the surface ¢ N = (5—10)-10°, 
of the earth | N> Se 
N = (2 — 4) -108 
For U, Nee a 108 H 

N = (1 — 2)-108 
For U, f= (2 — 4)-10® . 
N> 4-108 
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FIG. 3. Mean lateral distributions p(r) of y-meson 
fluxes in showers with different numbers of parti- 
cles: 1—N =2 x 10’ _(N > 10’), 2- N =5 x 10° (AN 


= 4-10 x 10°), 3-—N=2.5 x 10° (AN = 2—4 x 10°), 
4—N=1x 10° (AN = 1-2 x 10°), The p-meson flux 
density was determined according to the detector 
U,(©), U, (Xx), or the surface detector (@). 
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Table III. Distribution of events with respect to the detected 
number of 4 mesons q 
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P(x") 15% 50% 0.3% 20% 0.01% 

Remark: A —data from all surface detectors for N=2—5X10°, B—for N=5—10% 10°, 
C—data from detector U, for N= 2-4 10°, D—from detector U, for N=1—2 x 10°, and 
E—from detector U, for N=2—4% 10°. 

The calculation gives the distribution expected according to Eq. (1). 


—— 


250 


For groups of showers with a relatively small 
number of particles (N < 4 x 10°), the distribu- 
tions with respect to the number of detected yu 
mesons q are shown in Table III. For shower 
groups with N= 4x 10°, the distributions with 
respect to q/p are shown in Table II. 


2--3 3—4 
40 14 


O—1 
240 


4-2 
107 


q/p 
I (q/p) 


In order to estimate the role of purely statistical 
fluctuations for each group of showers in Table III, 
we have constructed the distributions with respect 
to q expected because of statistical fluctuations 
and calculated according to the formula 


= >), 
i 


(The summation is carried out over all showers of 
the given group. ) 

For the distributions in Table II, the statistical 
fluctuations of the values q/p were calculated from 
the formulae: 


W (q) w, = ple—Pi/ ql (1) 


Pp; /3 
»V@, (for q/p =0—/s), 
q=0 
2p; /3 
> W(q) (for qip=Ys—?2/s), ete. (2) 
9=P; /3 


For underground detectors, the non-statistical 
fluctuations in the y-meson flux density may be due 
to the unknown true distances from the shower axis 
to the y-meson detectors, as mentioned above. For 
the distributions C (Table I), we have calculated 
the theoretical distribution I(q/p) taking both the 
spread of the true distances from the shower axis 
and statistical fluctuations (column 8) into account. 
From a comparison of columns 7 and 8 of Table II 
it follows that the non-statistical fluctuations due 
to the deviation of the true distance of the shower 
axis to the underground p-meson detectors for 
varying angles of shower incidence are negligible. 

A comparison of the experimental distributions 
with respect to q and q/p with the ones expected 
from Eqs. (1) and (2) were carried out using the 
x? test. The values of P(x?) are shown in Tables 
II and III. 

It can be seen from these tables that the fluctu- 
ations observed by means of surface detectors can 
be fully explained by statistical fluctuations. How- 
ever, the fluctuations in the y-meson flux observed 
by means of the underground detectors U, and U, 
are greater than purely statistical fluctuations if 
we consider sufficiently large showers. * 


*The data of Tables II and III show only that, for a limited 
area of y-meson detectors, the study of fluctuations is possi- 
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For the detector U,, the distribution with re- 
spect to q/p for all detected showers (N= 1x 10°) 
is shown below. This enables us to study the fluc- 
tuations of the p-meson flux in the range q/p > 1: 


The non-statistical character of fluctuations in 
the latter case is confirmed by the correlation of 
the deviations from the mean values of the 4-meson 
flux measured by detectors U,; and U,. In fact, let 
us consider the pair of values x = q/p (for detec- 
tor U,) and y=q/p (for detector U,). If the de- 
viations of x from unity are correlated with the 
deviations of y, then this means that non-statistical 
fluctuations in the number of yu mesons exist. How- 
ever, for a small mean number of detected mesons, 
a large role is played by the Poisson fluctuations 
of q/p, which may fully mask the correlation of 
these values between U, and U,. Therefore, in 
order to calculate the correlation coefficient be- 
tween x and y, we have selected showers with a 
sufficiently large number of particles N and small 
distances R (ratio N/,R=>4x10'm“'). Table IV 
shows the distribution of the pair of values of x 
and y obtained. The events were grouped accord- 
ing to the intervals of q/p used in Table II. The 
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ble if N is sufficiently large and R sufficiently small, i.e., 
the mean number of » mesons incident on the detector area is 
large. In a contrary case, purely statistical fluctuations may 
mask the effect. 

A comparison of the value of P(X’) in columns d and e 
of Table III shows that a change in the mean number of 
mesons incident upon the area of detector U, from 2.5 to 4,2 
leads to a clear-cut manifestation of non-Poisson fluctuations. 
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correlation coefficient R calculated from the data 
of Table IV according to the formula 


aes, *3 xy — nx y) 1s x i 3 y— ng ie 


where n is the number of (x,y) pairs taken into 
consideration amounts to 0.60 + 0.15. 

The probability that the resultant value of r 
(or rather of its lower limit, r = 0.45) occurs 
when there is no correlation between the quanti- 
ties x and y amounts to 0.1% (the total number 
of pairs of the measured values being n= 109). (7 
Consequently, the value r = 0.60 + 0.15 means 
that a correlation exists between the quantities x 
and y due to non-statistical fluctuations in the 
p-meson flux. 

The set of the distributions with respect to q/p 
gives the total picture of fluctuations in the y- 
meson flux with energy E,, > 10° ey (detector U,). 
In the range q/p > 1, we can represent the de- 
pendence I(q/p) as a power law I (q/p) ~ (q/p)™ 
where m > 3.0. 

Table II shows the variation of I(q/p) in the 
range q/p< 1. In Fig. 4, the data of column 6 of 
Table II are presented together with the theoretic- 
ally expected fluctuations discussed below. 


DISCUSSION OF RESULTS 


Let us consider some methodological problems 
arising in connection with the experiment. 

1. The y-meson flux is observed over a rela- 
tively small area, since a small fraction of the 
total number of » mesons in the showers is de- 
tected (~ 0.1%). Moreover, for the case of the 
detectors U, and Us, the detection of » mesons 
occurs at one point, and therefore the fluctuations 
of the detected number of » mesons may refer 
both to fluctuations of the total flux of 4 mesons 
and to the fluctuations in the lateral distribution 
function of the » mesons. 

In the case of surface detectors, the detection 
takes place at several points at different distances 
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P/z’) 


FIG. 4. a—theoretical distributions with 
respect to q/p calculated using Eq. (10) 
(solid histograms) and experimental distribu- 
tion with respect to q/p from Table II (dotted 
histograms), The quantity q/p ranges from 0 
to 2'4, A q/p = 4. b—probability P(x’) of 
different values of € calculated from the com- 
parison of experimental and theoretical dis- 
tributions. 


b 


from the axis, which enables us in principle to dis- 
tinguish the fluctuations in the total y-meson flux 
from the fluctuations in their lateral distribution 
function. However, the area of the detectors is 
relatively small, and chance variations in the num- 
ber of detected » mesons play a large role. 

Therefore, in order to compare the experiment 
with theory, it is necessary to take into account 
the theoretical prediction both with respect to the 
fluctuations of the total u-meson flux and with re- 
spect to the fluctuations of the -meson lateral 
distribution function. 

2. A number of errors of random nature (ran- 
dom errors in the determination of the shower size, 
the spread of distances of the y-meson detectors 
from the shower axis due to angular distribution 
of the shower axis, especially for detectors U; 
and U,, etc.) lead to an increase in the observed 
fluctuations of the y-meson flux. Therefore, the 
observed fluctuations represent an upper limit for 
possible fluctuations of the y-meson flux. 

3. A decrease in the observed fluctuations of 
the p-meson flux may be caused by a systematic 
selection of showers with a given type of the 
electron lateral distribution function, if the latter 
depends on the p-meson flux. Experimentally, 
the showers are selected by the triggering arrange- 
ment and by means of an additional requirement of 
a given electron density at two points 60 m apart. 
As calculations carried out by one of the authors 
(V. I. Solov’eva) have shown, such a selection 
leads to a considerable decrease in the selection 
efficiency only for showers with a lateral distri- 
bution function corresponding to electron-photon 
showers with age s< 1.0. At present, there is a 
lack of sufficient experimental data on the age dis- 
tribution of showers. According to preliminary re- 
sults obtained by the Tokyo group, * there are no 
sharp deviations from the average lateral distri- 
bution function for s = 1.3, at least at distances 

*Fukui, Hasegawa, Matano, Miura, Oda, Ogita, Suga, Tana- 
hashi, and Tanaka (private communication), 
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greater than 30 m from the shower axis. In such 
a case, a selection of showers according to the 
electron density should not influence the fluctua- 
tions in the y-meson flux. 

Taking the methodological problems mentioned 
above into consideration, we shall compare the 
results obtained with the theoretical predictions. 

1. Comparison of the results with the model of 
EAS developing the atmosphere without fluctua- 
tions is simplest when the fluctuations of the p- 
meson flux in the showers with a given number of 
particles are only due to the fluctuations in the al- 
titude of the first interaction of the primary par- 
ticles.“! In such a case, the shower development 
in the atmosphere is described by a cascade curve 
with a maximum, whose depth depends logarithmic- 
ally (Xm =B In Ey) + const) on the energy of the 
primary particle. The absorption of the shower 
particles beyond the maximum is exponential with 
a mean free path A = 200 g/em?. The yu-meson 
flux ny with Sp 10'° ev is not absorbed beyond 
the shower maximum, while the total number of 
#4 mesons is proportional to the primary energy. 
In such a model, it is assumed"! that the lateral 
distribution functions of all shower particles and 
of u mesons do not fluctuate, and our experimen- 
tal results therefore permit an unambiguous in- 
terpretation. 

The number of particles in showers whose axes 
are inclined to the vertical by an angle @ at the 
observation level x) depends on the depth of the 
first interaction, as shown by 


We GNe Ee exp. l= (e-ex)ssec. HAI, (3) 


where Nm = C9Ep. 
The number of primary particles with energy E, 
interacting at the depth x equals 


I (Eo, x) dEydx = csEq ** exp [— x sec 6/A] sec 0 dE, dx/X, 
(4) 
where A is the interaction mean free path of pri- 
mary particles, and y is the exponent of their en- 
ergy spectrum. 
Substituting x for N according to Eq. (3), we 
obtain 


I(Eo, N) dE, dN 
== 6, BATE iy GTA axn (— xo sec 6/2) dEy dN.’ (5) 


Integrating over Ey from Eom = N/c, to ELTB/A 


= N exp (xy sec 0/A)/c,Cy, we obtain the angular 
distribution and the altitude dependence of showers 
with a given number of particles, which should sat- 
isfy the experimental data (see, e.g., %»%), 
Obviously, the result depends essentially on the 
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quantity « = (A+B)/A-—y-1. If (A+B)/A<y, 
then the angular distribution has the form 


exp [— 7X sec 8/(A + B)I, 


If (A+B)/A>vy, then exp(—x) sec 6/X). The ex- 
perimentally observed variation is of the form 


exp (— Xp, sec 0/(100 — 120)). 


It is found that the distribution of showers with 
respect to the number of 4 mesons ny, is very sen- 
sitive to €, and, from a comparison of experimen- 
tal data with the model under consideration, we 
can determine this quantity and, knowing A and 
y, also find the value of 2d. 

The experimental data were obtained with an 
array which detected EAS with all angles of inci- 
dence 06, and we therefore integrate Eq. (5) over 
6 assuming an isotropic distribution of the primary 
particles. Two regions of integration are impor- 
tant, Ey < Eo; and Ey > Eo;, where 


EM} B/S — ¢coles4N exp (Xo/A) 


is the maximum possible energy for a vertical 
shower with a given number of particles. 
For Eo < Eo; we have 


T (Ey, N) dEydN = c,ESN~Ot4™) 
at 
e 


x [2 exp (— =) | = — \ ; 


0 


dt | dEodN. (6) 


At sea level, x)/A is large (> 10), and there- 
fore 


(oe) 


\/x0 exp (xXo/A) — \ 


X/A 


pal 


: dt ~c; exp (— Xp/A), (7) 


where cs is independent of x)/A. 
For Ey > Eo; we have 


I (Ey, N) dE, dN = c,EXN~ tA” 
(cos 0), 
x \ exp (—Xp sec 9/A) d cos 9 dE, dN, 
6 
where 
(cos 0): = [1 + (A +B) x5! In (Eo/Eox)]-3. 


We therefore obtain the expression 
I (Eo, N) dE, dN = c,c,E{N~tA™ 
x exp {— x07? [1 + (A + B) xo In (Eo/Eo1)]} dEo dN 


= cE, No aeodN. (8) 


Substituting in Eqs. (8) and (6) Dy instead of Ey, we 
obtain the distribution of events according to the 
number of » mesons of the form 


> —_—- -  _ = 
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ny dny, My <n exp [xo/(A +.B)] 
Qe Viel Mieco tran exp Ivo/( = 'B)). 


(9) 


From the distribution (9), we can obtain the theo- 


retically expected distributions shown in Table II. 
For this, it is necessary for each shower with a 
number of particles N and falling at a distance R 
from the p-meson detectors, to consider its spec- 
trum I(p’, p)dp’ of the u-meson numbers p’ de- 
tected by the detectors, which has the form (9) and 
which, in addition, satisfies the condition 


( I(p’, p)dp’ = 1, " p'l (p', p) dp’ =p, 


, 
Pmin Pmin 


where p is the average number of mesons ob- 
tained for showers with a given N and R. We then 
obtain the theoretically expected distribution 
I7t(q/p) analogously to formula (2): 


P;/8  & 
DD | wert (e'.. p)dp'/qt = for g/p=0—%fs, 
Ens: fein 

2p; /8 90 
SY | verre, pydp' iq for 4/p="fo—*s 
ns, (10) 


The distributions I7(q/p) for the detector U, 
calculated according to Eq. (10) are shown in Fig. 
4. The separate distributions (solid histograms 
a—e) are calculated for different values of e. 

The comparison with the experimentally ob- 
served distributions I(q/p) (the dotted histo- 
grams in Fig. 4) for the detector U, taken from 
Table II were carried out using the y” test. Figure 
4b shows the probabilities of agreement P (x2) be- 
tween the experimentally and the theoretically ex- 
pected distributions for different ¢. The values of 
e from — 0.5 to +0.5 occur with a probability 
greater than 10%, which, for A = 200 g/cm’, 

B = 30 g/cm’, and y = 2 corresponds to values 

of A from 92 to 66 g/ cm”. As has been mentioned 
above, methodological errors of the experiment 
lead to an increase in the observed fluctuations, 
so that, from the comparison of the experimental 
and theoretical distributions, it follows only that 
es 0.5 or A < 92 g/cm”. 

2. In recent years, several models of EAS de- 
velopment were proposed in which an essential 
role is played by the fluctuations of the nuclear- 
interaction characteristics"! and the fluctuations 
of the height of the nuclear interaction which de- 
termines the number of particles in the shower.” 
We shall consider the model of EAS development 
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proposed by Cranshaw and Hillas.™) This model 
assumes that electron-photon showers in EAS 
have a small range, so that the number of particles 
in the shower at observation level is determined 
only by the last interactions of nuclear-active 
particles in the shower core. The altitude of the 
last interaction may vary, which leads to varia- 
tions in the age of observed showers and in the 
lateral distribution function of shower particles. 
The number of high-energy mesons is propor- 
tional to the energy lost by the primary particle 
up to the observation level. 

Selecting the showers in our experiment in the 
manner described above, we choose showers with 
a lateral distribution function corresponding to 
s>1.0. (We assume that, according to the model 
under consideration, there are fluctuations in the 
lateral distribution function of the shower.) The 
detection of a given number of particles in a 
shower then shows that En.g. > Ee, and that the 
depth of the last interaction x) < Xg. (The values 
of Eg and X¢ correspond to the case where the 
shower age parameter s =1.) Because of the 
falling spectrum of nuclear-active particles, the 
main contribution to the number of detected show- 
ers will be due to particles with energy Ey, 4 ~ Eg 
and Xp ~ Xg, and we can therefore assume that the 
given number of particles in the shower deter- 
mines Ey.q. and x). The p-meson flux, however, 
may fluctuate, since the given value of Eng, at 
the level xy) can occur for different energies of 
the primary particle, which undergoes a different 
number of interactions along its path. 

If B is the energy fraction conserved in each 
interaction by the primary particle, then E» 
= En.a.Bols where i is the number of interactions. 
The probability that i interactions occur is 


Wi (= sec 0) exp ( — = sec 6) / t! 


and the number of primary particles which are re- 
sponsible for the appearance of a particle with en- 
ergy En.q. at the level xy is given by the equation 


Erdal es Xo 1 Xo 
os BY exp te zs Sec 6) 75 Ge Sec 6) A 
n.a. 


I (Ege GE xa Cc" 


(11) 


where c’ is the absolute coefficient in the energy 
spectrum of primary particles. 

Carrying out a summation over all values of i, 
we obtain the angular distribution and altitude de- 
pendence of showers with fixed N and age 


(12) 


dE na. Xo ay 
: exp| 5, sec 6 (1 — 3 )|- 
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In order to explain the observed angular distribu- 
tion of showers with a number of particles in the 
range 10°— 10", Cranshaw and Hillas™ assumed 
A= 75 g/cm? and B = 0.5. 

Assuming these values of A and B, we can ob- 
tain the distribution with respect to i from Eq. 
(11). Since the experimental array detects show- 


i ‘ 2 3 4 5 6 


ers with all angles of incidence 0, we integrate 
(11) over @ assuming an isotropic angular distri- 
bution of the primary particles. The results of 
the integrations are given below. W is the proba- 
bility that i collisions of the primary particles 
occur at any angle 6. The corresponding values 
of the u-meson flux ny, are also given: 


7 8 9 10 14 12 


W 0.12 0.16 0.21 0,17 0.13 0,075 0,046 0.018 0,0074 0.003 9.3-10-4 By 2 lOee 


Fay pice 4 3 7 sty Maca 63 


In fact, it follows from our assumptions that the 
u-meson flux n,, is proportional to the energy 
lost by the primary particle, i.e., 


ny, ~ (1 —B) Ey (1 +8 +. . . +B) 


= (1 — B) Ena. (B-? +. .-+ 1) 
= (1 —B) Ene. — 1) (13) 


and n,,/Qy min = pa 1. 

From this relation between ny and i, we obtain 
the distribution with respect to n,. The mean 
value of the y-meson flux is found to be ny/nymin 
= 36, and the corresponding number of interactions 
=o. 

Let us consider the number of showers in which 
n, <n 


uw < Dy and ny, > Dy (using the nomenclature of the 


previous section, q< p and q>p). From the dis- 
tribution with respect to ny/nymin given above, 
it follows that I(q< p)/I(q>p)=5.6. The ex- 
perimental distribution from Table II, column 6 
gives I(q < p)/I(q>p) =1.75 + 0.2. Conse- 
quently, the model under consideration predicts a 
large number of showers with a relatively small 
u-meson flux, which contradicts the experimental 
data. 

We will show that the fluctuations in the lateral 


distribution of 4 mesons cannot, in the model under 


consideration, lead to the observed difference be- 
tween the theoretical and experimental distribu- 
tions I(q/p). In order to explain this difference, 
it is necessary to assume that the lateral distri- 
bution of the u-meson flux for i< 5 is steeper 
than for i> 5. A small number of » mesons for 
i< 5 will then be compensated by the large con- 
centration of 4 mesons and, vice-versa, a large 
number of » mesons for i > 5 will be compensated 
by the small concentration of the 4 mesons since 
the p-meson density will undergo small fluctua- 
tions with respect to the mean value. | 

However, the variation in the lateral distribu- 
tion of 4 mesons would mean a change in the mean 
altitude of u-meson production. Since the main 
contribution to the number of uw mesons is due to 
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the interactions of the primary particle occuring 
before the last interaction, which determines the 
number of particles in the shower [see Eq. (13)], 
and the altitude distribution of these events is in- 
dependent of the number i, the mean altitude of 
u-meson production should not depend on the num- 
ber of interactions i. This means that the mean 
lateral distribution of the uw-meson flux should be 
independent of i, and therefore the fluctuations in 
the lateral distribution of y-meson flux cannot 
lead to the difference between the theoretical and 
experimental distributions I(q/p). 


CONCLUSIONS 


1. Experimentally observed small fluctuations 
in the p-meson flux in showers with a given num- 
ber of particles contradict the model of shower 
development proposed by Cranshaw and Hillas. “7 

2. The fact that the observed fluctuations in the 
p-meson flux are not greater than the theoretically 
predicted fluctuations due only to the altitude fluc- 
tuations in EAS indicates a small role of fluctua- 
tions in the development of EAS with a large num- 
ber of particles (N > 10°). 

Calculations carried out by Fukui et al™! and 
in the present article show that, if EAS develop 
without fluctuations, the distribution with respect 
to the w-meson number ny in a shower with a 
given number of particles is very sensitive to the 
quantity « = (A+B)/A—y-—1. The values of A 
and y are well-known, and therefore the magni- 
tude A of the interaction mean free path of pri- 
mary particles follows from the exact shape of 
the distribution with respect to Ny: Thus, the 
study of the exact form of the distribution of yu 
mesons in EAS with a known number of particles 
enables us to determine the interaction mean free 
path of primary ultra-high energy particles pro- 
ducing the EAS. Furthermore, in order to obtain 
the exact distribution of the w-meson flux, it is 
necessary to increase the accuracy of the experi- 
mental method. This involves the use of large- 
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area p-meson detectors located at several points, 
the distance between which should be sufficiently 
large in order to determine the role of fluctua- 
tions in the p-meson lateral distribution function; 
and also the exact determination of the distance 
between the p-meson detectors and the shower 
axis, etc. 
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A detailed study of the galvanomagnetic properties of single crystal lead is carried out. From 
the experimental data the Fermi surface could be established and is found to be double sheeted: 
one part of the Fermi surface is an open surface of the ‘‘fluted cylinder net’’ type, the axes of 
the cylinders being parallel to the [111] crystallographic axis; the other part is a closed surface. 
The volumes of the open and closed surfaces are equal and opposite in sign (the closed surface 
corresponds to ‘‘hole’’ conductivity). The model proposed for the Fermi surface of lead is 
compared with the experimental results on the de Haas—van Alphen effect, known from the 


literature. 


iY preliminary study of the anisotropy of the re- 
sistivity of single crystals of lead in the range of 
large magnetic fields showed that lead has an open 
Fermi surface.4,4] an open Fermi surface for 
metals with cubic lattice symmetry can only be a 
surface of the ‘‘fluted cylinder space net’’ type, 
with axes parallel to rational axes of the recipro- 
cal lattice. Such surfaces were found in copper, /?4 
gold and silver.'2:4]* 1 would be expected that the 
Fermi surface of lead would also be a ‘‘space net.’’ 
The anisotropy of the galvanomagnetic properties 
would then be similar to that in gold, silver and 
copper. However, on the polar diagram of the re- 
sistance of lead in a magnetic field there are wide 
angular ranges with quadratic growth of resist- 
ance, and saturation of the resistivity in a magnetic 
field is only found in some selected directions. 
(This behavior of the resistivity of lead single 
crystals is the opposite of the resistance behav- 
ior of gold, silver and copper.) 

It was established previously that the quadratic 
resistance growth in a wide range of directions for 
tin single crystals is connected with the compen- 
sation of the ‘‘electron’’ and ‘‘hole’’ volumes of 
the Fermi surface.[®] An analogous ‘‘compensa- 


*We must point out that we are discussing the topological 
features, and not the form of the Fermi surface, which are not 
the same at all!*JFor example, the Fermi surface of copper is 
a system of cubes, the vertices of which intersect in such a 
way that the ‘‘openness’’ arises in the [001] and [110] direc- 
tions as well as [111]. For galvanomagnetic properties, the 
topology of such a surface is equivalent to a ‘‘fluted cylin- 
der space net’’ with axes parallel to the directions [111], 
[110] and [001]. These are precisely the topological features 
that show up in the galvanomagnetic properties of gold, silver 
and copper. 


tion’’ can therefore be expected for the Fermi 
surface of lead. 

The purpose of the present work was to deter- 
mine the topology of the Fermi surface of lead. 
Lead is also of interest in that the de Haas—van 
Alphen effect has been studied in most detail for 
this metal.{’ 8] It was therefore possible to com- 
pare the results of two different methods of study- 
ing the Fermi surface of metals. 


SPECIMENS AND MEASUREMENTS 


The lead single crystals, grown by the Czochral- 
ski method, were 20 — 30 mm long and 2—3 mm in 
diameter. In some cases specimens of the required 
orientation were in plate form. Such specimens 
were cut by electro-erosion from a large single 
crystal obtained by the Obreimov-Shubnikov 
method. The orientation of the round single crys- 
tals was determined optically with an accuracy of 
1°. The orientation of the plates was determined 
by x rays. The resistivity change of the specimens 
from room temperature to 4.2°K was £39)/P4.2 
= 6,000 —10,000, so that measurements could be 
made in large effective fields, starting at about 
1 koe (p4,. was determined by extrapolating the 
P4.9(H) dependence to zero magnetic field). 

The measurements were carried out at 4.2°K 
with a potentiometer system having a sensitivity 
of 10se wa The angular dependence of the resistiv- 
ity and the Hall e.m.f. were determined in a field 
of 23 koe. The magnetic field was rotated in a 
plane perpendicular to the specimen axis. The 
Hall e.m.f. was measured both on the plates and 
on the round specimens. In the latter case the 
Hall e.m.f. was taken off at two pairs of mutually 
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Speci- Orien- a Ban | Position of the minima and maxima (in degrees) 
nea Bocas Ue | on the p,,(9) diagrams** 
1 [001] 8000 [010] (43) ***; [140] (4) 
2 10 0 (6); +41 (1. 4) 5 643 sl 5); £45 (1) ; +47 (1.5); 
+49 (1, Ans +'90 (5. 
3 QO; 14 0 (4) ; +44 (4,2); Nr M4. Dd); £49 (4) ; +90 (5) 
4 0; 20 0 (3.7) ; = 30 (2) ; £40 (2,3) ; +52 (1) ; 90 (4,5) 
5) Owe 7150 01(6) 5 2:25 (3,2) te eB(A)e +54 (le ‘+90 (7.5) 
6 0; 34 0 (4.3); #3(4. 5); SEO (tS:.42) ie +53(1); -+ 90 (6,6) 
7 (Oe ea) O(4. 6) 1613. 2); #52 (1) ; + 90 (5) 
8 [014] 9400 011} (4); £20 (10.5 211) (4 100] (15.5 
: es NO ees ae ] (4) ; [£00] (15,5) 
10 45; 10 9900 0(1);=3(4); L680); + 45 (417); + 90 (1,3) 
14 45; 16 0 (6. 5) ; +2(8, D)i5 +9 (4); + 43 (20) ; = 90 (1) 
12 AD ot || LOSOO ede £58. he + 23 (3) ; = 48 (9) ; +60 (8)— s372(9) 3 
43 45; 44 8500 0): 2): x 25 (2,5) ; +32 (5.5) ; = 36 (4) ; + 40 (9.5); 
14 40; 45 6050 06), + 14 (5,8); + 27 (2) ; + 34 (3,5) ; + 36 (2,7); 
} + 48 (6) ; — 86 (1); — 44 (6) ; seat 1.4) ;—10(5,5) : 
15 [141] [142] (4.5); £16 (5, 5) 5 [011] (4 
16 43; 64 ae oe a 12(5. Dd); ‘499 (3): 6G: 5); + 34 (1,3) ; 
1) 
hf 45; 80] 40800 0) (12.5) 535 84D) vee 72:(8) vee 9014) 


*@ and 9 are the polar coordinates of the specimen axes: ~ is measured from the 
(010) or (100) plane; 9’ is the angle between the [001] axis and the specimen axis. 
**The direction of the line of intersection of the plane of rotation of the magnetic 
field with the plane passing through the specimen axis and the [001] axis is chosen as 


5=0. 


***The ratio of the resistance for the given direction to the resistance in the deepest 


minimum is given in parentheses. 


perpendicular contacts, placed on a transverse 
section of the specimen. The table shows data on 
the specimens. 


EXPERIMENTAL RESULTS* 


Some characteristic angular dependences of the 
resistance pyq(¥), where J is the angle of rotation 
of the magnetic field, are shown in Fig. 1. The 

Py(?) dependence for the specimen Pb-1 was 
given previously. [2] One can gain a qualitative idea 
of the nature of the resistance anisotropy from the 
table. 

Figure 2 shows characteristic examples of the 
behavior of the resistance in a magnetic field for 
different directions. A marked anisotropy is also 
observed in the behavior of the Hall e.m.f. (Fig. 3), 
and on the Ex(¥) diagrams narrow maxima, which 
are observed for H || [110] are characteristic. The 
principal variations of Hall e.m.f. with magnetic 
field are shown in Fig. 4. 

As mentioned above, a quadratic growth of 
resistance in a magnetic field is observed over a 
wide range of angles [broad maxima on the py(¥) 
diagrams]. Saturation of the resistance is only 
observed in special directions, for example for 
H || [110], Hl [112] with I|I [011]. For these 


*The authors thank A. P. Kir’yanov who made the meas- 
urements on a number of specimens. 


magnetic field directions narrow deep minima 
appear on the py(¥) diagrams. All the directions 
for which narrow minima are observed are plotted 
on the stereographic projection (Fig. 5). The depth 
of the narrow minima of resistance (except those 
corresponding to H II [110]) depends on the current 
orientation. For example, with I |! [111] a broad 
maximum of resistance is found in the region of 
the [112] direction, and p ~ H’. This made it es- 
sential to make an analysis of current diagrams, 
which enabled the cause of the quadratic growth 
and saturation of the resistance to be explained, 
and made it possible to determine the direction 

of the open sections of the Fermi surface. 

As has already been noted, /®1 three types of cur- 
rent diagram py(@) are possible in the general 
case; a is the angle between the current and the 
mean direction of the open sections of the Fermi 
surface or of some crystallographic direction 
CE fH). 

1. If in some direction of the magnetic field 
there are no open sections of the Fermi surface, 
but there is compensation of the ‘‘electron’’ and 
‘thole’’ volumes of the Fermi surface, Ve] = Vhole, 
then for any angle a the resistance increases 
quadratically with field: p ~ H?. 

2. If for some direction of H there are no open 
sections of the Fermi surface, but Vg] ~ Vhole,> 
then the resistance in a magnetic field reaches 
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FIG, 2. The change of resistance in a magnetic field for 
specimen Pb-8 for various values of the angle 3: o- $ = 0° 
x — $ = 55° (left ordinate scale); 0 — + = 90° (right ordinate 
scale). 


FIG, 3. Anisotropy of the Hall 
e.m.f. for specimen Pb-1 (speci- 
men diameter 1.8 mm); H = 22 koe, 
T = 4,2°K, I=1 amp. For compari- 
son, the angular dependence of 
the resistance is shown in the fig- 
ure (dashed curve), 


“$0. -60 “2 0 30-60 90 


4, deg 
saturation for any a (the resistance behaves in 
a similar way if there are open sections with a 
different mean direction ). 
3. If for a given direction of the magnetic field, 
there is a layer of open sections of the Fermi sur- 
face with a single mean direction, then 


O,, (4) = AH? cos? a + B. 


An analysis of the experimental angular depend- 
ences py;(%) shows that a current diagram of the 


FIG. 1. The anisotropy of the resistance of 
single crystals of lead; H = 23 koe, T = 4,2°K. 


30 60 90 
%, deg 


0 Ge 10 15 


FIG. 4. Dependence of the Hall e.m.f. on the magnitude of 
the magnetic field for a fixed angle 3 for specimen Pb-8 (I 
= 3amp): 0 — ¢=0° x — 8 = 55°, A— 9 = 90%. 


first type is met in wide ranges of directions of 
the magnetic field, grouped round the [001] and 
[111] axes. The second type of current diagram 
only occurs for the [110] direction. For direction 
of H lying in the (111) planes, for which an analy- 
sis could be carried out, the current diagrams had 
a form close to a cos”? a dependence. 

It is natural to suggest that any direction of the 
magnetic field lying in the (111) planes (except 
directions near [110]) will have this property. 
This is borne out by the fact that the narrow mini- 
ma of resistance lie mainly in the (111) planes. 
We can thus consider that the directions of the 
narrow minima are those field directions for which 
open sections of the Fermi surface exist. The 
stereographic projection of the narrow minima 
is, therefore, in fact the projection of the singular 
directions of the magnetic field for an open Fermi 
surface of lead. This projection is shown in the 
upper part of Fig. 5. The dimensions of the two 
dimensional regions around the [110] direction 
could be determined very approximately from the 
disappearance of the minima of resistance in the 
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FIG. 5. Stereographic projection of the directions of the 
narrow minima of resistance (lower half) and of the singular 
magnetic field directions for the Fermi surface of lead (upper 
half), Region I — double regions of magnetic field directions 
for which open sections exist (the thickness of the layer of 
open sections is zero at the edges of the regions I and in the 
direction [110]); there are no open sections for regions II, but 
there is compensation of the ‘‘electron’’ and ‘‘hole’’ volumes: 
Vel = Vhole; there are considerably drawn out closed sections 
for the regions III. Open trajectories are only found for those 


directions of the magnetic field which lie on the ‘‘whiskered’’ 
lines. 


(111) planes as the plane of the magnetic field ap- 
proached the [110] direction: the diameter of the 
region is (20+2)° in the (001) plane; (14+2)° in 
the (110) plane; in the (001) and (110) planes the 
minima of resistance exist at distances somewhat 
greater than the dimensions of the double region. 
This feature, which has been studied in detail ear- 
lier,{®] is connected with the fact that for rational 
planes, open sections of the Fermi surface can 
exist beyond the limits of the double region. There 
are, therefore, ‘‘whiskers’’ on the projections of 
the singular directions of H for open sections of 
the Fermi surface of lead. The ends of the 
‘‘whiskers’’ are 15° from the center of the double 
region. 


THE FERMI SURFACE OF LEAD 


The stereographic projection of the singular 
magnetic field directions (Fig. 5) corresponds to 
a Fermi surface of the ‘‘fluted cylinder space 
net’’ type, with axes parallel to the [111] direc- 
tions. Such a surface is one of the simplest pos- 
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sible for metals with cubic lattice symmetry. The 
diameter of the ‘‘cylinders’’ (assuming that there 
is some mean constant diameter!*J) can be calcu- 
lated from the dimensions of the double region on 

the projection. This ‘‘diameter’’ is (0.18+0.03)b, 
where b is the period of the reciprocal lattice of 

lead in the [001] direction, b =2(27/a), a=4.9A. 

In order to explain the compensation of volumes, 
which is observed when the magnetic field direc- 
tion lies in the regions II of the stereographic pro- 
jection, it must be assumed that the Fermi surface 
of lead is double sheeted, and it must consist of at 
least two parts equal in volume and opposite in 
sign. There are, in general, two possibilities: 
either both parts are open surfaces, or one is 
open and the other closed. The second possibility 
is more likely, since the combination of two open 
surfaces could hardly give such a simple stereo- 
graphic projection of the singular magnetic field 
directions as was found for lead. 

Taking one of the surfaces to be closed, we can 
decide whether it refers to holes or to electrons. 
For this purpose the sign of the Hall constant for 
H |! [110] must be determined. The sign of the 
Hall constant is in this case determined by the 
sign of the closed surface. The sign of the Hall 
constant found experimentally corresponds to a 
‘‘hole’’ surface. The open surface is, correspond- 
ingly, electronic. 

Some mean diameter dy, of the “‘fluted cylin- 
ders,’’ which form the open Fermi surface of lead, 
can be determined from the value of the Hall con- 
stant R in the [110] direction. For this we use 
equations (33) and (34) of the paper by Lifshitz 
and Peschanskii.'®] For the present case the 
equations can be written in the following form: 


Riouj = 1/Anec, 
An = 2h? Viot- — 0.702 dm), 
V sss = Vet — Vnole: 


As Ve] = Vhole for the Fermi surface of lead, 
An =+1,4h~5b2d,,. The Hall constant Rri49] = 4.3 
x 1073 cgs emu, determined from experiment, leads 
to the value d,,~ 0.16b, which agrees well with 
the value found before from the dimensions of the 
double region of the stereographic projection. 
Knowing dy, the volumes of the open and 
closed parts of the Fermi surface of lead can be 
found. With d = 0.17b, the volume of the open 
surface Vg] = 0.11b°, Assuming that the closed 
surface is a sphere, the radius of this sphere 
r x 0.3b. A model of the surface of lead, which 
does not contradict the experimental results is 
shown in Fig. 6. 
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FIG. 6. Section of the Fermi surface of lead by the (110) 
plane (schematic). 


COMPARISON OF THE RESULTS OBTAINED 
WITH DATA FROM THE DE HAAS—VAN 
ALPHEN EFFECT 


Shoenberg first observed the de Haas—van Alphen 
effect in lead, using a pulse method to measure the 
susceptibility in high magnetic fields.{7] Gold later 
studied the effect in detail.[®]* He was able to pro- 
pose a model of the Fermi surface from the results 
obtained, which consists of several parts. One 
part of the surface is open and other parts of the 
surface are closed. However, the open surface 
does not have open sections, and cannot therefore 
accord with the galvanomagnetic properties of lead. 
It is thus interesting to analyze Gold’s experimen- 
tal data directly and compare them with the model 
of the Fermi surface derived from the data of the 
present work. 

Figure 7 shows the periods of oscillation of the 
susceptibility, observed in Gold’s experiments. It, 
can be seen that the periods fall into three groups: 
a, 8B, and y. Gold notes that the short-period a 
oscillations show insignificant anisotropy of the 
period for all directions of the magnetic field: the 
6 oscillations have weak anisotropy; roughly the 
same for all planes containing the [001] axis. The 
disappearance of the £ oscillations for an incli- 
nation of the magnetic field 25° from the [001] 
axis is a characteristic here. The long period 
group of y oscillations consists of several 
branches, showing considerable anisotropy of 
periods. 

Comparing these results with the Fermi sur- 
face shown in Fig. 6, it is natural to relate the 6 
oscillations with the closed ‘‘hole’’ surface, as 
does Gold. The closed surface has, in fact, the 
largest area of diametral section. The oscilla- 
tions connected with the closed surface must, 
therefore, have the shortest period (since the 
period of the oscillations P = A(1/H) = 47e/chS,,, 
where S,, is the extremal cross-section of the 


*We should also point out that Harrison*® has recently 
studied the Fermi surface of lead theoretically. 
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Fermi surface). Knowing the mean dimensions of 
the closed surface, we can deduce that the corre- 
sponding period of the susceptibility oscillations 
will be Pg = 0.54 x 1078 ge™!, which is in good 
agreement with Gold’s data: Py = 0.56 x 10°°*0e 4. 

The B and y oscillations can be related to the 
maximal and minimal sections respectively of the 
open Fermi surface of lead. The region where 
four ‘‘cylinders’”’ cross one another has the max- 
imal section. When the magnetic field is inclined 
to the [001] axis these sections increase, leading 
to a reduction in the corresponding period of os- 
cillations. For some angular distance from the 
[001] axis, the oscillations of this type disappear. 
This occurs near those directions of the magnetic 
field for which open sections of the Fermi surface 
occur (the thick lines in Fig. 5). 

For example, if the magnetic field lies in the 
(001) plane, the maximal closed section (and, 
correspondingly, the 6 oscillations) disappear 
for an angle of 30° between the field and the [001] 
axis. There is thus qualitative agreement with 
Gold’s results. It is, however, difficult to make 
a quantitative calculation for this case. We only 
note that if the volume of a sphere is deduced from 
the period of the £ oscillations (diameter ~0.3b), 
then this volume agrees approximately with the 
volume of the region where the ‘‘cylinders’’ of 
the open Fermi surface cross.* 

The y oscillations can be ascribed to the mini- 
mal sections of the open Fermi surface, i.e., to 
the sections of the four ‘‘cylinders’’ parallel to 
the [111] direction. In the general case four sec- 
tions of different area are possible. All four sec- 
tions coincide for H || [001]. Taking the diameter 
of the cylinders equal to 0.17b, we find that 
Poot? © 3.6 x 10-® oe7!. According to Gold’s 
data P.,(991] = 4.1 x 107° oe-!. Assuming that 
these periods coincide for [001], we can compare 
the form of the anisotropy of the y oscillations 
with the periods of the oscillations possible for 
the minimal sections of the ‘‘cylinders.’’ The 
behavior of the anisotropy of the periods of the 

*We must point out two facts. 1) One concludes from the 
model of the Fermi surface of lead that 6 oscillations should 
exist in the region of the [111] direction as well as the [001] 
direction (the former direction is also far from directions 
which lead to open sections), In Gold’s work there is no in- 
dication of oscillations in this region with a period close to 
the period of the 8 oscillations. 2) As soon as open sections 
of the Fermi surface arise, new closed ‘‘hole’’ sections also 
arise. It can easily be seen from Fig. 6 that the area of these 
sections exceeds not only the areas of the sections connected 
with the 8 oscillations, but also the areas referring to the a 
oscillations. Gold’s data to not indicate the existence of such 
large sections. 
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oscillations corresponding to the open Fermi 
surface of lead is shown by the dotted line (these 
curves are not shown in Fig. 7c). It can be seen 
from the figure that there is some qualitative 
agreement in behavior of the calculated and ob- 
served periods of the y oscillations. 

The collapse in the y oscillations (and also of 
the B oscillations) for some directions of the mag- 
netic field, associated with the appearance of open 
sections, is most characteristic. It must be re- 
marked, nevertheless, that there are great quan- 
titative discrepancies in the behavior of the aniso- 
tropy of the calculated and observed periods of the 
y oscillations. This is not surprising, however, 
since it was assumed in the calculation that the 
open Fermi surface is formed by right cylinders. 
If we make the natural assumption that the cylin- 
ders are corrugated, we can obtain better agree- 
ment with Gold’s data. For example, for corru- 
gation of. the cylinders produced by part of an 
ellipsoidal surface of revolution with axes in the 
ratio 3:2 (the long axis parallel to the [111] axis), 
the picture of the behavior of the anisotropy of the 
y oscillations is shown in Fig. 7 by the dashed line. 

In conclusion, we consider it a pleasure to thank 
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FIG. 7. Periods of oscillations of the sus- 
ceptibility of lead, found by Gold!) The con- 
tinuous lines are drawn through Gold’s ex- 
perimental points. Case a—H||(001), b— 

H|| (011), c — the field parallel to the plane, 
the normal to which has the orientation [ 

= 30°, } = 90%. The periods for the « and 8 
oscillations are not shown for cases b and c. 


Academician P. L. Kapitza for his constant inter- 
est in this work. 
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The recombination radiation from cesium vapor plasma in a longitudinal magnetic field 
was investigated by spectrophotometric means. It was found that recombination emission 
is enhanced considerably with increasing field strength and diminishing gas pressure. 
This increase is due mainly to higher concentration of charge carriers near the column 
axis and, to a smaller degree, to decreasing electron temperature. 


INTRODUCTION. STATEMENT OF THE PROBLEM 


A homogeneous magnetic field H, parallel to the 
positive column of a low-pressure gas discharge 
reduces the diffusion of charge carriers from the 
plasma to the walls."1] The mean lifetime Tt of 
free carriers in the plasma should thus be length- 
ened. Consequently, when the current strength i 
in the column is maintained unchanged, the aver- 
age concentration of free electrons and ions ne 
should increase, while the electron temperature 
Te and the longitudinal electric field strength E, 
should be reduced.) These conclusions are con- 
firmed by probe measurements in helium .[?1 

The longer lifetime 7 in a field H, should also 
increase the probability of volume recombination 
in the plasma,{‘5] which can then possibly exceed 
surface recombination on the walls. This effect 
should be manifested externally by enhanced in- 
tensity I of recombination radiation from the 
plasma. However, in investigations of recombina- 
tion radiation from cesium plasma in a longitudinal 
magnetic field, Davies'®] found that, contrary to 
expectations, application of the field produces al- 
most no changes in I and ne, while Te is in- 
creased slightly instead of being decreased. 

We have performed a new investigation of re- 
combination radiation from cesium plasma,* in 
order to check the foregoing hypotheses regarding 
the influence of a magnetic field on the probability 
of volume recombination. We aimed to determine 
the influence of the magnetic field on the intensity 
of electron recombination in an electropositive 
gas and also on the concentration and temperature 
of electrons in the plasma. 
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*E. Mikhalets assisted with some of the experimental work. 


EXPERIMENTAL CONDITIONS AND TECHNIQUE 


Spectrophotometric measurements were ob- 
tained for one of the recombination bands, the 6P 
‘‘series limit continuum,’’ in cesium vapor 
plasma. For a Maxwellian velocity distribution of 
the plasma electrons the spectral intensity distri- 
bution in the investigated band is given by Mohler 
and Boeckner“?8] as 


I (v) = const - n2T; “vt exp[—h(v—) / kT els 


where v, is the frequency limit of the levels at 
which free electrons are captured. The electron 
temperature and concentration in the plasma were 
determined from this relation. 

A stationary plasma was produced in a discharge 
tube 40 cm long and 2.5 cm in diameter. A cylin- 
drical probe along the tube axis was used to meas- 
ure plasma parameters, simultaneously with the 
optical measurements. The cesium vapor pres- 
sure varied from 2 x 107 to 0.13 mm Hg. The 
tube was placed in a homogeneous magnetic field 
generated by two solenoids that were separated by 
a gap through which the central portion of the tube 
was focused on a UM-2 monochromator. A photo- 
multiplier was used to detect the radiation. 

Photometric measurements were performed at 
several points of the recombination continuum, 
from its threshold at 4940A to 4400A. A standard 
temperature-calibrated tungsten lamp was used to 
record the spectral characteristic of the photomul- 
tiplier for this region. 

The measured spectral distribution was appre- 
ciably distorted, especially at low pressures, by 
the bright Cs doublet 8P;/. 37-681, which was 
scattered in the optical system and was super- 
posed on the recombination band at the monochro- 
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FIG. 1. Recombination radiation as a function of electron 
concentration. p = 2.8 x 10-7 mm Hg. H = 0. 


mator exit. The doublet was excluded as follows. 
At the lowest values of the pressure and current 
density, when volume recombination in the plasma 
can practically be neglected, the intensity distri- 


actually represented recombination radiation. 
The relative electron concentration was deter- 
mined by measuring ip, the ion current to the 
probe. ne was varied by changing the discharge 
current i. Figure 1 shows the result I ~ nd, as 
was to be expected for radiative recombination 
in two-body collisions. 


BASIC EXPERIMENTAL RESULTS 


1. The imposition of a magnetic field on a 
plasma enhances considerably the intensity I of 
recombination radiation (see the table), especially 
at low pressures. The simultaneous constriction 
of the positive column is observed; this effect is 
magnified, as expected,-® 101 with reduced cesium 
pressure and with growth of the factor weTeWpTp 
determining the effect of the magnetic field on the 
plasma. 


bution was measured in the studied spectral inter- 
val; under these conditions the spectrum is deter- 
mined completely by the scattered light. This 
distribution does not depend on the discharge 
conditions, which affect only the intensity of the 
doublet. Therefore the measured intensity of one 
of the cesium lines can be used under different 
discharge conditions to compute the scattered 
light intensity for any spectral region, thus per- 
mitting suitable correction of the recombination 
radiation measurements. 

The spectral function I(ng) was recorded as 
a check to determine whether our measurements 


2. The electron temperature Tg was determined 
from the slopes of the straight-line plots of 
In [vI(v)] vs v (Fig. 2). The straight line provide 
evidence of a Maxwellian electron distribution. 
The table gives values of Te at different cesium 
pressures and in different magnetic fields. The 
table also includes values of Te derived from 
probe measurements at H = 0, and the relative 
electron concentrations ng(H)/ng(0) obtained 
from optical measurements. The last column 
gives the measured relative density of the ion 
current to the probe, jp(H)/ip(0). A comparison 
of the fourth and fifth columns, and of the sixth 


Tp, °K 
Pressure, : 
100° H, oe 1(H1)/1(0) From From probe |'%e (7)/me (0) | Jp (A)/ip (0) 
mm Hg spectrum current 
0) 4 4 
330 17 4,4 a 
82 660 38 4200 6.0 5.7 
980 54 7.3 6,9 
0 i 3700 4 1 
330 2.6 3300 1.6 4.5 
18 660 4,8 3070 3600 Did 2.0 
980 line 3040 Dt 2205 
4300 8,4 2590 29 3.08 
0 1 3080 4 4 
330 dre 2850 1.44 1.18 
36 660 1.83 2800 2900 4.33 dreds 
980 2,36 2670 4,49 4.53 
1300 2.64 2500 1.56 1:14 
0 4 2640 1 4, 
330 1749 2580 4.09 shel 
74 660. 1,28 2470 2700 5 ey IP? _ eps 
980 1,37 2450 ede 433 
1300 Av 2370 1 42, 4.39 
0 4 2420 1 1 
330 1.07 2440 1.03 1.07 
430 660 1.09 2410 2100 4.04 1.08 
980 1.08 2400 1.04 1,08 
4300 0.98 2360 1.0 1,09 


. . 2 
The data are given for the discharge current density j= 0.5 amp/cm’. 
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FIG. 2. Graphs used to determine the electron temperature 
T. at p= 36 x 10° ‘mm Hg. 


and seventh columns, shows completely satisfac- 
tory agreement between the optical and probe 
measurements; the discrepancies lie within the 
limits of experimental error. 

The table shows that the concentration ne 
grows with increase of Hz for a given current 
strength; the effect becomes more pronounced as 
the gas pressure is reduced. On the other hand, 
the electron temperature Te drops; this effect is 
also more pronounced as the pressure is reduced. 
When the pressure was raised to 0.13 mm we ob- 
served practically no influence of magnetic fields 
up to 1300 oe. 


DISCUSSION OF RESULTS. CONTROL EXPERI- 
MENTS 


1. Our results agree with the previously de- 
rived'4s51 increase, in a magnetic field, of the 
fraction of charged particles disappearing from 
the plasma through volume recombination. The 
lowering of the temperature Tg and the enhanced 
axial concentration of charged particles in the 
magnetic field agrees with diffusion theory. 

2. The enhancement of recombination radiation 
in a plasma subjected to a magnetic field is asso- 
ciated a) with the constriction of the positive col- 
umn and the consequently increased concentration 
of charged particles along the discharge axis, and 
b) with the lowered electron temperature resulting 
in a larger recombination coefficient. A calcula- 
tion shows that the second cause does not account 
for more than 10% of the observed enhancement of 
recombination radiation. 

3. In analyzing the causes of the discrepancy 
between our results and those of Davies®] ob- 
tained in the same range of cesium pressures, 
considerable differences in the diameter of the 
positive column and in the discharge current den- 
sity must be noted. In Davies’ investigation the 
diameter was one-fifth of ours, while the current 
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density was one order of magnitude greater than 
in our experiments. 

The effect of the latter circumstance was 
checked by performing measurements at different 
densities of the discharge current j. The meas- 


urements of Tg given in Fig. 3 show a diminishing 


0 400 


800 1200 


H, oe 
FIG. 3. Electron temperature vs magnetic field at different 
current densities. x — j = 0.2 amp/cm?, 0 — j = 0.3 amp/cm’; 
e@ — j = 0.5 amp/cm’. p = 0,13 mm Hg. 


influence of the magnetic field on Tg as the cur- 
rent density increases. A similar conclusion fol- 
lows from the data for the recombination radiation 
intensity and the charged particle concentration at 
p = 0.2 x 107? mm and H = 1300 oe: 


jx emp/em?? 0,2, User Ora On 10.6 OL 7 POL erent 
I (EAL (0) 200M .5) the 4 Sh) mSc3 5:7 SS3\suue 
te (H)ine(0) i424 »— 4.004 3,64 43.2 992.8) 2e2niedese aes 


The high current density (5 amp/cm?) probably 


prevented Davies from observing the enhancement 
of recombination radiation and other effects in- 
duced by a magnetic field in a discharge with low 
current density. At the high degree of gas ioniza- 
tion (some tens percent) that characterized 
Davies’ experiments, the electron and ion diffu- 
sion rates evidently depended on their Coulomb 
interaction rather than on collisions with neutral 
atoms. When electron-ion collisions are taken 
into account the flux of charged particles to the 
walls in directions normal to the magnetic field is 
given py“tt 

D> Vn 

PL =~ TEGO, pa Oca t Yep)’ 
where Des is the coefficient of ambipolar diffusion 
at H=0, We and wp are the Larmor frequencies 
of electrons and ions, and vp, etc. are the fre- 
quencies of collisions between ions and atoms, 
electrons and atoms etc. The frequency of elec- 
tron-ion collisions is 


Vep =e V2a An (RT)? (kT eI)", 
where A = % In (3kTe/2V2 1 e?n!/3) is the Cou- 


} 
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lomb logarithm. Calculations performed subject 
to the conditions obtaining in Davies’ experiments, 
i.e., p= 107? mm, H=1000 oe, and n= 10!3 em=3 
(corresponding to ~ 10% cesium ionization) lead 
to a value of yep that is one order of magnitude 
greater than veg. This gives the ratio WeWp/ 
Vpa(Yeat Yep) © 0.1, so that there is only a 
small reduction of charged particle flux to the 
walls in a magnetic field. Under the conditions 

of Davies’ experiments we can therefore not ex- 
pect any appreciable influence of the magnetic 
field on the electron parameters and recombina- 
tion processes in a plasma. 


7S. Townsend, Phil. Mag. 25, 459 (1938). 

21. Tonks, Phys. Rev. 56, 360 (1939). 

3R. J. Bickerton and A. von Engel, Proc. Phys. 
Soc. (London) B69, 468 (1956). 

BTA) Vasil’eva, Radiotekhnika i Elecktronika 
(Radio Engineering and Electron Physics) No. 12, 
2015 (1960). 


°A. S. Syrgii and V. L. Granovskii, ibid. 5, 
1522 (1960). 

81, W. Davies, Proc. Phys. Soc. (London) B66, 
30 (1953): 

’F, Mohler and C. Boeckner, Bur. Standards 
J. Research 2, 489 (1929). 

8F, Mohler, ibid. 10, 771 (1933). 

90, Repkova and G. Spiwak, J. Phys. (U.S.S.R.) 
9, 222 (1945). 

10%, Reikhrudel’ and G. Spivak, JETP 10, 1408 
(1940). 

‘ly. E. Golant, J. Tech. Phys. (U.S.S.R.) 30, 881 
(1960), Soviet Phys.-Tech. Phys. 5, 831 (1961). 


Translated by I. Emin 
ian 


SOVIET PHYSICS JETP 


AN EFFICIENT HIGH-CURRENT MICROTRON 


S. P. KAPITZA, V. P. BYKOV, and V. N. MELEKHIN 


VOLUME 14, NUMBER 2 


FEBRUARY; 2962 


Physics Laboratory, Institute for Physics Problems, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor March 28, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 368-384 (August, 1961) 


The construction of a high-current microtron is described, in which electrons are acceler- 
ated to 6 —13 Mev, the pulse currents being 20—5 ma. The operation of an efficient lantha- 
num boride thermionic cathode in the rf field of the accelerating resonator is studied. The 
efficiency of the accelerator is estimated, and its principal calculated and experimentally 


confirmed parameters are presented. 


1. INTRODUCTION 


lee electron cyclotron, which is a cyclic accel- 
erator of relativistic particles in a constant mag- 
netic field and at constant frequency of the accel- 
erating voltage, was first suggested by Veksler.{11 
The earliest electron accelerators constructed on 
the new principle [2-4] were inefficient, and interest 
in microtrons, as these electron accelerators were 
subsequently called, disappeared during the rapid 
development of linear electron accelerators. 

The low efficiency of earlier microtrons |2~® 15] 
resulted from the unsatisfactory conditions of elec- 
tron injection. The uncontrollability of field emis- 
sion in the strong field of toroidal resonant cavities 
and the impossibility of predicting electron trajec- 
tories precisely resulted in a low efficiency of 
capture and of the accelerator-as a whole. 

Theoretical investigations of phase stability in 
microtrons!’-* have shown that the range of phase 
oscillations is small (0— 32°). This fact directed 
our attention to the microtron as an accelerator 
that can produce beams of bunched electrons with 
constant energy. On the other hand, the small re- 
gion of stable motion is the basis for all difficul- 
ties regarding particle capture into accelerating 
orbits. Increased efficiency could therefore not 
be expected without an essential change in the 
conditions of injection. 

We have proposed !10] a resonator based on 
electron injection from a thermionic cathode 
through the direct action of the rf resonator field. 
The use of a simple cavity shape in the E91) mode 
permitted precise calculations of electron motion 
in a field of known configuration. The accelerator 
constructed by us yielded a (pulse) current of 
20 ma at 7 Mev, and 5 ma at 13 Mev. The new 
technique of electron injection into the accelerat- 


ing mode permitted doubling of the magnet field 
strength, thus doubling the beam energy without 
changing the diameters of the orbits. The varia- 
tion of magnetic field strength also permitted the 
continuous variation of beam energy, which was 
thus no longer limited to integral multiples of the 
rest energy as in previous modes of operation. 

It should be noted that several authors have 
suggested independently that a complicated ar- 
rangement of electron trajectories in the reso- 
nator could be employed. Thus, Aitken 111 sug- 
gested placing the electron emitter within the rf 
field. Poulin!!?] suggested a method of injection 
in a toroidal resonator which in principle also 
permitted strengthening of the magnetic field, but 
motion in the given field could not be calculated 
simply. No experimental results with resonators 
of these types have been published. 

The present paper describes the construction 
of a high-current microton and discusses the basic 
physical principles of this type of accelerator. 


2. ACCELERATOR MAGNET AND CHAMBER 


The electromagnet and vacuum chamber are 
shown in Fig. 1. The diameter of the vacuum 
chamber 1 is 700 mm; its top and bottom are 
formed by the magnet poles 2, which are sepa- 
rated by 110 mm. The magnet coils 3 wound with 
25 x 1mm copper strip insulated by paper tape 
are mounted directly on the poles. The coils are 
cooled by water circulating in rubber tubes 4 that 
are in contact with the coils. 

The upper plate of the magnet is clamped to the 
pillars 5 in the magnetic circuit by four screws, 
which at the same time fasten down the rubber 
gasket 6 between the poles and the chamber wall. 
This magnet is distinguished by 8-mm compensat- 
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FIG. 1. Microtron vacuum chamber and electromagnet. 


ing gaps between the plates and poles. These gaps 
in the magnetic circuit increase the anisotropy of 
the demagnetization coefficient of the poles and 
thus enhance the magnetic field homogeneity in 
the working space. The effect of the gaps is based 
essentially on the fact that, with continuity of the 
tangential field component, the lines of force turn 
through a greater angle in the air gap than in the 
iron of the poles. The introduction of these gaps 
is justified only when the iron of the magnetic cir- 
cuit and poles is unsaturated. Conventional 12 x 4 
mm shims are located at the edges of the poles in 
order to enlarge the homogeneous field region. 
The relative field homogeneity depends on the field 
strength and comprises a few tenths of one percent 
when the diameter of the working region is about 
55 cm in fields up to 1500 oe. 

The total weight of the magnet is 1.5 tons; 
No.3 steel was used in its construction. The 
field strength in the chamber reached 2000 oe at 
4 kw and 3 amp/mm’ current density. Power was 
fed to the magnet from a three-phase selenium rec- 
tifier and a motor-generator converter stabilized 
within 0.1% at 427 cps. The same converter also 
fed the modulator. 
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The accelerator chamber and waveguide were 
evacuated by diffusion pumps with liquid nitrogen 
traps, to which nitrogen was supplied automatic- 
ally. [is] 

Access to the chamber was obtained by lifting 
the upper plate together with the pole and coil. 

After the chamber was closed, hot pumps produced 
the 107° mm Hg working vacuum within 15 — 20 min. 
The numerous insertions and shifts within the cham- 
ber were made through rubber and teflon seals in 
the wall. 

The control chamber was separated from the 
accelerator by a 2-meter shield. The remote 
electric control was performed with selsyns. 

A probe was moved across the chamber to meas- 
ure the current distribution in the different orbits. , 
The current in the target was registered either ft 
oscillographically or by an automatic potentiometer 
in which the tape motion was synchronized with the 
probe motion. Figure 4 shows a record obtained 
in this manner. The target was a water-cooled 
copper rod or plate coated with a phosphor. 

The image of the beam on the target was viewed 
with a commercial PTU-4 television receiver. 
Sevenfold magnification of the television screen 
image permitted the detailed study of the position 
and size of the beam in any orbit. 


3. RADIO-FREQUENCY SYSTEM AND RESONATOR 


The rf field in the resonator was excited by 
means of a standard untunable magnetron and a 
modulator with a long pulse-shaping line. The rf 
pulse duration was 3 usec and its repetition fre- 
quency was 427 cps. The waveguide transmission 
line (Fig. 1) consisted of a phase shifter 7, vacuum 
port 8, tee 9, water load 10, and resonator 11. Sup- 
plementary evacuation of the waveguide can be per- 
formed by an oil diffusion pump 12, although evacu- 
ation through the resonator produces a sufficiently 
low pressure. The cooling water circulates first 
through the load, then through the resonator. Thus 
the thermocouples measuring the water tempera- 
ture differential between the input and output of the 
load and resonator permitted a direct comparison 
of the power fed to both the load and the resonator. 
This ratio was usually a little larger than unity. 

The most crucial part of the accelerator is the 
resonator. The first runs were performed with 
conventional toroidal resonators and 8—10 mm 
accelerating gaps. Very careful selection of the 
shape and surface of the accelerating gap with 
direct emission from the copper walls enabled us 
to attain currents up to 7 ma (with 6 Mev energy 
in the 12th orbit), but only when the accelerator 
was tuned very critically. 
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In our search for an improved injection method 
and emission control we switched to a cylindrical 
resonator in which Ep ) oscillations were excited 
(a ‘‘flat’’? resonator). Electrons in this resonator 
start from a hot cathode k installed on the flat 
wall of the resonator (Fig. 2). Inside of the reso- 
nator two types of trajectories are possible, the 
first of which (Fig. 2a) starts at a cathode posi- 
tioned relatively far from the resonator axis. In 
this case an electron leaves the resonator when 
its total energy U is 2—2.5 times its rest energy 
Up) = mc’; 
energy is increased by 1—1.25 Up, i.e., 500 — 600 


kev. This occurs when the magnetic field is 1—1.25 


Hy, where Hy = 27U)/Ae = 1070 oe is the magnetic 
field calculated for the wavelength ’ = 10 cm. 


FIG. 2. Electron motion in the resonator. 


For trajectories of the second type (Fig. 2b) 
the cathode is close to the resonator axis. An 
electron first passes through an additional port O 
before entering into its resonant orbit, where with 
each transit its energy is increased by 1.8 —2.2 Uy 
in a magnetic field of 1.8 —2.2 Hp. 

All parameters of electron motion in microtron 
accelerating modes were calculated. A simulating 
machine, Prudkovskii’s trajectory plotter, [14] was 
used for preliminary calculations. This machine 
plots electron paths in a variable electromagnetic 
field, using a computer for mechanical integration 
and simulation of the equations of motion. 

For a detailed study of electron motion the 
equations of motion were integrated numerically 
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FIG. 3. Cross section of first type of resonator. 


on the fast Strela computer. The numerical re- 
sults supplied complete information regarding 
particle dynamics in the accelerator. Details of 
the calculation are given in the Appendix. 

Figure 3 is a sketch of the dismountable reso- 
nator, made of oxygen-free copper, used for the 
first mode of electron acceleration. The resonator 
is excited through a port in its cylindrical wall, 
which forms a junction with the end of a rectangu- 
lar waveguide 4. The size of the junction aperture 
was determined empirically. The Q of the cold 
resonator when loaded with the waveguide was 
usually about one-half or one-third of its intrin- 
sic Q. 

A simple screw mechanism 5 was used to tune 
the resonator by bending one of its walls into 
which a diaphragm 6 (0.2 —0.3 mm thick) had 
been inserted. The resonator and its parts around 
the membrane were water-cooled; the cooling 
tubes had been soldered to the resonator housing 
with silver in vacuo. 

Table I gives the resonator dimensions R and 
L, the cathode position (the distance Rk), the 
constant magnetic field strength H, the amplitude 
E of the rf electric field, and other data pertain- 
ing to the wavelength A = 10.0 cm, which are ana- 
lyzed in Sec. 4. 


Mode |R,cm|L,cm| Rx,cm| H/H, H,oe |E,kv/cm sieges sa Ene 
1 | 3.83 | 1.67 | 1.75 Lod | 1180 380 0 | 0.07 
2 3.83 | 2.34 | 0,32 1.84 1940 460 0 0.25 
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4. THE CATHODE AND ELECTRON CAPTURE 
INTO ACCELERATING MODES 


The initial experiments with a flat resonator 
and tungsten cathode did not produce the required 
emission and current density. The best cathode, 
satisfying all requirements, was a lanthanum 
boride (LaB,) thermionic cathode (Fig. 3). This 
cathode 1, a 1.5 mm cube, was cut electrically 
from a baked rod of the boride. The cube was 
soldered to a tantalum heater 2, which was 0.2 
mm thick and 2 — 2.5 mm wide; the soldering was 
performed in vacuo at 2000° C with molybdenum 
disilicide (MoSi,). At 1500 —1600°C with rf 
fields in the resonator this cathode supplies a 
stable emission current of 100 — 200 amp/cm?. 
The boride cathode can function in a poor vacuum 
and at atmospheric pressure when cold. It re- 
quires no activation when switched on and the 
emission is easily monitored by its temperature. 
The cathode holder 3 was mounted flush with the 
inner surface of the resonator, precisely in the 
symmetry plane of the accelerator. 

The tantalum strip of the cathode heater was 
heated by a 427-cycle alternating current with 
strength up to 50 amp. The magnetic field around 
the current could perturb electron orbits and de- 
flect electrons from their plane of motion. In 
order to obviate this defect, the trigger pulse of 
the modulator was synchronized with the zero 
phase of the cathode current, at which time the 
magnetic field vanishes and cannot perturb elec- 
tron motion, while the cathode temperature and 
emission remain practically unchanged because 
of the thermal inertia of the heater. On the other 
hand, the symmetry of the resonator and cathode 
adjustments were checked by varying the starting 
phase and thus perturbing the orbits. 

The total cathode emission current and the 
beam current were recorded oscillographically. 
The ratio of the current I captured into acceler- 
ating orbits to the current I, emitted from the 
cathode 


K=I/lIp 


is called the capture coefficient, which usually has 
a value of 1s) to ¥4) in the first mode. Beam losses 
are usually small during acceleration after the 
second transit through the resonator. Figure 4 
represents the current distribution in different 
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orbits; this was recorded automatically on a tar- 
get of 5-mm diameter. 

The capture coefficient K is determined by two 
factors, the initial phase region Ag within which 
electrons can be accelerated synchronously and 
the distribution of cathode emission current during 
each period of the rf field. 

The initial phase region Ag was calculated for 
given parameters of the accelerating field and 
resonator. In the described modes of operation 
resonant electrons were emitted at the maximum 
electric field E in the resonator (g,=O0 if E 
~ cos g =cos wt). The calculated value of Ag 
for the 12th orbit has been given above. 

The emitted current distribution during a rf 
period is determined by processes at the cathode. 
Since the cathode is not biased, emission evidently 
occurs only during the positive half-period. 

With a field of 380 kv/cm at the cathode in the 
first mode and 460 kv/cm in the second mode and 
a current density of ~ 100 amp/cm? from the 
cathode, the current is determined mainly by the 
cathode temperature and only to a lesser extent 
by the field strength. The field affects emission 
through the Schottky effect, which diminishes as 
the cathode temperature rises. 

Emission during the positive rf half-period can 
be assumed approximately constant. In this case 
the capture coefficient is practically 
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At @ 9 = 0 nonuniform emission during the half- 
period only increases the calculated value of K. 

We selected yg, = 0 originally in order to sim- 
plify the calculations and because we intended to use 
a cold cathode. In the case of field emission, with 
exponential current density in strong fields, the 
entire current from the cathode would be emitted 
close to the field maximum; thus the phase gy = 0 
would be most advantageous. In the case of a hot 
cathode, for which emission is only slightly depend- 
ent on the field, the calculation shows that an ini- 
tial phase @y < 0 should be selected. In this case 
the region Ag can be expanded considerably be- 
cause of electron bunching in their motion along 
their initial paths inside of the resonator. The 
bunching mechanism has been discussed in Ci6] 

Electrons were accelerated at yg ~ 0 ina flat 
cylindrical resonator with R, = 1.9cm and L 


FIG. 4. Current distribution in successive 
orbits. 
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= 2.2 cm, with the cathode located farther from 

the axis than in the case gp = 0. In this resonator, 
by varying the magnetic field H from Hp) to 1.5 Ho, 
the electron energy in the 12th orbit was varied con- 
tinuously from 6 to 9 Mev with an average current 
of about 10 ma and capture coefficient Ys) — Yoo. 
Adjustment of the magnetic field was accompanied 
by a slight shift of the orbits; therefore the orbit 
ports of the resonator were elongated. 

The foregoing modes are of great interest when 
the beam energy must be varied continuously. With 
the earlier conventional methods of injection [3] the 
beam energy was limited to multiples of the rest 
energy. The more rigorous conditions governing 
electron capture thus deprived the accelerator of 
the requisite flexibility. 


5. PROPERTIES OF THE ELECTRON BEAM 


Electrons in a microtron move within the homo- 
geneous field of the magnet, and the electrons are 
focused solely by the resonator field, since motion 
occurs during the zero phases of the electric 
field. 17] 

It should be noted that along the first segment 
of the trajectory within the resonator (KA in 
Fig. 2) the vertical motion of electrons is affected 
by the action of the rf magnetic field; the average 
effect is a certain amount of beam defocusing along 
the initial segment. This effect is small, but makes 
it necessary to position the cathode precisely in 
the symmetry plane of the resonator and magnet. 

The electron orbit ports in the resonator walls 
are either circular with 10 — 8 mm diameters, or 
elongated with 18 —20 mm lengths and 8-mm height. 
Practically no beam loss resulted from the vertical 
dimension of the ports. Horizontal focusing was 
ensured by lengthening of the electron pulses dur- 
ing transits. The beam cross section was 4 x 5 
mm in the last orbit. The beam dimensions and 
orbit positions indicated that the energy spread 
did not exceed 50 kev in the first mode and 100 kev 
in the second mode. Some 80% of the beam in the 
last orbit is easily extracted magnetically through 
a circular cone (13 in Fig. 1) with soft steel 
walls. This channel is 500 mm long, with an 8 x 10 
mm entrance and 20 x 30 mm exit. The position of 
the channel in the accelerator is not very critical. 

An rf analyzer was used to investigate electron 
bunching and the charge distribution in. bunches 
accelerated in the first mode.!'8! The kinematic 
design of the accelerator is well confirmed by 
the measured charge distribution. Most of the 
charge in a bunch lies within a region 5—7 mm 
long, and the particle density in the bunch is 108 
emi, 
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The maximum current and energy attainable in 
a microtron are of interest. Estimates show that 
because of the strong bunching of the microtron 
beam, even with currents as low as 1 amp, coher- 
ent radiation from bunches moving in a constant 
magnetic field can be expected to have consider- 
able effect on electron motion. 

All bunches progress simultaneously through 
the resonator, which is thus loaded with a current 
equal to the beam current multiplied by N, the 
number of orbits. Interactions between the cur- 
rent and both the resonator and cathode can also 
limit the range of usefulness of the accelerator, 
but the extent of this influence requires further 
study. 


6. ACCELERATOR OPERATION AND EFFICIENCY 


An accelerator operating mode begins with reso- 
nator tuning and excitation of the rated magnetic 
field. This is followed by adjustment of the cathode 
current. At a given level of rf power loading the 
resonator by means of the cathode current, the 
electric field strength required for resonant ac- 
celeration of electrons can be attained. This is 
accomplished most easily by observing the oscillo- 
gram of target and cathode currents or the mean 
intensity of the beam and of gamma radiation near 
the target. For low cathode currents the electric 
field is large and electrons are accelerated only 
at the beginning and end of each pulse (Fig. 5a). 
For too high cathode currents, electrons either 
are not accelerated or are accelerated only at the 
middle of a pulse (Fig. 5b). With the correct cath- 
ode current and electric field in the resonator, 
acceleration occurs throughout the entire period 
of stable resonator operation. 
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FIG. 5. Shape of current pulses. 


Following the adjustment of the cathode current, 
a further fine adjustment of the resonator in ac- 
cordance with thermocouple readings usually pro- 
duces the optimum distribution of power between 
the load and the resonator. Experience has shown 
that the established mode is very stable and that 
the accelerator can function with practically no 
attention on the part of the operator. Current 
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pulse duration at the target is usually 1.8 — 2.2 
psec (Fig. 5c). 

The field strength in the flat resonator is 300 
— 600 kv/em. In our toroidal resonators the field 
between the flat or rounded surfaces of the work- 
ing section of an 8— 10 mm gap reached 1000 — 
1500 kv/cm. No appreciable emission or discharge 
was detected from the mechanically polished cop- 
per surfaces in either case. Cold emission from 
copper at E = 10° v/cm is calculated to be i = 107!° 
amp/cm?, It is of interest that the field strengths 
achieved by us in flat resonators are very much 
higher than the assumed limit!!*] of 100 — 150 
kv/cm in linear accelerators for field configura- 
tions very close to our configuration in each 
resonator. 

Experiments have shown that a lowering of the 
vacuum to 1074 mm Hg or the absence of a trans- 
verse magnetic field was not accompanied by either 
a discharge or extraneous emission in the flat 
resonator. 

The accelerator efficiency 7 is determined by 
the distribution of rf power fed to the resonator. 

A fraction P, of the power is expended in ohmic 
losses in the resonator walls and, for a given 
wavelength, depends only on the resonator size 
and field E. Calculated values of P, for the 
first and second modes are given in Table II for 
a copper resonator with >} = 10 cm and depth of 
penetration 6 = 1.2 x 1074 cm. 

Another fraction P, of the power is expended 
in accelerating all emitted electrons in the first 
segment of their trajectory. We can assume that 
this fraction equals approximately the product of 
the emitted current Ik = I/K by the energy U;—Up 
acquired by the electron in its first passage out of 
the resonator. The inaccuracy of this estimate 
lies in the fact that we here neglect the distribu- 
tion of current and energy with respect to the 
accelerating-field phase. 

The effective power P, is expended in acceler- 
ating resonant electrons, and is the product of three 
factors, the beam current I, the energy AU, and 
the number N of orbits. The accelerator effi- 
ciency is therefore represented approximately by 


i ty INAU 
T= PEP, +P, Pi--IAU/K + NIAU- 


A rise of 7 will obviously accompany an increase 
of N, I, or the capture coefficient K. Approximate 


power distributions and other experimental data are 
given in Table II. 

The current in the 12th orbit of the second mode 
is considerably lower than the levels attained in 
the first six orbits. The current loss in the final 
orbits was evidently associated with defocusing 
resulting from growing magnetic field inhomoge- 
neity as the field strength became twice as large 
as the rated value. 

The power distribution pertains only to a stable 
mode. In our case resonator oscillations are built 
up in a time equal to approximately ie of the total 
duration of an rf pulse; this must be taken into ac- 
count in computing the efficiency of the accelerator. 
In the cases of pulses that are shorter than this 
build-up time the accelerator efficiency will de- 
crease; on the other hand, increased pulse duration 
leads to higher efficiency. 

Higher efficiency can result from reduced reso- 
nator losses if a toroidal resonator is used with a 
large shunt resistance across the effective gap. 
However, the complexity of the field in a resonator 
of this shape makes it difficult to determine the 
optimum injection conditions. In a toroidal reso- 
nator with a small gap and the conventional geo- 
metrical parameters [2,3] it is more advantageous 
to capture and accelerate electrons from a hot 
cathode. This is required if we wish to use the 
condition Pp < 0. 

A toroidal resonator with a hot cathode is of 
interest in the case of an intermittent microtron. 

In a microtron operating at high levels of pulsed 
power the reduction of losses in the resonator is 
not very important. 

Microtron modes are also possible in which the 
magnetic field is stronger than the levels we have 
indicated. This will be accompanied by higher elec- 
tron energy without an increase in the number of 
orbits but, of course, with greater power losses 
in the resonator. 


CONCLUSIONS 


The described accelerator is a high-current 
microtron in which efficient electron acceleration 
has been achieved for the first time in an operating 
mode with variable energy increment per cycle. 
These advantages resulted from the use of an effi- 
cient thermionic cathode and exact calculations 
for motion in a new form of resonator. Experi- 


Table II 
aa an a I TT a 
Mode N I, ma | U,,, Mev Au, kev K U, kev | P,, kw |Px, kw) Pg, kw t) % 
{ 12 20 143 560 4/40 1120 300 465 | 130 | 45 
2 12 G3 13 4000 1/20 500. 500 100 65 tf 
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ments performed with this accelerator confirmed 
the calculations based on an analysis of electron 
motion in the given electromagnetic field. 

The microtron can compete well with linear ac- 
celerators at low energies. The principal advan- 
tages of the microtron are the constant beam en- 
ergy, bunching, and the greater operating simplic- 
ity and reliability resulting from the simple reso- 
nator shape and from energizing by pulsed 
magnetrons. 

In conclusion we wish to thank P. L. Kapitza for 
supporting this work and S. I. Filimonov for his 
continued interest. We also wish to thank G. P. 
Prudkovskii and L. A. Vainshtein for useful dis- 
cussions, A. A. Kolosov and S. V. Melekhin for 
constant experimental assistance, and engineer 
L. Zykin for his participation in the construction 
of the accelerator. 


APPENDIX 


CALCULATION OF ELECTRON MOTION IN THE 
MICROTRON 


S. P. Kapitza, V. N. Melekhin, I. G. Krutikova, and 
G. P. Prudkovskii 


We shall now present the principal results of 
the calculations of electron motion in a microtron 
with a hot cathode. We start with the relativistic 
equation of electron motion in an electric field E 
and magnetic field H: 

d mV / : 5 

mys tN 
in which we then introduce the dimensionless vari- 
ables 

p = of, SH a Oy y = ky, i=) es 
u=YV,/le, vy =V,/e, Breath wr 

T = Ulme2 = 1/ V1 — 8. (2) 
We are thus using natural quantities that are char- 
acteristic of relativistic electronics. 

We also introduce the relative magnetic field 
strength 


t)* 


Q = H/o, (3) 


where Hy = wmc/e is the nominal magnetic field 
of a microtron at the frequency w (the cyclotron 
field). The electric field amplitude divided by the 
constant magnetic field gives the quantity 


e = E/H. (4) 


We investigated electron motion in a circular 
cylindrical resonator with Eo4) excitation and in 


ELE 
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a rectangular resonator with E49; excitation (see 
[20] Secs. 93 and 94). In both cases the rf field 
has only the components Ey and Hz in the XY 
plane, independently of the Y coordinate. The 
dimension L of our resonators in the Y direction 
was very much smaller than the other dimensions; 
we therefore speak of flat resonators (Fig. 6). 


FIG. 6. Cylindrical resonator. 


In the cylindrical resonator (1) becomes 


d u ei ; 
de Vie = Qu + EQu/1 (x) Sin @, 
ir VA = % = eQJo (x) cos p + Qu — eQuJ1 (x) sin @. 


(5) 


In the rectangular resonator we have, correspond- 


ingly, 
d u x : 
—__ = — Qy eQux sin xx sin @, 
ip Vrs a: ° 
“a U . 5 
= EG) COS hi COS Qu — eQux sin %x sin 
dp Yi-— may ®, 


(6) 


with the relative wave number x =k, /k,. 

Equations (5) or (6) describe electron motion 
completely in the variable field of the resonator 
and constant magnetic field. The initial conditions 
depend on the position of the cathode. Neglecting 
the thermal velocities of the electrons, the initial 
conditions are ~ = gp, X = Xk, y= 0, u=0, and 
v=0, where x, is the coordinate of the cathode. 

Electron trajectories outside of the resonator 
are circular up to the point of entrance into the 
resonator at y=l=kKkL, where L is the resonator 
thickness. 

The cyclic motion is easily programmed for 
automatic calculation, which was performed with 
six-place accuracy as far as the 12th orbit. This 
program permitted the detailed study of the entire 
acceleration process, since all fundamental factors 
were taken into account in the equations. The sole 
simplification that must be mentioned is the neg- 
lect of the way in which the rf field is affected 
by ports in the resonator walls. The field distor- 
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tions produced by these ports are small and do not 
affect the results essentially. We also did not take 
into account the interaction between electrons and 

radiation emitted by electrons while we were con- 

sidering the motion of a charge in a given field. 

Electron motion is entirely dependent on five 
parameters—the fields Q and ¢, the resonator 
dimension /, the cathode position x,, and the ini- 
tial phase gy. In the microtron accelerating mode 
(sometimes called a mode with variable energy 
increment !1) these parameters are independent. 
Moreover, motion along the first segment of the 
trajectory within the resonator can be considered 
separately, being calculated in such a way that 
upon leaving the resonator the electron enters into 
the accelerating mode. 

We shall write the relations between the accel- 
erator parameters (field strengths, transit phase, 
and resonator dimensions) characterizing this 
mode. In each transit the energy of an electron 
possessing the stable phase @g is enhanced in 
such a way that the period of revolution in a field 
H is increased by q periods (T= 27/w) of the 
variable field. We confine ourselves to the funda- 
mental mode q = 1, [9] where the phase-stable re- 
gion is largest and the energy increment for each 
transit is 


NO= cher /2e-or AT =o) (7) 


We shall also determine the energy increment 
when a fast electron moves along the axis x = 0 
through a resonator of length 7. Integrating the 
second equation in (5) from the entrance phase gy 
to the exit phase gm for v ~ —1, while neglect- 
ing terms that would take into account the effect 
of the magnetic field, we obtain 


AT = eQ (sin @, — SiN Qn). 


In view of (7), after transforming the expression 
in parentheses, we obtain 


sin (1/2) = 1/2e cos q, (8) 


where @ = (m+ Yy)/2 and Pm —- Pn » Ll. 

The mean phase g is determined by the require- 
ment of phase stability during subsequent accelera- 
tion, and in the absence of phase oscillations 
should be equal to the stable phase gg. On the 
basis of our calculations and from the theory of 
phase oscillations in a microtron!"8] we can take 


@, = 0,35 (20°), (9) 


Equation (8) enables us to relate 7 and « imme- 
diately. It is also evident that the resonator thick- 
ness J has no bearing on the initial segment of the 
trajectory if the electron does not strike the wall. 


cos 9, = 0.94, 
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Electron energy at the end of the first transit 
can be called the injection energy (pertaining to 
the given system ): its dimensionless value should 
be 


lr, = 2Q (first type of trajectory ), 
I; =Q (second type of trajectory ). (10) 
These conditions are associated with the fact that 
an electron must encircle the resonator in its first 
revolution. 

For phase stability of the motion the exit phase 
Yex for the first type and the entrance phase 
for the second type of trajectory must satisfy ap- 
proximately the conditions 


Poe 9, + 1/2 (first type), 
Qi = Y, —!/2 (second type). (11) 

Conditions (7) — (11) together with the solution of 
(5) or (6) provide a basis for deriving the param- 
eters 2, €, 1, x, and go, corresponding to what 
we shall call the resonant trajectories of the 
microtron accelerating mode. It is not necessary 
to calculate all orbits and the parameter 7 can be 
omitted from consideration. 

We have calculated only the trajectories with 
~o = 0, corresponding to electron exit at the maxi- 
mum electric field amplitude in the resonator. 
Table III gives the results for two modes of the 
first type and one mode of the second type in the 
circular resonator, and for one mode of the second 
type in the rectangular resonator. 

The resonant trajectory regions for the first 
mode with g~,) = 0 are shown in Fig. 7 in the coor- 
dinates 2 and xz. The resonant region T = 22 
is determined by the following three conditions: 
Electrons must depart with initial phases within 
the stable acceleration region (0.25 < @ < 0.45), 
the exit point must be close to the axis (—0.2 
< Xex < 0.3), and the extreme point of the orbit 
within the resonator must lie within the wall 
(ymax </). The corresponding region of values 
of & and x, is shaded in the figure; the heavy dots 
represent the experimental operating modes for 
which data are given in the table. 

Figure 8 shows the small resonant trajectory 
region for the second mode in the cylindrical res- 
onator with go = 0, corresponding to the large 
value 2=1.9. The dot represents an experimen- 
tal result consistent with the calculation. 

Figure 9 shows a similar region for the rect- 
angular resonator with a = 0.9A and b = 0.6A, in 
which © has still larger values (2.02). This was 
not confirmed experimentally. 
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Table III 
I  — 
Sag Type of Q € Xp l Ag Zex Wex 
moon resonator 
4 cylindrical AAO Mt 4 1.20 4.00 0,07 0.183 0.034 
4 cylindrical 1.10 | 1,06 1,10 1.05 0.07 0.178 0.029 
ye cylindrical 1,81 | 0,80 0.20 4.45 0,24 — — 
2 |{ rectangular 2,02 | 0,79 0.20 4.47 0,24 — -- 


IS 


FIG. 7. Region of reso- 
nant trajectories for the 
first type of motion (with 
(= 0) in a cylindrical 
resonator. 


FIG. 8. Region of res- 
onant trajectories for the 
second mode (with ¢, = 0) 
in a cylindrical resonator. 


FIG. 9, Region of resonant 
trajectories for the second 
mode (with ~ = 0) in a rec- 
tangular resonator. 
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The foregoing modes can be investigated in de- 
tail by means of complete exact calculations for 
several orbits, in order to check the correctness 
of the preliminary parameters determined from 
relations some of which, specifically (8) and (11), 
are only approximate. 

Phase oscillations for the first mode are shown 
in Fig. 10 for g) ~ 0. By varying gp and finding 
the boundary of the stable trajectory region we de- 
termine the region of electron capture given in the 
table for N = 12. ; 

In Fig. 10 the phase stable region is outlined 
with a dashed curve. If the phase trajectory of an 
electron crosses this limiting line or lies outside 
of it the electron will sooner or later depart from 
synchronism and will be lost. The initial points 
of the phase trajectories lie along straight lines 
intersecting the limiting curve at two points where 
the values of gy) determine the region of capture. 
The exact locations of the straight lines depend 
on X,, the cathode position, as shown in Fig. 10. 

Stable trajectories cannot be determined by 
numerical computations for an unlimited number 
of orbits. In practice, however, we are always 
interested in electron behavior and acceleration 
during a finite number of revolutions. For ex- 
ample, Fig. 10 shows that the trajectory for @y 
= —0.04 and x, = 1.10 begins to depart from syn- 
chronism only after twelve revolutions. The tra- 


FIG. 10. Phase oscillations of electrons in the first ac- 
rp celerating mode. 
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jectory will therefore be useful up to this number 
of orbits, although it is unstable from a formal 
point of view. The existence of such ‘‘limited’’ 
trajectory stability accounts for the small current 
drop always observed between successive orbits. 
One can therefore speak more properly not of a 
stability region, but of the dynamic aperture of 
the accelerator, i.e., the region of initial param- 
eters corresponding to electrons accelerated 
during a given number of orbits. 

Figure 11 shows the position of orbits around 
the resonator for different numbers N. The orbits 
are seen to lie very close to the resonator axis. 


Wane 
FIG. 11. Positions 
of orbits and drift of 
S orbit centers. 
as 
G4 
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It is interesting to consider the drift of the center 
of circular orbits along the y axis ina rf field. 
Figure 11 shows the position of the center s (the 
value of which is highly exaggerated along the y 
axis) as a function of N for a stable trajectory. 
The slow regular shift of the center is accompa- 
nied by oscillations with the period AN ~ 5, which 
are evidently associated with the phase oscillations 
of the electron. 

A constant uniform field does not affect the ver- 
tical motion of electrons in a microtron. An rf 
electric field, unlike that in linear accelerators, 
performs a focusing function because @g > 0. 
During acceleration an electron traverses the fo- 
cusing field of the entrance port at a higher value 
of the field strength than the defocusing field at 
the resonator exit. According to Bell’s calcula- 
tions!17] electrons oscillate slowly near the me- 
dian xy plane with amplitudes that grow slowly 
as ri/4, 

During motion in the first segment of the tra- 
jectory, the variable magnetic field Hg ina cir- 
cular resonator and H, ina rectangular resonator 
perturb motion in the vertical direction whenever 
the particle departs from the xy plane. 

The linearized equations of vertical motion in 
a circular resonator are, with z = kZ, 

d w dz 


pee tt Az 0, w= 7D 


ge A= —eQ2™ vsing. 
dp Vi—B + 


(12) 
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The variation of the coefficient A(@g) along the 
trajectory is shown in Fig. 12. Focusing by the 
acting forces occurs along a part of the trajectory 
(A >0), while defocusing occurs elsewhere 

(A <0). The corresponding solution of (12) can 

be obtained by numerical integration along the first 
segment of the trajectory. Table III gives values of 
Zex and Wex derived for the initial conditions 

Zy = 0.1 and wy = 0. 


FIG. 12. Variation of the coefficient determining the ver- 
tical. motion of an electron in the initial segment of its trajec- 
tory for the first type of motion in a cylindrical resonator. 


The overall effect of the variable magnetic field 
on the first segment of the trajectory is a slight 
defocusing; this has been calculated only approxi- 
mately, since defocusing produced by space charge, 
which we have neglected, is also possible close to 
the cathode. The vertical defocusing limits the 
cathode size and determines the height of the orbit 
ports of the resonator. Experiment indicates ade- 
quate focusing by rf fields during acceleration 
under actual conditions. 

It is also of interest to calculate the power re- 
quired to excite a suitable rf field. The power loss 
can be determined by integrating the magnetic field 
Hg on the resonator surface (see Sec. 98 of 2°], 
for example): 

2 
pe si or | Hels, (13) 
where o is the conductivity of the metal and d 
= (1/27)VAc/o is the depth of penetration. 

Using the expression for fields in a cylindrical 

resonator and integrating, we obtain 


gi -- + Vor it (Yor) i. (Yor + 2 Q?e?Po, (14) 
where vo; is the first root of the zeroth order 
Bessel function, and P,) = m’c°/e? = IV) = 8700 Mw 
is the characteristic power of rf electronic de- 
vices. This power is independent of the wavelength 
X and equals the energy flux transported through a 
cross section 87)? of a flat wave, whose field is 
mc2/er. The power can be represented as the 
product of the characteristic electron current I) 

= mc?/e = 17000 amp by the voltage (Vp = 511 kev) 
corresponding to the electron rest energy. 
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Since 1 depends only on € according to Eq. (8), 
the power depends only on ¢€ and &. For an accel- 
erator with a cylindrical resonator operating in a 
mode of any type we obtain the power 


4 


Pee 1102 Po=(1.2 Fare sin pg=)e#Q*. © (15) 


The dependence of the ratio PA/P,d on © and «€ 
is shown in Fig. 13. 


FIG. 13. Ohmic 
power loss in a cylin- 
drical resonator vs 
the parameters () and 
€ of an electron ac- 
celerating mode. 


For copper at room temperature we have 
o =5.7x10°Q-! em. Also, for 4 = 10cm we have 
d=1.2 x10 4cm and P,d/A = 100 kw. An expres- 
sion analogous to (15) can also be derived for a 
rectangular resonator: 


_ 5 diate 
Pe ea aerg | 4 


2ab (1 6) 


ab? 


Lo 19) e208, 


where a, l, and b are the lengths of the resonator 
along the x, y, and z axes, respectively. The 
shape of the resonator has only a small effect on 
the power, which is influenced most strongly by 
the parameter Q. For large , with the previous 
number of orbits, the energy is increased by the 
factor { compared with the nominal value at 
Q=1. It should be noted that € ~ 1 is always 
valid; therefore the power loss depends mainly 
on %, the relative magnetic field strength. 

Our calculations provided a basis for proposing 
a microtron resonator differing considerably from 
all previously suggested and constructed resonators. 
For this resonator the rf field amplitude € and the 
associated accelerating gap /7 in their dimension- 
less form are close to unity. The length of the 
transit distance L =1/k therefore considerably 
exceeds the values proposed and realized by other 
authors.[%2!] For a given wavelength the acceler- 
ating field is correspondingly weaker; the relative 
reduction is a very favorable factor in enlarging 
the useful range of an accelerator that can be 
achieved with higher fields and frequencies. 

The value of € is close to unity because a 
microtron is a cyclic accelerator in which the 
electric field is not small. This is the fundamen- 
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tal difference between microtrons and other cyclic 
accelerators of relativistic particles, and makes 
it difficult to analyze microtrons by the approxi- 
mation methods that commonly consider an adia- 
batic accelerating process in accelerators with 
weak fields. We therefore developed computer 
procedures for numerical calculations. 

On the other hand, the numerical approach re- 
quired resonators with simple geometrical shapes, 


in which the expressions for the field € are known. 


In these resonators a given accelerating voltage 
requires somewhat higher rf power than in spe- 
cially selected toroidal resonators. However, the 
possibility of a complete calculation in this case 
produces a considerable gain in the final acceler- 
ating parameters. We can thus exceed the em- 
pirical limits of all previously proposed micro- 
trons, whose currents and efficiencies were found 
to be more than one order of magnitude smaller 
than those based on the foregoing calculations. 

We can expect that the further development of 
numerical methods for resonators of all shapes 
will lead to an accelerating unit that is optimal 
with respect to rf power dissipation. All calcu- 
lating difficulties can be overcome. 

In conclusion we wish to express our gratitude 
to P. L. Kapitza and E. S. Kuznetsov for their in- 
terest, to M. M. Antimonik for the programming 
of calculations, and to V. P. Bykov and L. A. 
Vainshtein for useful discussions. 
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The transition radiation that arises when a charged particle passes through the boundary 
of a plasma (with dielectric) described by linearized hydrodynamic equations is investi- 


gated with account of the effect of the temperature. 


(Sunzpure and Frank!41 (see also '*»3J) have 
discovered that radiation is produced when a 
charged particle passes through the interface 
between two media with different refractive in- 
dices. The formulas were derived in these papers 
without account of spatial dispersion of the media. 

In the case of a plasma, account of the tempera- 
ture gives rise to spatial dispersion. We consider 
below the transition radiation in a plasma with 
account of the temperature. The ions are assumed 
to be stationary, so that their effect reduces to 
neutralization of the equilibrium electron density. 

Let a particle with velocity v and charge q 
move along the z axis and cross at the instant 
t = 0 the interface between a certain medium 1, 
having a dielectric constant ¢€(w), anda plasma 
(medium 2). The plasma fills the half-space 
7 AAS Up 

The electromagnetic field excited in the plasma 
by the moving particle is described by the Maxwell 
equations 


Tot Eo ii SSL 


= "are divE=4n[e£ + 99 (r—wo], 


1 0E 
rot H =—- Sp + 4nfe£2-u + gvd (r — vd], (1) * 


where u is the velocity of motion of the plasma, 
m is the electron mass, and p is the deviation of 


the electron density from the equilibrium value pp. 
The values of u and p are determined by the fol- 
lowing system of linearized hydrodynamic equations 


) : (6) 
= + Po Give e108 Pose + Vp ——— poE =0, 


Vp = wVp, v= T/m, (2) 
where T is the plasma temperature. The compo- 
nents of the fields in medium 1 are determined 
from the equations 


rotiE ee Bowe 


OF? div D = 4nq6 (r — vi), 


4 oD 
TON, ie eas 4nqv6 (r — vt), 


-+co 
| & (0) E (@, 1) et de, (3) 


—oo 


D (r, 2) = 


and the hydrodynamic equations differ from (2) in 
that the term with E is missing. In addition to the 
continuity of the tangential components of E and H, 
the conditions satisfied on the interface are equality 
of the pressures (p;, = p,) and equality of the nor- 
mal velocity components (uz = Ugz). 

Choosing as solutions waves outgoing from the 
origin, and using the formulated boundary condi- 
tions, we obtain for the fields in the plasma 


Hi (re eat) = \ Hae! (ot42) J, (hr) A dado, 


(afr? G4 + 0)0) — fy [eyt (— otlot)  eyofo + 29%] 


ye,w/v 
V #,— B+ wf 4) 


qc Eg%k1 — EX + eyA? 


where J,(Ar) are Bessel functions of first order; 
the plus sign is taken for an incoming particle and 
the minus sign for a particle outgoing from the 
plasma. 


*rot = curl. 


We introduce here the following notation 
&, = 1 — (w/o)*, 5 = 42€" poo/m!, 1 Oey aes, 
Roe = 07 82/Vo2, 
Xie = Ris —M, a= (w/0,)? — a’, 
fig = w/e +1? — Rip, 


a; — w &_/U52 — nae 
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Y = (1 — &)/(8201pPo2/Po1 — Ge). 
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Let us change to spherical coordinates by means (38) of the paper of Ginzburg and Frank“!] [with 


of the relations r= R sin 6 and z =—Rcos @ v replaced by —v in Eq. (88)]. 
(where R is the distance from the origin to the It follows from (5) that the temperature plays 
point of observation). For large values of R the a significant role if the velocity of the charged 
integral (4) is evaluated by the method of steepest particle exceeds the average thermal velocity of 
descent.[?1 Carrying out this integration and cal- the plasma electrons. When v/vo, « 1, the tran- 
culating the energy flux in a solid angle dQ sition radiation in the plasma is independent of 
= sin 9 d@dqg over the entire transit time of the the temperature. In analogy with the interaction 
particle, we. obtain the radiated energy for a between a particle and an unbounded plasma, we 
charged particle traveling into the plasma: can assume that the intensity is independent of 

es ty the temperature because the hydrodynamic ap- 
Re i? 8 cost 6 \ Veo) APdo proximation is used to solve the problem (see [/). 
as ¢ |ercos @ + Ves (ex— ea sin? 8) |? Apparently, a temperature dependence would ob- 


tain in the kinetic approximation. 
If the particle moves in the opposite direction 
(from the plasma into medium 1), the formula 


= (ei 2s) (1 — 2,8? — 8B V @1 — & sin? §) 
(1 — Bee cos? @) (1 — B Ver — @2 sin? 9) 


fy Voats (1 — £2) for the radiation is obtained from (5) by substi- 
v Vea (1 + V e2po2/po1) tuting —v for v. The divergence arising when 
4 1 — £287 Es 2 
x aa naaMA Cee v Von. ine 
li + (0/002) Ve. (1 — vi, sin? 6/c*) Ph ge | no Uoa V &2 ( Gee ey sin’ 6) are (6) 
This formula describes the total energy radiated is due here to the occurrence in the plasma of a 
from the plasma, including the Cerenkov radiation | cylindrical Cerenkov wave obtained from (4) 
generated in medium 1.3] When T = 0 this equa- (see (24), 


tion is equivalent to the corresponding expression 


H, ates \ Cow fife 2 R()/1— eS — Brees 0 + sin 0) /Fe,— i} ao, 


bite Y 2n0R sin § re Fs oe 
“ae Vio (4 — ee) (02/02, — 1) Vio is — &) (0%e2/v35 = 4)/s | 
The angle determined by relation (6) character- AW cor gh (Aen)? ((o*eafe2, — 1) ben Rot, — ety .ade 
izes the cone of the Cerenkov waves reflected from aban * | BAG Roe Mes lS ic eis Lae ae 


the interface. 

Thus, for a particle with velocity greater than Patt cer ing MER ——_,— 
the mean thermal velocity of the plasma electrons, ‘= [2 | eR @, et Be; + V1 — 8, (CE = 1)] 
we obtain for the transition-radiation energy 


i v Poe Ue ve 
e sd beeen bc Clee) |e el 
dW tr gv? so) V 2 | A 2 dw Vo2 Por U ) v2, 


ee in? @ cos? 6 
dQ wee \ |e: cos § + Vee Vei— ez sin? 6 |? (9) 


0 


Here, as in formula (7), the integration extends 


A ai &) (1 = 208" + B Ves — en sin? 6) over the frequencies 
(1 — Bea cos? Q) (1 + B Ver — es sin? 6) 2 
ya [ (1—2@sinto } 
+ re (8) @ ( < ) <O< wp 
v Vex (1 + Ve2po2/po1) (1 — Bee cos? 8) “* vibe aX oe in20 : 
( 3 @sin me Ye 


For the Cerenkov radiation we obtain the energy be se 
flux through an annular area r, r+dr over the Let us mention also the transition radiation 
entire transit time of the particle: produced when a particle crosses the interface 


Ph Typ tn) 
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between a plasma and a dielectric, on which inter- 
face the normal component of the plasma velocity 
vanishes, U,z = 0. The boundary conditions for the 
fields E and H remain the same as before. All 
the results are obtained for this case from formu- 
las (5) — (9) by putting ppj =~. Mn order to obtain 
the corresponding expressions for the vacuum - 
plasma case it is sufficient to put <«,=1 and po, 
=o in (5)—(9). It is assumed here, naturally, 
that the interface is a solid wall. 

In conclusion, the authors express their grati- 
tude to F. G. Bass for guidance and also to E. A. 
Kaner for useful advice in carrying out this work. 


Vv. M. YAKOVENKO 
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It is shown that the mean free path of molecules at any point in a molecular beam with a 
Maxwellian velocity distribution is almost exactly three times greater than the path length 


in a gas of the same density. 


Tae question of the mean free path of molecules 
in the beam, which limits the possible increase in 
beam power, arises at the present time in connec- 
tion with the construction of molecular generators 
using relatively dense beams of molecules. A de- 
termination of the path length enables an estimate 
of the possible beam density to be made for a 
given length, and its destruction by diffusion to be 
calculated. 

For the calculation we shall assume that the 
molecular motion at the point considered is uni- 
directional. This is clearly justifiable at dis- 
tances from the beam source greater than its di- 
ameter, i.e., in the region usually used in prac- 
tice. We will neglect impacts with molecules 
scattered diffusely at collisions, which limits the 
applicability of the expression derived below to 
cases where the fraction of diffused molecules 
is small. 

In view of what has been said, the calculation 
of the path length of a molecule in the beam re- 
duces to the calculation of the path length in a 
gas with a Maxwellian law for the distribution 
of velocities c: 


F (c) = 4m (B9/n3)"" e ©" 2, = B = m/2kT. 


Considering two groups of molecules in the beam 
with velocities c and c,, lying in the ranges dc 
and dc;, we can write for the total number of col- 
lisions between them in unit volume per second 
dp (c, cy) = n’F(c)F (c,) mo*g de dey, 1] where n 
is the molecular density at the point of the beam 
considered, g = c —¢; is the relative velocity of 
the molecules in the beam, and o is the effective 
molecular radius. 

The number of collisions in unit volume per 
second of any molecule of the first group, with 
velocity c, with all the other molecules equals 


dv, (ce) =nxo?\ |c — a1 | F (c) dey. 
B 

The number of collisions, averaged for all pos- 

sible molecular velocities, will be 
ies no? \ F (c) de\ (ec, | F (cs) deve 
0 0 

Breaking down the inner integral into two with 

limits 0,c and c,~, integrating, and expressing 


B in terms of the mean thermal velocity c = 2/v78 , 


we obtain 
v = nnorc (7 —4V 2)/2V2=nnor% - 0,475. 


The mean free path C/v at the point in the beam 


with the given density n is 


4 1 4 
Miskin a : Ene MG Cae Ly ees 
beam 7 _ 4 V2 nat V2 T= AVE NERS~ SMuee 


where Agag is the mean free path of molecules in 
the gas. The path length of molecules in the beam 
is thus three times greater than the path length in 
a gas of the same density. 

It is of interest to determine the path length in 
a quasi monokinetic beam, when the molecular ve- 
locity is distributed uniformly in some interval Ac 
around the mean velocity c. The distribution law 
in this case is F(c) =1/Ac. Substituting this into 
the expression for v and integrating, we obtain v 
= nto*Ac/3, whence the path length Apeam = Agas 
x c8V2/Ac., 


Uh Boltzmann, Vorlesungen tiber Gastheorie, 
Barth, Leipzig, 1910. 


Translated by R. Berman 
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The contribution of pion poles to the cross section for the NN — NN process is investigated 
for the case where the polarization of one of the final nucleons is measured. It is shown that 
not only the contribution from the quadratic term but also that from the linear term vanishes 
at all angles. Some practical consequences of this fact are discussed. 


ie recent times measurements of polarization in 
the elastic scattering of fast nucleons at small 
angles have attracted great interest. In the present 
article we hope to direct attention to the fact that 
such experiments are also of considerable theoret- 
ical interest. 

Let us write the NN — NN scattering amplitude 
in the form of the sum 


M = Pet Bis +X, (1) 


where P,; and P_; arise from single-meson poles 
lying respectively in the regions cos 6>1 and 
cos 6 < —1 of the plane of the cosine of the scat- 
tering angle (center-of-mass system). Their ex- 
plicit form is well known; the principal experimen- 
tal interest, therefore, lies in the term X, which is 
determined by more distant singularities (many- 
pion contributions 21), 

As is known, the individual terms of relation (1) 
have the form (yu is the mass of the 7 meson) 


2 


Py= 7 7 Ss 
2 74 3 1 
PaeTEG(Gi—Ss—ZS—- Sst ZS)i 2) 
5 
X= 3 XSi, (3) 
é=1 
where 
S=1, S= aire S3= 2 iniyliqer?, 
S= Dixy,  Ss= rs 
p- 
t = — 2q (1 — cos 9), t = —2¢ (1 + cos 9) 


(q is the length of the momentum vector in the 
center-of-mass system). The gamma-matrix 
superscripts distinguish between the spaces of 
the first and second fermions. 


Let us begin by examining the first single- 
meson term P,, and let us write the sum P_4+X 
as 


The expression for the cross section contains, be- 
sides the quadratic terms | P,|* and | Y|?, the in- 
terference terms PjY and Y*P,. If it were now 
possible to assume that all coefficients yj except 
ys were negligibly small, y; could be expressed 
in terms of the unpolarized cross section by solv- 
ing a simple quadratic equation. However, since 
Y contains generally speaking all the structure 
terms, it is not possible to distinguish further be- 
tween contributions to the cross section from terms 
of the type | Y|? and interference terms. 

At high energies this ‘‘undesirable’’ contribution 
from the interference terms becomes, generally 
speaking, stronger and stronger, since the poles 
asymptotically approach the boundary of the phys- 
ical region (for example, at 9 Bev the cosines of 
the poles P,, equal +1.002 in the center-of-mass 
system). At small angles (which are important 
from the experimental point of view) the quadratic 
term | P,|? is of practically no significance for the 
cross section, since it vanishes together with its 
derivative at cos 6 = 1." On the other hand, the 
interference term P[X + X*P, has a larger deriv- 
ative at cos 6=1. Therefore at small angles the 
effect of the pole is almost exclusively determined 
by the sharp dependence of the interference term 
on the cosine. 

In order to find all five coefficients xj it is 
necessary to carry out a ‘‘complete experiment’’ 
consisting of five independent experiments. We 
wish to draw attention below to the fact that in 
experiments where the polarization of one of the 
nucleons is measured the effect of the interference 
term Pj,X + X*P,,is completely eliminated 
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throughout the region -1 =cos 6 <1 (the van- 
ishing of the quadratic term | P,, |? in such ex- 
periments is generally known). 

The polarization cross section is proportional 
to the expression 


—ip+m —ik+imn —ik' +m a—lipt nin 
SpiSPe (ar 2m 2m M 2m 2m Ee : 
(4) 


where f = y,py; Ze is the Racah spin tensor of 
nucleon polarization; 2; here is determined by 
the relation (oj is the Pauli matrix) 


2; = ( ‘i f = iy.78 (prey): 
Multiplying this relation by the polarization vector 
e = (0, e), we obtain Ze = iy;6f. 

To calculate the interference between amplitude 
(1) and pole (2) it is necessary to replace one of 
the M’s in (4) by a pseudoscalar term and the other 
by an expression for X. The computation can be 
carried out in the rest system of the polarized nu- 
cleon. The problem consists of calculating five 
sums of double traces which are combinations of 
sixteen expressions of the type 


3 snip +m 1+ Ya * 
iSp ( erm Vat sl 9 : ertyt 4) 


—ik+m — ik’ +m 
[SP ( 2m Valgla, om ra) d (5) 


/ 


where yA designates any of the sixteen terms of 
the appropriate y-algebra. It is necessary to form 


five sums from these terms so as to obtain the 
structure terms §;,...,5,5. All these sums equal 
zero, because the expression BY applies van- 
ishes owing to conservation of energy and momen- 
tum (€%BY5 is a unit antisymmetric tensor ). 

The second single-meson term P_,, which in 
the chosen representation has a complicated struc- 
ture, can be reduced to the form yy? by the Fierz 
transformation. 

As has been shown above, the effect of the 
single-meson term on the cross section is com- 
pletely eliminated in polarization experiments, 
and it becomes possible to measure directly the 
contributions of higher meson approximations. Of 
course, there are some nonsingle-meson terms 
whose spin structure resembles that of the single- 
meson terms, and which thus also make no contri- 
bution to the polarization cross section. But al- 
though it is impossible to determine the magnitude 
of all xj (i=1, 2,...,5) by such an experiment, 
we can still obtain a lower estimate of the total 
contribution of nonsingle-meson terms. At the 
present time very little is known about them theo- 
retically, but it is generally considered that they 
are small. 


1G. F. Chew, Phys. Rev. 112, 1380 (1958); Ann. 
Rev. Nucl. Sci. 9, 29 (1959). 

2 Amati, Leader, and Vitale, Nuovo cimento 17, 
68 (1960). 
Translated by Mrs. J. D. Ullman 
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Application of the evolutionality conditions to flows in nozzles and to transonic flows shows 
that a continuous transition from subsonic to supersonic velocity is possible, whereas tran- 
sition from supersonic to subsonic velocity is accompanied by the formation of shock waves. 
Application of the evolutionality conditions to an oblique shock wave attached to a wedge in- 
dicates that the flow behind the shock wave is subsonic. The evolutionality conditions are 
also applied to exothermal and endothermal discontinuities. 


1. INTRODUCTION 


Anatysis of magnetohydrodynamic shock waves 
has shown that not all shock waves on which the 
conservation laws are satisfied and the entropy in- 
creases can be realized in practice. For magneto- 
hydrodynamic shock waves to exist it is necessary, 
in addition, that the evolutionality conditions be 
satisfied,{11 i.e., that the number of outgoing waves 
be equal to the number of independent boundary 
conditions on the discontinuity surface.[?»31 

An account of the evolutionality conditions is 
essential also in the investigation of the possibility 
of existence of several gasdynamic flows in the ab- 
sence of a magnetic field. The present article is 
devoted to this subject. 

We investigate the evolutionality conditions of 
continuous flows and of moving and attached dis- 
continuities. An account of these conditions en- 
ables us to conclude that a continuous transition 
from supersonic to subsonic flow is impossible. 

In particular, shock waves must occur in the re- 
versed Laval nozzle (which converts supersonic 
flow into subsonic). Similar shock waves must 
also occur in transonic flow about a bounded body. 
We shall advance later on certain arguments in 
favor of concluding that an attached oblique shock 
wave is a weak one. 


2. CONTINUOUS ONE-DIMENSIONAL FLOWS 


The meaning of the evolutionality condition is 
best seen by analyzing the flow of gas in a nozzle. 

Let the stationary values of the velocity, pres- 
sure, and entropy experience infintesimal pertur- 
bations dvx, dvy, dp, and 6s (the x axis is di- 
rected along the nozzle). These perturbations 
can be resolved into four terms, each propagating 


along one of the characteristics. The slopes of 
these characteristics in the (x, t) plane are de- 
termined by the following relations (we confine 
ourselves to the one-dimensional theory ): 


dx/dt = v, (1) 
dx/dt = v-tc, (2) 
dx/dt = v —c. (3) 


The characteristic (1) is dual and serves the 
perturbations of both the entropy and the velocity 
curl. The perturbations of the Riemann invariants 
propagate along characteristic (2) and (3). The 
characteristics (1) and (2) are always directed 
downstream. The characteristic (3) is directed 
downstream in the case of supersonic velocity of 
the medium and upstream in the case of subsonic 
velocity. If the flow is everywhere subsonic or 
everywhere supersonic, each of the perturbations 
propagates downstream or upstream along one of 
the characteristics. Such a flow is evolutional. 

In passing through the speed of sound, the two 
cases Shown in Fig. 1 are possible. Figure la 
corresponds to the ordinary Laval nozzle in which 
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subsonic flow becomes supersonic. Figure 1b 
corresponds to the reversed Laval nozzle, in which 
supersonic flow is transformed into subsonic. 

In the former case (Fig. 1a) two characteristics 
of type (3) go from the sound line v=c. These 
characteristics carry the same perturbation to 
the entrance and to the exit from the nozzle. Such 
a flow is also evolutional. 

In the second case (Fig. 1b), the different per- 
turbations occurring at the input and at the output 
of the nozzle are carried to the sound line. Since 
these perturbations are independent, a disconti- 
nuity is produced on the sound line,* in other words, 
this flow is non-evolutional. 


3. TRANSONIC FLOW 


Let a stationary bounded body be placed ina 
subsonic gas stream. Since the velocity of the gas 
on the surface of the body is greater than the ve- 
locity at infinity, the gas will reach the velocity of 
sound for a certain critical Mach number at infin- 
ity. Starting with this value of the Mach number, 
the appearance of shock waves is possible. We 
want to know whether shock waves appear when 
the velocity of the incoming gas is increased, or 
whether a continuous flow about a finite body is 
possible such that the velocity of the gas is sub- 
sonic at infinity and bounded regions of supersonic 
flow exist on the surface of the body. Such con- 
tinuous solutions do exist formally, but it will be 
shown presently that they are not evolutional and 
therefore cannot be realized.t 

To prove the non-evolutionality of the transonic 
flow we note that the flow is one-dimensional near 
the body, where the deduction made above, con- 
cerning flows in nozzles, remains valid; viz., a 
continuous transition from subsonic to supersonic 
flow is evolutional and can be realized, but a con- 
tinous transition from supersonic to subsonic flow 
is not evolutional, i.e., not realizable. 

The reason for the impossibility of having a con- 
tinuous transonic flow about a body is that infini- 
tesimal perturbations produce a radical change in 
the entire flow pattern. The impossibility of tran- 
sonic flow about a body under an infinitesimal per- 
turbation of the stationary state was demonstrated 
in a different manner by several writers.[6 13] 


*That discontinuity is formed on the sound line in the 
reversed Laval nozzle was demonstrated by Kantrowitz, ‘] 
who investigated the deformation of the profile of the pertur- 
bation wave; see also the article by Meyer.” 

TExperiments show that shock waves are produced in the 
transition from supersonic to subsonic velocity. 
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Let us write out the most general form of the 
conservation laws that hold on the discontinuity 
surface: the conservation of mass 


{p0n} = 0, (4) 
the conservation of momentum 
{p + pv2} = 0, 
{v-} =0 


(5) 
(6) 
and the conservation of energy 

(7) 


where w is the heat function, vy the normal com- 
ponent of the gas velocity, v, the tangential com- 
ponent, and AE the change in energy due to disso- 
ciation, ionization, chemical reactions, or phase 
transitions, radiation* or absorption of photons; 
the subscripts 1 and 2 pertain to the regions in 
front and behind the discontinuity, respectively; the 
symbol { } denotes the difference between the 
values of the corresponding quantities behind and 
in front of the discontinuity. 

Let us examine now the form assumed by the 
shock adiabat (connection between the pressure 
Pp, behind the shock wave and the specific volume 
1/p,). To find the equation of the shock adiabat 
we must eliminate vin and Voy from the conser- 
vation laws (4), (5), and (7). A plot of the shock 
adiabat is shown in Fig. 2a, where the point 1 de- 
notes the initial state (p,; 1/p,). The line 4-1-3 
denotes the shock adiabat without change of energy 
(AE = 0), the line 9-8-7-15-5-6 is the shock adia- 
bat with release of energy (AE > 0), and finally 
the line 11-10-16-12-13-14 shows the shock adiabat 
with absorption of energy (AE < 0). On the segments 
7-15 and 16-12, bounded by the vertical line 7-1-12 
and the horizontal line 16-1-15, the mass flux den- 


{w + v2 /2}= AE, 


BEEN) 


FIG. 2 


*We have in mind discontinuities in which the energy 
radiated is not compensated by absorption in the adjacent 
layers of the matter. Otherwise we must put AE = 0, and the 
presence of radiation affects only the form of the equation of 
state. 
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sity pyvjn becomes imaginary, and these segments 
cannot be realized. 

To determine the evolutionality conditions, it 
is more convenient to use the shock adiabat in the 
(M,, M,) plane (M, and Mg, are the Mach numbers 
ahead of and behind the discontinuity, respectively ). 
Such an adiabat is shown in Fig. 2b, where the num- 
bers denote the same points as in Fig. 2a. In Fig. 
2b the points 15 and 16 coincide with the origin. 

At 8 and 5 we have M, = 1 and the lines 1-8 and 1-5 
are tangent to the shock adiabat 9-7-15-6 (see 

Fig. 2a). M;,=1 at 10 and 13, where the tangent 
10-1-13 to the shock adiabat 4-1-3 crosses the 
shock adiabat 11-16-12-14. 

Let us proceed to determine the evolutionality 
conditions of the discontinuities. We consider the 
shock waves first. 

The speed of propagation of a shock wave de- 
pends on its amplitude. Therefore the evolution- 
ality conditions of the shock wave have the form | 141 
M,>1 and M,< 1. Such waves can propagate 
either without change of energy (segments 4-1 of 
Figs. 2a and 2b), with release of energy (seg- 
ments 9-8), or with absorption of energy (seg- 
ments 10-11). Corresponding to segment 9-8 is 
an overcompressed detonation wave; such a wave 
is a combustion wave in which the medium is 
heated in the shock wave and point 8 corresponds 
to the Chapman-Jouguet detonation. Segment 10-11 
corresponds to a shock wave in which the heating 
of the medium is accompanied by absorption of 
energy resulting from dissociation or ionization. 
This section corresponds also to a shock wave in 
a fog, accompanied by evaporation. 

Let us proceed now to examine discontinuities 
with propagation speed independent of the ampli- 
tude. In this case the evolutionality conditions 
have the form!!4] Mm, <1, M, <1, or M,> 1, 

M, > 1. Such waves can propagate without change 
of energy only in the trivial case when there is no 
discontinuity, M,= M, (the line 0-1-2 of Fig. 2b). 
If energy is released, these waves correspond to 
segments 15-5 and 7-8 of Figs. 2a and 2b. Seg- 
ment 15-5 corresponds to the ordinary combustion 
waves; the segments 7-8 corresponds either to a 
supersonic combustion wave (such combustion 
takes place inthermonuclear reactions, when the 
medium is heated by radiant heat conduction, and 
also in a supersonic stream ) or to a discontinuity 
with recombination. Segments 15-5 and 7-8 cor- 
respond also to condensation jumps.* Disconti- 

*In view of the confusion in the terminology, we must stop 
to discuss the term ‘‘weak detonation,’’ Courant and Fried- 
tichs|*’] call a weak detonation one in which M,>1 and 


M, > 1, and prove that it cannot exist (an analogous proof was 
first published by Zel’dovich [a4]: Other authorsl*”~*°) speak 
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nuities corresponding to segments 16-10 and 12-13 
apparently cannot be realized. 

Let us consider, finally, the discontinuities that 
convert subsonic gas flow into supersonic (M, < 1, 
M, > 1). Such continuities correspond to the seg- 
ments 5-6, 1-3, and 13-14 of ei 2. These dis- 
continuities are non-evolutional 4] and therefore 
cannot exist. Such flows, however, can be realized 
in the case of gas flowing in a nozzle. Analogously, 
segments 13-12, 8-7 and 15-5, 16-10 can be real- 
ized in a nozzle without going through the velocity 
of sound. 


5. ATTACHED SHOCK WAVE 


Let us proceed to an analysis of a shock wave 
attached to the vertex of a wedge in the stream. 

We consider two-dimensional perturbations 
OVx; vy, é6p, and 6s of the velocity, pressure, 
and entropy. The perturbations of the entropy 
and of the velocity curl propagate along the char- 
acteristic 


Hibs oe. Ui bra Os (8) 


while the perturbations of the pressure and the 
velocity potential propagate along the character- 
istic cone 


(x/t— 0)? + (y/t— dy)? = c?. (9) 


We consider first the evolutionality conditions 
of an infinitesimal shock-wave segment located 
away from the wedge. In the region 1 in front of 
the shock wave the flow is supersonic; therefore 
perturbations arising on the shock wave cannot 
go into this region. These perturbations can be 
outgoing only in the region 2 behind the shock 
wave. On the surface of the shock wave, three in- 
dependent boundary conditions are satisfied, and 
therefore the number of outgoing shock waves 
should also be three. 

The entropy wave and the wave of the velocity 
curl are always outgoing. Were the characteristic 
cone (9) with vertex located on the discontinuity 
surface, to be located entirely in the region 2 
when t > 0, thentwo additional perturbations would 
propagate along it. Thus, the number of outgoing 
waves would be four, and the shock wave would be 
non-evolutional. Were this cone to be wholly situ- 
ated in region 1, then the number of outgoing waves 
would be two, i.e., the shock wave would also be 
non-evolutional. Therefore the characteristic cone 


of ‘‘weak detonation,’? now taken to mean a condensation dis- 
continuity in a supersonic stream. Finally, Ubbelohdel?4] and 

Lewisl*4] also speak of the possibility of a weak detonation, 

but define it as an overcompressed detonation (M, > 1, M, < 1) 
in which the release of energy is small. 


EVOLUTIONALITY CONDITIONS OF STATIONARY FLOWS 


(9) should be situated partially in region 1 and par- 
tially in region 2. This means that the normal 
component of the velocity of the medium behind 

the shock wave should be subsonic 


Von < Co. 


Let us consider now the evolutionality conditions 
of an infinitesimal shock-wave segment adjacent to 
the vertex of the wedge. Since the angle of inclina- 
tion of the shock wave is determined uniquely by 
the size of the wedge and by the velocity of the me- 
dium in region 1, the intensity of the shock wave is 
not an independent perturbation. Therefore four 
boundary conditions are satisfied on the disconti- 
nuity surface, and the number of outgoing waves 
should be four. 

Let us locate the x axis on the wall in region 2. 
Then the points located on the wall will satisfy in 
the three-dimensional space (x, y, t) the relations 


eo a tee (11) 


(here vox = V2 and Voy = 0). 

The intersection of the characteristic cone (9) 
with the surface of the wall (11) defines two charac- 
teristics x/t =v, +c, and x/t = v2—C, (y= 0), 
which, by virtue of the foregoing, should be out- 
going, i.e., should be located in the region t > 0, 
x>0. From this it follows, in turn, that an at- 
tached shock wave is evolutional only when the 
total velocity of the medium behind the shock wave 
is greater than the velocity of sound: 


Ug > Co. 


Thus, flow about a wedge gives rise to weak 
shock waves, as is indeed observed in practice. 

As shown by Thomas,-?3] when Vo < Cy an infi- 
nitesimal perturbation of an oblique shock wave 
causes a sharp change in the entire flow pattern. 
As is well known, the angle of inclination of the 
flow in an oblique shock wave cannot exceed a 
certain maximum value X4x- It follows from 
the foregoing that detachment of an oblique shock 
wave occurs at a smaller angle of inclination x,. 
This angle is determined from the condition that 
the velocity of the gas v,. behind the shock wave 
must equal the velocity of sound Cp. 


(10) 


y=0, 


(12) 


6. INTERSECTION OF DISCONTINUITIES 


Let us consider the correct reflection of a 
shock wave from a solid wall (see Fig. 3; 
OA — incident wave, OB — reflected wave, a; — 
angle of incidence, a, —angle of reflection). The 
angle of incidence a, is specified, and the frame 
of reference is chosen such as to make the point 
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(oa > 
HL LLL 


BIG 


O stand still. In the regions 1, 2, and 3, the per- 
turbations Op, 6s, 6vx, and OVy are possible; in 
addition, the velocity of the point O and the angle 
of reflection @, can experience perturbations 6U 
and 6da,. These perturbations are interrelated by 
ten boundary conditions: four boundary conditions 
on the incident wave OA, four boundary conditions 
on the reflected wave OB, and the two conditions 
making the velocity of the medium in the regions 4 
1 and 3 parallel to the wall (OViy = 0, dvgy = 0; q 
the x axis is directed along the wall). 

By eliminating from these ten boundary condi- 
tions the six quantities dp., 689, OVox, Vey; OU, 
and 6Q@,, we obtain four independent boundary con- 
ditions, which relate the perturbations in the re- 
gions 1 and 3. The evolutionality conditions con- 
sist in the fact that the number of characteristics 
outgoing from the point O should also be four. 
Repeating the arguments of Sec. 5, we find that the 
flow in region 3 should be supersonic, v3 > c3. This 
means that the shock wave always belongs to the 
weak family. 

Application of the evolutionality conditions to 
the Mach reflection of shock waves is expected to 
eliminate the ambiguity of the solution. 

The author is grateful to A. I. Akhiezer, L. D. 
Landau, M. A. Leontovich, and L. I. Sedov for 
valuable discussions. 
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A formalism first proposed by Sommerfeld is developed, in which the wave function in the 
Dirac equation is a scalar and the corresponding y matrices behave like a four-vector 
under Lorentz transformations. The transition to this representation and its various fea- 
tures are investigated. Solutions of the resulting equation are found, and a study is made 
of the spin operator of the ‘‘scalar’’ Dirac equation, which is a differential operator. A 
new method is indicated for calculating matrix elements for reactions involving polarized 


particles. For this purpose a method is also proposed for writing the y matrices by 
means of Kronecker 6 symbols and certain discontinuous functions. 


Tae book by Sommerfeld") contains a clear state- 
ment of the problem as to whether it is possible 


that there be two points of view regarding the trans- 


formation properties of the wave function and the 
matrices in the Dirac equation. The first, gener- 
ally accepted, point of view regards the y matrices 
as quantities which do not change under any pos- 
sible linear transformations of the coordinates, 
while the 2» function turns out to possess the defi- 
nite transformation properties of a bispinor. In 

a certain sense the other point of view is the pre- 
cise opposite of this. Adopting it, we regard the 
wave function as an invariant under Lorentz trans- 
formations, and the y matrices turn out to have 
the properties of a four-vector. 

Reference “J, however, gives only a statement 
of the question in principle, and the second point 
of view has not been developed. The purpose of 
the present paper is to present an example and 
some consequences of a formalism entirely based 
_ on the second, alternative, statement of the prob- 
lem. 


1. STATEMENT OF THE DIRAC EQUATIONS 
IN ‘‘SSCALAR’’ FORM 


Let us define as follows four mutually orthogo- 
nal vectors n'y (the index a written in the sec- 
ond place will always refer to the number of the 
vector, and the first index p indicates the com- 
ponent ):* 

gn ,0", = Bag: (1) 

*Greek letters run through the values 0, 1, 2, 3. The met- 

tic used in this paper is go) = 1, g,, = @22 = &33 =— 13 fi=c=l. 


It is not hard to verify that the components of the 
vectors nq also satisfy the relations 


gent ang = gr’. (2) 


We can change to covariant components in the usual 
way: Dyg = Eypyn'a. The relations (1) and (2) allow 
us to interpret the matrix composed of the compo- 
nents of the vectors nq as the matrix of a certain 
Lorentz transformation. 

Let us also define by means of the vectors ng 


certain matrices NH: 
NY = oe No= Be. (3) 


Here the four-rowed matrices y@ have the well 
known properties 


very tyre = 2g, 


and with them one can write the Dirac equation in 
the usual form 


Ty = Bt” (4) 


(— iy*o/ox + m)p = 0. (5) 
It is not hard to verify from Eqs. (1) and (4) that 
N®NY 2N"N* = Qpe, (6) 
Owing to this it is possible to construct a first- 
order equation by means of the matrices N# 
(-— iN*d/dx* + m)o = 0. (7) 


In view of Eq. (6) multiplication of Eq. (7) on the 
left by the operator (iNH9@/ Ox + m) leads to the 
second-order equation (0 + m?)w = 0. 

Let us now examine the transformation prop- 
erties of the equation (7). The Lorentz transfor- 
mation 
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xY =alyx”, nM =aryna, 


does not change the form of (7) 
(Nt SS aa SO) wt Sse (8) 
\ ox * 

if the following relations hold: 


Syt = 7S (a =0, 1, 2, 3). (9) 


In other words, according to Schur’s lemma the 
matrix S must be the unit matrix, and owing to 
this the wave function w is a scalar under Lorentz 
transformations: 


(10) 


2. SOLUTIONS OF THE ‘“‘SCALAR’’ DIRAC 
EQUATION 


It is easy to find the solutions of our equation 
(7) by using the usual methods. We note certain 
features that turn up in this connection. 


nop, + Mm 0 
0 nop, +m 
Wy~ ; 
d — n'sp, — (n*; — in") es 


— (n*, + ins) Pp. np, 
When one chooses the special coordinate system in 
which n’H, = 6H, the solutions (13) take the form of 
the well known solutions u (first two columns) 
and v (last two columns) (see, for example, ref- 
erence 2). 


3. THE TRANSFER OF THE TRANSFORMATION 
PROPERTIES FROM THE y» FUNCTION TO 
THE y MATRICES 


Comparing Eqs. (4) and (6), we see that the 
matrices y# and N¥ are connected with each 
other by a similarity transformation (cf., e.g., 
reference 3) 


N* = Ry*R™, 


where R is a certain nonsingular matrix. On the 
other hand, remembering the definition of the mat- 
rices N#, we can write the equation 


Ry+R™* = are: 


Since the coefficients n4g are the matrix of a 
Lorentz transformation, it is easy to identify R7! 
with the well known transformation matrix that 
acts on the bispinor in a Lorentz transformation. 
Thus the change from the usual representation (5) 
of the Dirac equation to the new ‘“‘scalar’’ Dirac 
equation (7) is made by means of the relations 


(14) 


(15) 
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The condition of solubility of the two systems 
of equations 

(N*p, —m) wo” = 0, — (N*p, + m) a” = 0, GD 
which correspond to positive-frequency and nega- 
tive-frequency solutions, is the vanishing of the 
determinants of their coefficients. This condition 
takes the form 


(1 py ey (n*sp,)° = (n2p,)? sa (nsp,)? — i = 0. 


We can easily convince ourselves of the truth of 
Eq. (12) if we go from the system of vectors ny 
to another system of mutually orthogonal vectors 
ng with the components n’*q = oF. In this system 
of coordinates the condition that the determinant 
be zero takes the usual form: ppp» —m*='0) It 
is obvious that because of the Lorentz invariance 
of Eq. (12) the equation holds also in any coordi- 
nate system. 

We now give a table of the solutions of the 
‘“‘scalar’’ Dirac equation (the solutions are com- 
puted to within a normalization factor ) 


(12) 


“FBS ae (n; — ins) p, 
Slits in n 
(n*, + ins) Py sP, (13) 
nop, +m 0 
0 nop, —- Mm 
o=Rp, MN =n. T= RR”. (16) 


Thus we have obtained the Dirac equation in a 
‘‘scalar’’ form, i.e., in a form in which the wave 
function does not change in Lorentz transforma- 
tions and the transformation properties that in 
the usual theory inhere in the wave function are 
transferred to the N matrices. We note that the 
R transformation that accomplishes this transfer 
preserves eigenvalues, as do the unitary transfor- 
mations of the bispinor in the usual Dirac equation. 

Having in mind Eq. (16), the definition 


wo =wty, (17) 


and also the relation characteristic of Lorentz 
transformations, y°R*y® = R7!, we can easily 
show that all quantities bilinear in w have the 
same physical natures and transformation proper- 
ties as in the usual formalism. We shall demon- 
strate this with the example of the current @NMw: 


ON*wo = PPR PN Rip = PR“NRY = preg. 


It can also be shown simply in the case of the other 
bilinear physical quantities, including the spin 
tensor 


+o (NYNY — NYN*) @ =p (yr — 1") tp. (18) 
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The formal proof of Eq. (18), however, is not enough 
to establish the fact that the quantity 4( NUN’ — N’NH) 
actually is the spin operator for the particle de- 
scribed by (7). This question requires some addi- 
tional investigation. 


4, THE SPIN OPERATOR OF THE ‘‘SCALAR’’ 
EQUATION 


In the framework of the usual theory, in the case 
of the Dirac equation the infinitesimal Lorentz 
transformation 


BG egg (i: al 2) (19) 
Gy Oy ety = OF + eg, (eee = — eo) . (20) 
generates the well known transformation of the 
wave function 
tba (X) > Pa (x) = Sapp Gtx’) = Uvex Szathe (2). (21) 
If af, is of the form (20), then 
5: ap — 6a +5 =a Buy oes ait = + ey ae mex); (22) 


and the operator Ux’, (an integration over d‘x is 
understood with respect to the repeated ‘‘index’’ x) 
can be written in the form 


Uy, = 6 (x’ — x) += 2M, 8 (x’ — 4), 
Muy = x,0/0x* — x,0/0x". 


The infinitesimal operators x4’ and M,,,, are 
closely associated with the spin and orbital angu- 
lar momentum of the Dirac particle. 

It may seem at first glance that the spin of the 
particle described by Eq. (7) is zero [since in 
Eq. (8) Sqg = 5qg]. In our case, however, we 
cannot use the usual formalism expressed in Eqs. 
(19) — (22). Therefore our problem is to find a 
mathematical apparatus suitable for the descrip- 
tion of the changes of the wave function in (8) 
which are generated by Lorentz transformations. 

On being transformed to a different coordinate 
system the equation 


(23) 


(iy Ly 29°3)) (24) 


(— iN* + m)o (na, #) = 0 


takes the form 


(— in* + m)o" (n'%, x") =0. (25) 
xX 


It is not hard to find the operator that accomplishes 
the change from w(n%, x”) to w’(n’%, x”). It can 
be written in the form 

wo (ne., x) = SU eT, 4 


where Sy = 5qg [by Eq. (10)], the operator Uy-y 
is defined by Eq. (23), and the operator 


ng ® (n?2, vai (26) 
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ng = Ent’ nn, molt ITs ie ati 
Arte iy ke ohh 
Se it ane oe gi )IL oe, = ins (27) 


is written here correct to infinitesimals of the 
second order in ¢€, just as Ux’, is in Eq. (23). 

It is easy to verify that by means of the oper- 
ator STnyn Uy’, and its reciprocal Eq. (25) can 
be written in the form (24): 


Sei ae iN* +m) ST, LN eee | 


= (— iN” - = aN an @(n?,, x’) = 0, 


As usual, the infinitesimal operator 


0 


— 28 
»B an” g ( ) 


The fp ae 
Uv dn", 

must be associated with the spin of the particle 
described by (7). We note that a peculiarity of 
this representation is that n,,, is written in the 
form of a differential operator, with a structure 
somewhat reminiscent of that of the four-dimen- 
sional generalization of the orbital angular mo- 
mentum operator. We shall show that (7) never- 
theless describes a Dirac particle with the spin 
¥,. To do so we-go over to the usual representa- 
tion of the Dirac equation 


(29) 


OR ane 
WP) B= PR Re 


To find the result of the action of n,, on R and 
avoid the long and complicated direct calculations, 
we resort to the following device. On differenti- 
ating the equation Ry? = n%gy°R with respect to 
n¥g and multiplying the result by nyge grY* from 
the right, we get 
dng 2 = N.Ry, +N" roa se 
B 
When we now interchange the indices yp and v and 
subtract the resulting expression from the one just 
written, we get the equation for the required quan- 
tity 
Ruy = 4 (NRY,— Ney) FEN’ Rot (80) 
The solution of (30) can be written in the form 
Ryy=MvgOR/On"s —n,gOR/On's = + R (1,4, — 1,7) 
= —(NvN.—N,Nv)R, 
which can be verified by direct substitution in (30). 
Thus, substituting (31) in (29), we find 


Tut) Ps 


(31) 


on,,© = +9 (7,7, — (32) 
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i.e., (7) indeed still describes a Dirac particle with 
spin ee as also follows from (18). 


Dt QUANTIZATION AND PHYSICAL INTERPRE- 
TATION OF THE WAVE FUNCTION OF THE 
“SCALAR”? EQUATION 


By simple arguments it is easy to find the 
method of quantization of the ‘‘scalar’’ equation, 
corresponding to the usual quantization: 


[Wp (x’), @s (x)], = — iSop IN“; x — x’]. (33) 
Here Sgp)[N'; x—x’] corresponds to the usual 
commutator function Sgp(x—x’), with the mat- 
rices y# replaced by NH. It is obvious that 

Sop [N#; x—x’] satisfies the free-particle “‘scalar’’ 
Dirac equation. This method of quantization, and 
also the replacement of the matrices y4 by N# 

in all of the singular functions, establishes the 
correspondence with the usual formalism and al- 
lows us to construct the S-matrix formalism in 
the standard way. 

Let us say a few words about the physical in- 
terpretation of the wave function of the ‘‘scalar’’ 
Dirac equation. Its meaning becomes particu- 
larly clear if we transform the ‘“‘scalar’’ equation 
to the coordinate system in which n’Hy = oF and 
consequently the axes of the new coordinate sys- 
tem coincide with the four unit vectors of the 
frame formed by the vectors ng (a@ = 0, 1, 2, 3). 
As can be seen from Eqs. (7), (3), and (13), in the 
new coordinate system the ‘‘scalar’’ equation for- 
mally coincides with the usual Dirac equation, and 
its solutions coincide with the solutions of that 
equation. But the numerical values of the wave 
function of the scalar equation remain the same 
in any coordinate system [cf. Eq. (13)], and 
therefore they are always numerically equal to 
the wave function of the usual Dirac equation in 
the coordinate system in which n’'¥q = 6H. 

These features of the ‘‘scalar’’ Dirac equation 
reduce to the fact that the requirement of invari- 
ance of its form in any transformed coordinate 
system is satisfies by changes of the matrices 
N', without affecting the numerical values of the 
components of the w function. 


6. THE SIMPLEST SYSTEM OF SOLUTIONS 


The considerations given above allow us to find 
the system of coordinates in which the matrix of 
the solutions, Eq. (13), takes the simplest possible 
form—namely, is just a four-rowed unit matrix. 
For brevity we shall call this coordinate system 
the system Ky. The required transformation R 
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that accomplishes the change to the system Ky 
naturally does not affect the exponential factor in 
the free-particle solution, and changes only the 
form of the matrix part. 

The transition to Ky corresponds, in the sense 
of our previous remarks, to the transition to the 
coordinate system associated with the Dirac par- 
ticle at rest. Having then obtained the solutions 
of the simplest form 


oe (34) 


. 


g®) = 


—LOotTe. So — oso 


(Se wae) On ea 


we can use them to find the matrix elements of 
reactions involving polarized Dirac particles by 
a new method, without using the usual technique 
of projection operators and the calculation of 
traces. 

In fact, the operator M that stands between the 
wave functions of the initial and final states, and 
can be computed, for example, by perturbation 
theory, is in general a certain four-rowed matrix, 
independently of how many vertices there are in 
the process in question. If, however, the initial 
and final states—solutions of the ‘‘scalar’’ equa- 
tion—are written in the system Ky and have the 
form (34), thenthe problem of finding the transi- 
tion probabilities between states of definite polar- 
ization reduces in the first stage simply to picking 
out the corresponding matrix element of M, since 
o\k) + Mg$)).= My (k,.2 = 1, 2, 3,4). Therefore 
the solution of the problem breaks up into two 
steps: a) finding the matrix R that accomplishes 
the change from the usual Dirac equation to the 
‘‘scalar’’ equation with the simplest system of 
solutions, and b) finding a method for obtaining 
the matrix element M7. 


7. THE TRANSITION TO THE SYSTEM K) 


The system of.four solutions of (5) can be 
written in the form of a single four-rowed matrix 


p, = [2m (e + mI" (e +m) I —xrtpe) (k= 1, 2, 3). 
(35) 


Here I is the four-rowed unit matrix, € = | po|, 
and 


O07 
—6,, 0) 


(7 =1,2,3) 98) 
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where I’ is the two-rowed unit matrix and oy are 
the Pauli matrices. 

The transition to the ‘‘scalar’’ equation, written 
in Kp, is accomplished by means of the relations 


Ry*R* = nh ayt = N*. (38) 


Hereafter we shall denote by L(p) the matrix R 

defined by (37), and shall denote by /4y the vectors 
n’q defined by (37) and (38). From the form of yp, 
Eq. (35), it is easy to find the operator L(p): 
RSL (p) = [2m (e + mI" {(e + m) I + 7°r*p,}. 


In fact, it is easy to verify that (37) is satisfied, 
and, in addition, 


L™ (p) = fo = [2m (e +m)" {(e + m) 1 — yy*p,}, (40) 
OL (p) 7° = Lp). (41) 


The components of the vectors es defined by 
the relations (38) and (39) are given by the table 


(39) 


lp q; 


gee ee a dai 
a m m m m 
1 pt (p1)? pip pip® 
ce Mm 1 + in(e-+m) m(e+ m) m (e+ m) 
2 Bes. age 4 + Ras pp 
“ m m(e-+ m) ee te m(e-+m) 
p p®pt p (p°)? 
ie im m(e+m) Esa 1+ in(e-+m) 


(42) 


The table (42) (in which we have changed to the 
contravariant components of the vector p) can 
be represented by the formula 


Soh elie, 
(43) 
satisfy Eqs. (1) 


= — Oya + [p* 820 ate p *6,.9] — 


p"p 
+ et oe 


if we set p’=€. The quantities [Hy 
and (2). 

The matrices N° and N® (s = 1, 2, 3) can now 
be represented in the form 


No = = y+ aa (i= IZ eS); (44) 


Nie f+ [ben + atm |r" Leathe dal ashe) 


The transformation L(p) diagonalizes the equa- 
tions (11), converting them into 


(my° te m) go = 0, (46) 


owing to the relation 


N*p, = my. (47) 
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8. THE TRANSFORMATION OF THE MATRIX 
ELEMENT 


Let us consider the general form of the matrix 
element, as calculated, for example, by perturba- 
tion theory. For definiteness suppose only one 
Dirac particle is involved in the process. Then 
in the framework of the usual theory the general 
form of the matrix element in the momentum rep- 
resentation, for states with prescribed polariza- 
tions k and l,is 


Mat = Ph (p2) A... EF Gy (pr). (48) 


Here p,; and p, are the initial and final momenta 
of the particle, po (K= pi’) y ° and pil) are particu- 
lar solutions in Eq. (35), and the notations A and 
so on have their usual meanings: A=A yh. 

On the basis of Eqs. (37) and (41) the formula 
(48) can be rewritten in the form 


Mu = QL (ps) A... EFGL* (pm) 9)’, (49) 


where oi) (Z=1, 2, 3,4) are as shown in cs (34). 
If one of the matrix vectors, for example F, 
equal to p,, then Eq. (49) can be simplified, in 


view of Eq. (47): 
Mu = SL (ps) A... EL- (ps) mG qh, 


where the notation Gn has the meaning that one 
must replace the matrices y# in G by the mat- 


rices NH, i.e., 
Gy =G,N* = GW ye, GW) = Gyl"s. (50) 
Remembering the obvious relations 
@o L(p2) = go V, —- L* (pr) Gal? = TGygl?. (61) 
Vee >, 1 aOR Pa | 
2 V2 (a m) V 2m (e+ m) 
=|p?| (r= 1, 2,8), 
1D = ce alte ea ’ r= il ‘5 2.= 0 | 
‘ V 2m (e+ m) V 2m (e1 + m) a 
(52) 


(in Eq. (52) we have for convenience gone over to 
the contravariant components of the vectors p, and 
p2), we can finally rewrite M,j7 in the form 

(53) 


Me = moot ®)VA cas ET Gy qo. 


In case of need the factor L(p,) can be taken to 
the right across one or more of the matrix vectors, 
in an analogous way. If the original particle was 

at rest, then L7'(p,) =I and Eq. (49) for My; 
takes the form 


Met = Got ®VA ... EF Gqo. (54) 
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Thus in all cases the operators L and L. Uean 
by simple manipulations be brought into the ex- 
pression for M7 on an equal footing with the ma- 
trix vectors A,..., 4H, etc. 


9. THE STRUCTURE OF THE y MATRICES AND 
THE CALCULATION OF MATRIX ELEMENTS 


In order to proceed further, it is necessary to 
find a method for calculating the matrix elements 
of the matrix VABC. This method can be the 
ordinary law of rina x Tnuiolenen: provided it 
is possible to represent the y matrices by means 
of Kronecker 6 symbols. 

First let us introduce some step functions of 
discrete variables * 


= 1 tks or 4, 
+1,k = 1,2 

me (1,2) =| odieecaven (55) 
Sa D,ckrayl? 
Me (3, reg, Sar 


By means of the step functions (55) and the Kro- 
necker 6 symbols one can write expressions for 
the matrix elements of the y matrices in Eq. (36). 
In fact, it can easily be verified directly that 


Th, = en {8.08 (k — D + [.. + (— 1)*8,.1 6 (k +1 —5) 
— dus (— 1)* Ime (1, 2) 6 (2 —1 +2) 


+ Xe (3, 4) 6 (k —1 — 2)}}, (56) 


where we have used the notation 6 (m—n) = 6m. 
With this way of writing them, the matrix elements 
of the matrix vector (A),7 = (Ayy#),7 will have 
the following appearance: 


Aut ai = & {Aod (k — lI) 
Bea Asari (2 1)" tA) 6 (k° 42 125) 
As (— 1)" It, (1).2). 8 (ek —1 +2) 


Oe. (3) A) Ok = 1 2))} (57) 


*We stipulate that hereafter Greek letters shall as before 
take the values 0, 1, 2, 3, and Latin letters shall take the 
values 1, 2, 3, 4. 
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Then, using the law of matrix multiplication, we 
get, for Saitek 
(AB) os BH A uYem : Byy'mt 


oe {A, B* 
+ {AoB1 


nin(ss 1) i (A1B2 — A2Bi)} 6 (k — J) 
— AiBo + (— 1)*i (AoB2 — A2Bo)} 
x 8(k +1 —5)— (— 1)* (AoBs — AsBo) [6 (k —1 42) 
+8 (ka —)2)\t— {(— 1)" (Ais = Ashi) 
+ i (AeBs — AsBa)} [8 (k +1 —3) +5 (Rk +1 —7). 
(58) 


We note that it is enough to indicate the range of 
variation of the indices k and 7, and the step func- 
tions k,(1, 2) and k,(3, 4) can then be omitted 
in the final formulas. In intermediate steps they 
are to be kept, however, to avoid possible mis- 
takes. 

The set of six 6 symbols appearing in Eq. (58) 
is enough to exhaust all 16 matrix elements of a 
four-rowed matrix. Therefore no new 6 symbols 
appear subsequently. 

The calculation of matrix elements from the 
product of a large number of matrix vectors can 
be continued further. The method of calculation 
is obvious. 

The existence of tables of formulas like Eqs. 
(57) and (58) decidedly facilitates and quickens the 
calculation of matrix elements for reactions in- 
volving polarized Dirac particles. 

In conclusion I regard it as my pleasant duty 
to express my gratitude to Professor M. A. Mar- 
kov for his interest in this work and for discussions. 


14. Sommerfeld, Atombau und Spektrallinien, 
Vol. 2—Russian translation, GITTL, 1956, page 
219. 

2 Bethe, de Hoffmann, and Schweber, Mesons 
and Fields, Vol. 1 (Row, Peterson, and Co., 1955). 
3R. H. Good, Jr., Revs. Modern Phys. 27, 187 

(1955). 
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Expressions are derived for the mean counting rate, mean counting rate loss, and disper- 
sions of the recorded and suppressed counts for different relations between the dead time 
and the pulse duration and repetition rate. Errors due to the dead time are found to de- 
pend greatly on the relations between these quantities. The derived formulas can be used 
to compute the experimental errors due to the dead time. 


INTRODUCTION 


‘Tue statistics of counting losses associated with 
counter dead time in the case of pulsed sources is 
of considerable practical interest, because many 
investigations in nuclear and particle physics are 
performed with various types of pulsed accelera- 
tors. Earlier literature! ’?J on this subject had 
been confined to calculating the mathematical ex- 
pectation of the counting loss for counters with 
‘‘unprolonged’’ dead time!*J not exceeding the in- 


_ terval between pulses. 


This last condition is not always satisfied in 
practice. For example, in some cyclic accelera- 
tors!4] the beam is bunched with a repetition 
period equal to the period of orbital revolution 
(about 10-8 sec). The dead time of real detectors 
usually exceeds this period, and in some instances 
is considerably longer than the repetition period 
of bunches. For example, in traveling-wave linear 
accelerators"! oscillators in the 10-cm range are 
used, so that the bunch repetition period is about 
3x 107" sec. 

It is of interest to study the statistics for arbi- 
trary relations between the dead time and pulse 
spacing, and to calculate, in addition to the mean 
values, the dispersions of counts and counting 
losses (suppressed counts). 

The analysis will be based on a sequence of 
identical pulses with constant repetition frequency 
f for both “‘prolonged’’ and ‘‘unprolonged”’ dead 
times.“1 The dead time 7 is assumed to be con- 
stant and unfluctuating. A Poisson distribution 
n(t) will be assumed for the particles impinging 
on a counter (hits) during any time interval. Since 
the pulses are identical, the intensity (the mean 
number of hits per second), averaged over the 
time of the experimental run, is 


o 


WeSaf \ n (t) dt. (1) 


Time is measured here from the start of the pulse. 

Since the mean number of particles entering the 
counter ina time T is nT, which is related sim- 
ply to the mean count M and the mean counting 


loss L in the same time by 
Ge Se ois (2) 


only the expressions for M will be given below. 
Expressions for the dispersion will be given both 
in the case of the recorded counts (Dj) and of 
the suppressed counts (Dy,), since these quanti- 
ties, because of the statistical relation between 
M and L, do not satisfy any equation analogous to 
(2). In our derivations it will be assumed that the 
reciprocal pulse duty factor satisfies the realistic 
condition Q > 2. 


1. RELATIONS FOR DEAD TIME SHORTER THAN 
PULSE SEPARATION 


In these cases both the count and the counting 
loss during any pulse are independent of their 
values during other pulses. M, Dy, and Dy, can 
therefore be obtained by summations over all 
pulses. 

We shall confine ourselves to the two extreme 
cases, te > T and ta < T. In the first case, using 
the formulas for constant intensity,2] we easily 
obtain for rectangular pulses the following expres- 
sions for the mean counts of counters with pro- 
longed and unprolonged dead times (Mp and My, 


respectively ): 
Mp = nTe"*, My=nT /(1 + nQz). (3) 


For small loads nQt «1, and 
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Mp = My= nT (1 — nQt). (4) 


The dispersions (standard deviations) for small 
loads are thus given directly by 


Dm = nT (1 — 3nQz), Dp =L=nQTt. (5) 


It follows from (3)—(5) that all statistical char- 
acteristics depend on the single parameter of re- 
ciprocal pulse duty factor Q. All relations have 
the same form as in the case of constant intensity, 
but with dead time QrT. 

In the second case (te < T) no more than one 
count can occur during each pulse. For arbitrary 
pulse shapes we therefore easily obtain the follow- 
ing expressions for the mean count and the disper- 
sions (which coincide for both types of dead time ): 


M=;Ti—ey, Dy = Teh {1 — ely, 


D, = fT {n/f +e — e—2n/f — ne—"'"/F}. (6) 


Unlike the preceding case, all parameters here 
depend only on the pulse repetition frequency. 

For sufficiently high frequencies or low intensi- 
ties (f >n), Eq. (6) is simplified as follows: 


M = nT (1 —n/ 2f), Dy = nT (1—n/f), 


Dp =L = n°T / 2). (7) 


It is thus seen that the counting loss will be greater 
or less than in the case of constant intensity equal 
to n, depending on whether 1/2f is larger or 
smaller than T. 


2. RELATIONS FOR DEAD TIME LONGER THAN 
PULSE SEPARATION. EXPRESSIONS FOR THE 
MEAN COUNT 


We first obtain the mean count in the case ofa 
prolonged dead time. It is most convenient to use 
Schiff’s formula!®] for an arbitrary time depend- 
ence of the intensity, which in the given case is 

te t 
M = fT \ n (é) exp {— \ n (t’) di’| dt. 
0 t—t 


The expression for M differs depending on the re- 
lation between 1/f and 7 (Fig. 1). In one case 
(Fig. 1a), M can be calculated by dividing the in- 
tegral from 0 to t, into two integrals, from 0 to 
to — ty and from te — t; to tg. In the first of 
these integrals, the integral in the exponent can 
obviously be put into the form 


t to to t 
\ n@yda’= | n@ya ta \ nea 4\ne a. 
t—t t,t 0 0 
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FIG. 1. Three possible relations between 7, f, and te. 
a — the dead time, plotted backward from the start of a given 
pulse (on the extreme right), includes \ complete pulses and 
a fraction of an additional pulse; b — the dead time, plotted 
backward from the end of a given pulse, includes A complete 
pulses and a fraction of an additional pulse; c — the dead 
time, plotted backward from either the start or end of a given 
pulse, includes only \ complete pulses. 


After some elementary transformations involving 
(1), we have 


pte ants tty 
= e-(t4)n/f \ n (0 exp \— \ n (t’) dt’| dt. (10) 
0 ‘ 
In the second integral the expression in the ex- 
ponent is divided into only two terms, the second 
and third terms in (9). Therefore 


te 
\ n (é) exp \— \ n (t’) dt’| dt 


ti—t; t—t 


te : 
= emit | 4 (0 exp {= n (t’) di’| dt. (11) 
aes 0 
Transforming by means of the identity 
x t fe 
\n () exp {—\n (t’) di’| dt = 1 — exp {—\n (2) at} (12) 
0 0 0 


and using (8) and (10), we obtain 
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‘a ty—t ttt, 
= fTe—™MIt e—nit Nd | ay ae 
M = fTe-t fe | n@exp[ \ ne) at] at enn 
ty—t 


rie exp| “- \ n (2) dtl} (13a) 


In the second and third cases (Fig. 1b and c) 
similar calculations lead to 
ts 
M = fTe-C+01 11 — exp ee n dt] 
0 
ty 


t 
+\n@exp[— | n@) a']a}, (13b) 
ty t—te 
M = fTef {1 — e—*/}. (13c) 


In the special case A = 0, Eq. (13c) reduces to the 
expression for M in (6). 

Equation (13c) depends only on the mean inten- 
sity and pulse repetition frequency, while (13a) and 
(13b) depend also on the pulse shape and on the 
exact relation between f and rt. The simplest 
forms of these equations are obtained when the 
dead time contains an integral number wp of peri- 
ods: 


M = nTe-relf = nTe-", (14) 


i.e., the count will be the same as in the case of a 
continuous source with constant intensity n. 

These results enable us to estimate the mean 
count when the exact relation between f and T or 
the pulse shape is unknown. It follows from (8) that 
M is a monotonic function of 7. Therefore, when 
fr lies between the integers yp and k, we have, 
according to (14), 


nTe—rlf < M < nTe—"lt, (15) 


At high repetition frequencies or low intensi- 
ties (f >n) Eqs. (13a)—(13c) are simplified. 
Series expansions of the expressions in the braces 
give, to second order terms, 


M = nTet {1 +.n(ar—z—h + by2yfh, (16a) 
M = nTe-™r/i {1 — n (a2 + 83/2)/f}, (16b) 
M = nTe—F {1 — n/2f}, (16c) 


ty—t t+, ty—t 


pe rty \ n () | \ n (t’) dt | dt, h=t \ n (b dt, 


0 


ty t te 


Ay ey \ n (t) ab n (t’) dt | dt, bx = 7 n (t) , 


The coefficients a,, b;, a2, and b, do not exceed 
unity. 


At very high frequencies, when A > 1, we have 
T® A/f and Eqs. (16a)—(16c) practically coincide, 
to within a factor of the order 1 — n/f, with M for 
the case of constant intensity. 

We shall now consider the case of unprolonged 
dead time. The simplest expression for the mean 
count is obtained either when the dead time in- 
cludes an integral number of periods or when the 
dead time considerably exceeds the repetition 
period. In these instances the mean count can be 
calculated by the procedure used in references 3 
and 7 for constant intensity. Let us assume that 
M counts have been obtained during a sufficiently 
prolonged experiment. Then, if t contains an in- 
tegral number of periods A, the total number of 
periods during which hits could not be registered 
is MA, without considering in which portions of 
the pulses the counts occurred. It follows that the 
mean number of inoperative periods is 


v= 1M, (18) 


The counting loss will be the number of hits during 
these periods; the mean loss will thus be 


L=nv/f = nM /f =ntM. (19) 
From (2) we finally obtain 
M =nT /(1 +-nt). (20) 


It is easily seen that the same result follows in 
the case tf >>1, independently of the exact rela- 
tion between these quantities. The dead time fol- 
lowing each count then includes an integral number 
A of complete pulses and fractions of two pulses 
at the beginning and end of the dead time. Since 
A >> 1 the mean number of hits during these frac- 
tions can be neglected compared with the mean 
number during the large number of complete 
pulses. All considerations leading to (20) there- 
fore remain valid. Equation (20) differs in no way 
from the corresponding expression for the con- 
stant intensity case, i.e., here also the pulsed 
character of the source does not affect the results. 

For an arbitrary relation between f and T we 
shall calculate only the upper and lower limits of 
M; this can be done easily in the following manner. 
If X is the number of complete periods included in 
the dead time (neglecting fractional periods), in 
the case of M counts we obviously have 


AM<v<(A+ 1) M. (21) 


Hence, by analogy with the foregoing calculations, - 
we have 


nT ae nT 
(eas fe 7 thing: ee 


a 
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These narrow limits permit a highly accurate de- 
termination of M in the cases of large A and 
small loads (An <« f). 


8. RELATIONS FOR DEAD TIME LONGER THAN 
PULSE SEPARATION. DERIVATION OF THE 
DISPERSIONS 


The expressions for the dispersions will be de- 
rived only in the most interesting practical case 
of small loads (nt «1). Since the statistical re- 
lations for the different types of dead time coincide 
in this case, J we shall consider only the unpro- 
longed dead time, for which the calculations are 
easier. The dispersion of the counts can now be 
derived, as in 3] by passing from the statistics of 
counts to the statistics of pulse intervals. The 
number rj of complete periods between two suc- 
cessive counts obviously does not depend on the 
exact times when preceding counts occurred. On 
the other hand, in the present case (tT > 1/f — te, 
nt <1) the mean value of rj is considerably 
greater than unity. Therefore in the case of 
‘*sood’’ statistics (large M during the experiment) 
the total number of periods is approximately 


M 
R= bide 


é=1 


(23) 


The mean values ¥ and the dispersions D, of 
all rj are obviously identical. Therefore, because 
of the large number of independent rj, R has a 
Gaussian distribution with mean value and disper- 
sion given by 


R=Mr,  Dr=MD,. (24) 


Passing from the statistics of intervals to the 
statistics of counts by means of Bayes’ formula 
and confining ourselves to ‘‘good’’ statistics, we 
obtain (as in Chapter 2, Sec. 6 of 2!) 

MRT? 


Dau = RD,/r *. (25) 


Dm will be derived after r and Dy; are deter- 
mined. In the given case (rj >>1) rj can be rep- 
resented, with an error not exceeding unity (Fig. 
2), by 


r,=A+p.. (26) 


It follows from (26) that the probability of rj com- 
plete periods in the time interval between counts 
equals the probability that no particles arrive 
during r; periods but that a particle does hit dur- 
ing the following period: 


p(ri) = ne" | F- (27) 
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FIG. 2. Relations between rj, A, and p;. ri — number of 
complete periods between two successive counts; \ — number 
of complete periods in time t; p; — number of complete pe- 
tiods between termination of dead time and time of next count. 


This formula is used to calculate r and Dy (as in 
Chapter 1, Sec. 6 of '3]); 


r=h+f/n, D, = (f/n)?. 


Substituting in (25) and using the formula R = fT, 
we finally have 


Du = nT /(1 + An/f)? = nT (1 — 30n/ f). 


(28) 


(29) 


This equation is based on the fact that we are con- 
sidering small loads. When T contains an integral 
number of periods or fr > 1, we have A/f=T, 
and (29) differs in no way from the corresponding 
expression for continuous operation with constant 
intensity n. 

The expression for the dispersion of the count- 
ing loss can also be derived by a familiar proce- 
dure (Chapter 4, Sec. 6 of 3}), Without presenting 
the calculations, we note only that at small loads 
and for ft >> 1 the result is the same as in the 
case of constant intensity. 


CONC LUSIONS 


The foregoing analysis has shown that the count- 
ing loss associated with dead time depends essen- 
tially on the relation between the dead time and 
pulse duration and spacing. With increasing pulse 
repetition frequency and reduced pulse duration 
for the same mean intensity, the counting loss 
tends generally to diminish. While for t,, > T the 
counting loss increases by a factor Q compared 
with the case of constant intensity (and Q is often 
of the order of tens of thousands), when tp and T 
are comparable the counting loss is very close to 
that obtained with constant intensity (multiplied by 
no more than a few units). Finally, when fr > 1, 
there is no difference between these quantities, 
and all statistical relations are identical for the 
two cases. The difference also disappears when 
the condition ft > 1 is unfulfilled in the special 
case of a dead time containing an integral number 
of periods. 


ERRORS DUE TO THE 


Our results show particularly that high-fre- 
quency bunching of beams in linear accelerators 
has no effect on the experimental errors associ- 
ated with the dead time. 
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With the example of a model which is a relativistic generalization of the models of Ruijgrok- 
Van Hove and of Lee, it is shown that the difficulties in the latter model arise from the vio- 
lation of the Bloch consistency condition, and not from violation of crossing symmetry. In 
the Lee model a covariant S matrix exists only for vanishing renormalized charge. It is 
found that the Bloch condition in its usual form is too severe. A physical consistency con- 
dition is formulated which contains only renormalized quantities. 


lis In recent years much attention has been given 
to the difficulties inherent in the well known Lee 
model (we refer to the vanishing of the renormal- 
ized charge, the existence of nonphysical states, 
and so on). The interest in these problems is 
primarily due to the fact that there are definite 
arguments in favor of the existence of analogous 
difficulties also in an actual field theory with a 
point interaction. 

There are, however, serious grounds for think- 
ing that the difficulties of the Lee model are spe- 
cific to it and not directly related to possible dif- 
ficulties of an actual field theory. This is indi- 
cated, for example, by the fact that these difficul- 
ties disappear if we go over from the Lee model 
to the more realistic model proposed by Ruijgrok 
and Van Hove (cf. "). To settle the question 
finally it is desirable to discover the reasons for 
the vanishing of the charge in the Lee model and 
to find out whether these reasons are effective in 
an actual field theory. The present paper is de- 
voted to the analysis of this question. * 

In connection with what has been said we must 
note an assumption due to Mandelstam,'! that the 
difficulties in question are closely connected with 
the violation of the crossing symmetry (c.s.) of 
the theory.t If this assumption should turn out 
to be entirely correct, it would follow that the 


*In this paper we are concerned exclusively with relativis- 
tic theories (in particular, with the relativistic Lee model), 
The discussion of nonrelativistic models is of little interest 
in itself, especially since the difficulties are due precisely to 
the relativistic range of momenta. 

tBy c. s. we mean the symmetry of the theory with respect 
to emission and absorption of particles, i.e., with respect to 
the interchanges ~, = ¢, and so on, where the indices + and 
— correspond to the creation and annihilation parts of the 
operator 9. 


causes of the vanishing of the charge are specific 
features of the Lee model and that there are no 
such difficulties in an actual field theory. The c.s. 
is indeed strongly violated in the Lee model (the 
V particle can only emit a meson, and the N par- 
ticle can only absorb one), whereas in an actual 
field theory there is complete symmetry between 
emission and absorption. 

There is, however, no direct proof of Mandel- 
stam’s assumption. Essentially the only argument 
in its favor is the situation in simple models of 
field theory—the Lee model and the statistical 
scalar model.* If however, we go over to more 
complex models, we can verify (cf. Sec. 2) that 
this assumption is by no means always true and 
does not reflect the true causes of the appearance 
of the difficulties. It is convenient to use for this 
purpose a relativistic model considered by Smol- 
yanskii and the writer" (hereafter referred to 
as I), which is a generalization of the models of 
Lee and Ruijgrok and Van Hove. It then turns out 
that the theory is free from difficulties even when 
there are some violations of c.s.T 

It is shown in Sec. 3 that the immediate cause 
of the appearance of the difficulties is not the vio- 
lation of c.s., but the violation of the Bloch con- 
sistency condition. In the light of this last condi- 
tion the entire set of available facts receives a 
simple explanation. In particular, the vanishing 
of the charge in the Lee model is simply due to 
the fact that for other values of the charge the 

*Ter-Martirosyanl] has shown that for these models this 
assumption is valid even outside the framework of the Hamil- 
tonian method. 

tOn the other hand, a model is known (cf. (4) in 


which the renormalized charge vanishes although there is c.s. 


This property is absent, however, in the relativistic generali- 
zation of the model. 
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correctly stated problem has no solutions at all. 

In this connection it is important to note that 
for a renormalized theory, in which there is no 
mutually unambiguous correspondence between 
the bare and renormalized charges, the Bloch 
condition in its usual form can be excessively 
severe. This condition must be expressed not in 
terms of the bare quantities, but in terms of the 
renormalized quantities. It may be that the prob- 
lem has no solution in any finite order of perturba- 
tion theory, but at the same time an exact solution 
exists. Precisely this situation exists in the model 
considered in I (cf. Sec. 4). 

2. At first glance the situation existing in the 
model considered in I corresponds to the Mandel- 
stam hypothesis. In fact, setting gy = 0, we arrive 
at the Lee model, in which the difficulties under 
discussion are inherent; at the same time there is 


violation of c.s. as regards the @ particles. If, how- 


ever, we set gy =gy;> then the c.s. of the theory is 
restored, and, as is shown in I, the theory is free 
from difficulties. 

On a more detailed examination, however, facts 
appear that are in contradiction with the hypothe- 
sis under discussion. Namely, it turns out that 
the theory is free from difficulties even when 
there are some violations of c.s. 

First, in our model c.s. is radically violated 
with regard to the heavy particles. The usual 
c.s. condition, which requires interchange between 
emission of a particle and absorption of the anti- 
particle cannot be satisfied because of the absence 
of antiparticles. Even if one formulates a weak- 
ened c.s. condition, assuming simply interchange 
of emission of a particle and its absorption (this 
is possible if we proceed by the law of conserva- 
tion of heavy particles, cf. 4), this condition 
also is violated in view of the fact that the process 

=V+N is forbidden. 

Furthermore, in the case of bare charges gy 
and gy which are not equal to each other and to 
zero the theory also does not possess the prop- 
erty of c.s., and at the same time is free from 
difficulties. It is true that in this case we always 
have gov = Zon, So that the renormalized theory 
is crossing-symmetrical. Therefore it could be 
thought that in the Mandelstam hypothesis one 
must be speaking of just the c.s. of the renormal- 
ized theory. In this form, however, the hypothe- 
sis loses its force. In fact, after charge renor- 
malization the Lee model also acquires the prop- 
erty of c.s., because gy = 9. 

Finally, we must recall the model with com- 
plex charge, considered at the end of I, which is 
also unsymmetrical with respect to interchange 
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of creation and annihilation operators of the 0 
particles and has a nonvanishing renormalized 
charge. 

It follows from what has been said that viola- 
tion of c.s. is not the direct cause of the appear- 
ance of the difficulties. It is natural to think that 
these arise when there is at the same time a vio- 
lation of some more fundamental requirement, 
which must be obeyed by every internally con- 
sistent field theory. It turns out that this require- 
ment is the Bloch consistency condition. 

3. A theory in which c.s. is violated is essen- 
tially a nonlocal theory. In fact, the Hamiltonian 
of the model under consideration (for notations 
see I) 


H (x) = 9p (x) (5,4 (x) + 3_@_ (x)) P(X) (1) 
can be written in the typically nonlocal form 


H (x) = (x) | deF (x — 8) @ (6) p(x). 


The Fourier transform of the form-factor F is 
of the form 


F (k) = 6,9, (k) + 9_9_(R), 


where 9 = 9,+@-_, and 6, are step functions 
which accomplish the projection onto the positive 
and negative frequency ranges. 

If the interaction Hamiltonian is nonlocal, the 
question arises sharply as to whether the consist- 
ency conditions are satisfied, i.e., as to whether 
the S matrix exists as a definite function of the 
spacelike surface o. In the case in which the 
Hamiltonian does not depend explicitly on this 
surface the condition has the well known form 


[H (x), H (x')] =0, (2) 


where the points x and x’ lie on o, i.e., are sepa- 
rated by a spacelike interval. 

We shall show that in the model under consider- 
ation the vanishing of the renormalized charge oc- 
curs when and only when the condition (2) is vio- 
lated (for a somewhat sharper form of this condi- 
tion see Sec. 4). It is easy to understand this 
statement if we take account of the fact that a 
theory with the charge equal to zero satisfies 
Eq. (2) identically. Therefore under the indicated 
conditions no other solutions are possible. 

First we note that in the model in question the 
fermions have no antiparticles. Therefore the 
creation and annihilation operators taken sepa- 
rately (and not their sum, as for Dirac particles ) 
anticommute outside the light cone. The corre- 
sponding anticommutator 


{ap (x) ~ (x')}~ 8 (ug) — Euy), 
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where = x—x’, vanishes for §? > £2, in virtue 
of uz>u?. It is clear that the corresponding vio- 
lation of c.s. does not prevent the condition (2) 
from holding, in complete agreement with what 
was said in Sec. 2 and with the assertion just 
made. 

Using these anticommutation rules for ~ and 
substituting Eq. (1) in Eq. (2), we get 


[Ailey (x')] = is, (2) ss. (x) Ap ie—*) 
ae £5 AX) SINK. AN. (% — 2x), 


Here s,(x) =~(x)o,~(x), and A, are the well 

known commutator functions. Replacing them by 
the functions A=A,+A_, A;=i(A,—A_), only 
the first of which vanishes outside the light cone, 
we arrive at a condition equivalent to Eq. (2) 


s, (x) s_(x’) — s_(x)s, (x’) =0. (3) 


It is well known that this condition holds for a 
theory with crossing symmetry because -s, = s_, 
but this condition is less severe than the condition 
of ¢.s. 

In particular, for a model with complex charge, 
where 


So £ (pty), a g (pt1), 


the condition (3) is satisfied identically, and this 
is also in agreement with the present assertion. 
The third case of violation of c.s. mentioned 
in Section 2—that in which the charges gy and gy 
are unequal—will be discussed in the next section. 
If there is strong enough violation of c.s., the 
condition (3) may not be satisfied. In this case, 
according to our assertion, the theory must con- 
tain difficulties. This situation occurs in the Lee 
model,* where 


Seedy Co Owes fe: (hy by)- 


The left member of Eq. (3) now has the form 
g?[A(x, x’) — A(x’, x)], where 


A(x, x’) = Wy (x) Py (x’) Wy (Xx) Py (*’) 


and for it to vanish it is necessary that g = 0. 
From this it is clear that the renormalized charge 
must also be zero, 


Zo = 9. (4) 


Thus the compatibility condition enables us to 
determine the value of the renormalized charge 
without making dynamical calculations. In the 
general case of charges gy and gy which are 
not zero this condition gives 


*The fact that the Bloch condition is not satisfied in the 
Lee model has been noted previously. !° 
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(5’) 


from which it follows by considerations of symme- 
try that 


ay = en 


bv — Son. (5) 


Precisely this relation is obtained by direct calcu- 
lation (cf. I). If we violate the relation (5”), the 
corresponding bare charges turn out to be complex, 
and we have all of the difficulties that come from 
this.“ This situation is also in agreement with 
the statement made earlier. 

The only problem that remains unsettled is con- 
nected with the relation (5’), which at first glance 
contradicts the statement in question. In actual 
fact, as was noted in Sec. 2, the theory is free 
from difficulties even for charges gy and gy 
which are not equal to each other (and to zero). 

It turns out, however, that the condition (2) is in 
certain ways too severe. 

4. Let us first look into the properties of the S 
matrix of the model under consideration in the case 
Sy ~Sy- Because of the violation of the condition 
(2) the S matrix does not exist at all in the infinite- 
time representation of Tomonaga and Schwinger. 
We emphasize that for the time being the discus- 
sion is being conducted in the language of bare 
charges, which corresponds to the treatment of 
the unrenormalized theory. 

When one uses the usual one-time formalism 
the violation of the compatibility condition mani- 
fests itself in the fact that violations of causality 
and of relativistic invariance arise at once. The 
point is that the expression for the S matrix in- 
volves retarded commutators of the type 6 (x —x’)x 
[H (x) H(x’)]. Since this commutator does not 
vanish outside of the light cone because of the 
presence of the function A, (see above), and the 
function @ has an invariant meaning only inside 
the cone, a violation of the two conditions that 
have been indicated is inevitable. Thus the terms 
in the expansion of the S matrix can be divided 
into two classes. The first includes those that 
contain only the function A; terms of the second 
class contain also the function A, and thus con- 
tradict the conditions of causality and of relativ- 
istic invariance. 

If, however, we analyze the structure of the 
terms of the second class, it turns out that their 
dependence on gy and gn is of a very specific 
type. In the lowest order of perturbation theory 
the matrix element in question depends on the 
combination et — eh (for gy = gy this element 
must vanish). If now we sum all of the reducible 
diagrams of higher orders that correspond to this 


CAUSE OF VANISHING OF THE RENORMALIZED CHARGE 


matrix element, then after the renormalization 

is carried out the combination just mentioned goes 
over into the difference of the squares of the re- 
normalized charges, giv een: This fact is closely 
connected with the renormalizability of the model 
under consideration, which was already noted in 

the first papers on the Ruijgrok-Van Hove model 
(cf. ©), 

But the equation gy a on = 0 holds for any value 
of gy and gy (cf. I). Therefore after renormali- 
zation the exact solution for the S matrix has an 
acceptable structure because of the actual vanish- 
ing of the terms of the second class. Returning to 
the infinite-time formalism, we can say that in this 
case the renormalized S matrix exists in spite of 
the violation of the condition (2). 

It is important to emphasize that the vanishing 
of the terms of the second class occurs only in the 
exact solution; if we confine ourselves to terms of 
a finite order in gy and gn, the combination in 
question by no means vanishes. What has been 
said can be illustrated by the impossibility of the 
inverse expansion of the renormalized expression 
in terms of the bare constants, because of the 
nonanalytic behavior of the relation gov = 8oN 
= (gygy)'” (cf. 1). 

Thus the consistency condition in its usual form 
is in fact too severe. It requires the existence (in 
the one-time formalism, the causality and relativ- 
istic invariance) of each term of the expansion of 
the S matrix in terms of the bare coupling con- 
stants. This requirement is excessive, and, more- 
over, unphysical. The physical compatibility con- 
dition must be formulated in the language of the 
renormalized quantities only (see below). 

Thus even if the original Hamiltonian does not 
satisfy the condition (2), there is a certain possi- 
bility for the theory to be ‘‘self-perfecting.’’ For 
example, in the model considered just now the ra- 
diative corrections, which are different for each 
of the vertex parts, lead finally to the restoration 
of consistence. 

This situation is possible owing to two circum - 
stances. First, it is important that there is no re- 
ciprocally unique correspondence between the bare 
and renormalized charges. Whereas the region of 
variation of the bare charges is the plane (gy, EN)» 
the region of variation of the renormalized charges 
(the so called normal zone ) degenerates into the 
line gyy = gon. In the Lee model there is an analo- 
gous degeneration of the line g into the point go 
=(. Therefore to a given value of the renormal- 
ized charge there corresponds a whole set of val- 
ues of the bare charge. The degeneration of the 
normal zone, without which, by the way, the diffi- 
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culties discussed in this paper are themselves im- 
possible, is due to the great effect of virtual quanta 
of high energies. * 

Second, it is important that the theory is renor- 
malizable. This means that there exists a separa- 
tion of the Lagrangian into free and interaction 
Lagrangians, different from the ordinary separa- 
tion, and such that the bare quantities disappear 
from the theory; their place is taken by the renor- 
malized charge and mass.!8] The corresponding 
S matrix is finite and contains only the renormal- 
ized quantities. 

It is natural to take the physical consistency 
condition to be the condition of the existence of 
such a renormalized S matrix. This condition 
is hard to write in a closed mathematical form 
because of the presence of derivatives in the new 
interaction Lagrangian (cf. (81), Nevertheless we 
can assert that all of the cases considered above, 
including the case gy = gy, are in accordance 
with this new condition. It is enough to note that 
this condition is equivalent to the requirement of 
causality and relativistic invariance, in the sense 
that has been indicated, for the S matrix written 
in the one-time formalism. 

In conclusion we emphasize once more that in 
view of the complete equivalence of. two theories 
that differ only in the values of the bare coupling 
constants but not in the values of the renormal- 
ized constants, the question raised at the end of 
Sec. 3 is completely disposed of. 

5. The analysis made here thus shows that in 
the framework of the model considered the renor- 
malized charge goes to zero only when the exist- 
ence of a covariant .S matrix is impossible with 
any other value of the charge. Of course we can 
still not conclude from this that there are no other 
causes for the vanishing of the renormalized 
charge. 


In any case we can state that the cause that 
leads to the difficulties in the Lee model is with- 
out force in a real field theory (the corresponding 
Hamiltonian satisfies the consistency condition ). 
Therefore the situation in the Lee model provides 
no additional arguments for solving the problem 
of the difficulties of a real field theory. 

I express my deep gratitude to I. E. Tamm for 
his interest in this work and to E. S. Fradkin for 
numerous discussions. 


*If the contribution of these quanta is small, the assertion 
of the preceding section (and also the Mandelstam hypothesis) 
loses its force. This applies in particular to the Lee model 
with a form-factor, and also to the model with a nonrelati- 
vistic dispersion law of the nucleons.) 
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The acoustical absorption in paramagnetic crystals due to spin-lattice interactions is consid- 
ered theoretically. The estimates obtained for the acoustical absorption coefficient show that 
the effect may be quite easily observed experimentally. 


ily The possibility of affecting the spin system of 
a paramagnet by excitation with acoustical vibra- 
tions was first pointed out by Al’tshuler. 1] He de- 
veloped the theory of the resonance absorption of 
sound by the spin system, which is the analogue of 
paramagnetic resonance. 

Along with resonance methods of studying the 
dynamic properties of a spin system, considerable 
use is made of the susceptibility dispersion and 
the energy dissipation in the paramagnet on apply- 
ing an alternating magnetic field parallel to the 
constant one; these effects are caused by relaxa- 
tion processes in the spin system. It can be ex- 
pected that the acoustical analogue of these phenom- 
ena exists. In the present paper we discuss the 
acoustical absorption in paramagnetic crystals due 
to relaxations between the spin system and the 
thermal lattice vibrations. The calculation is made 
semiphenomenologically, using a method developed 
by Mandel’shtam and Leontovich"#! and by Shaposh- 
nikov, I which allows the behavior of a system 
subject to time-dependent excitation to be consid- 
ered in a thermodynamic way. 

2. We assume that the paramagnet can be sub- 
divided into two subsystems which interact weakly 
with one another; the spin system belongs to one 
of the subsystems and the remaining degrees of 
freedom (of the lattice) belong to the other. The 
thermodynamic state of the lattice will be taken to 
be independent of the state of the spin system. In 
other words, we will consider paramagnets for 
which the spin-lattice relaxation time T is much 
longer than the spin-spin relaxation time Tg; in 
addition, the temperature of the paramagnet 
must not be too low (otherwise the second assump- 
tion will not be satisfied). 

The state of the spin system in complete ther- 
modynamic equilibrium is completely character- 
ized by a temperature T, equal to the lattice tem- 
perature T,, and by the value of the external 


magnetic field H. We choose the components of 
the deformation tensor for the external parameters 
characterizing the state of the spin system when 
sound is propagated in the paramagnet. 

We consider a small volume of the crystal, of 
which the linear dimensions, L, are such that 
L «A, where A is the wavelength of the sound; 
this volume should, however, contain a sufficiently 
large number of atoms for a macroscopic descrip- 
tion to be possible. We assume henceforth that 
when sound is propagated in the paramagnet both 
subsystems of the volume under consideration pass 
through a series of equilibrium states. It is then 
necessary that the frequency of the sound, w, be 
much smaller than 1/Tg. 

If the sound propagates along one of the coordi- 
nate axes, for example z, and the oscillations are 
longitudinal (which corresponds to the usual exper- 
imental conditions), the number of components of 
the deformation tensor reduces to one 


Urs = U = Uy COs (qz) et = ue’, (1) 


where q is the wave number. The work performed 
on the spin system of the volume considered when 
the parameter u is changed is 


6A =odu, o =o (u, H, T) = — OV/du. (2) 


Here W is the free energy of the spin system in the 
presence of the external magnetic field H, and o 
is the generalized force corresponding to the co- 
ordinate u. 

If the amplitude of the sound wave is small, the 
departure of the system from the state of complete 
thermodynamic equilibrium can be taken as infini- 
tesimal. Therefore, the departure of the parame- 
ters o, T, and T,; from their equilibrium values 
0) and Ty will be small, which we utilize below by 
writing all equations in a linear approximation in 
terms of the quantities u, &, =a- , 6=T- Tp, 
and 0; cS iy ee To- 
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The dissipative properties of the spin system 
can be conveniently described by introducing (in 
analogy with the magnetic susceptibility) the 
‘‘acoustical susceptibility of the spin system”’ by 
the following equation: 


ONS ge 1a (3) 


where ¢’ and ¢” are real. It is easily seen that the 
attenuation of a sound wave in the paramagnet, 
caused by the dissipative properties of the spin 
system, is determined by the imaginary part of the 
acoustical susceptibility. The energy absorbed in 
unit time is 
E=AU= ot" w'f, (4) 
where A and U are the real parts of the variables 
o and u; the point signifies differentiation, and the 
bar averaging over time. 

Thus, our problem reduces to finding ¢”. A 
series expansion of o in terms of 6 and u close 
to equilibrium gives 


E = (Pur)o 9 + (Pun) ot, 


To determine @ we apply the equation of thermal 
balance to the spin system. The quantity of heat — 
6Q which the spin system exchanges with its sur- 
roundings consists of two parts: 

1) The heat given up by the lattice in time dt: 


Y, =PW/axdy. (5) 


6Q’ = —m (T —T;) dt = —m (6 — 6,) dt. 


Here x; is the thermal conductivity between the 
spin system and the lattice. 

2) The heat flowing out to the remaining parts 
of the spin system: 


30" = di \ div (— xs grad T) dV, 


where ky is the thermal conductivity for the spin 
system. The linear dimensions of the volume V 
are much less than the acoustical wavelength, and, 
consequently, grad T does not change within its 
limits, so that we may write 6Q” = x,VV’6. 
Considering what has been said in Sec. 1, the 
lattice vibrations can be considered adiabatic at 
each point; thus the difference of the lattice tem- 
perature from its equilibrium value will be 4 


0,= —Toy p G — 4 vt) wey = — Bu. (6) 


Here ay is the thermal expansion coefficient, p 

is the density of the crystal, vj and vt. are the 
velocities of sound polarized longitudinally and 
transversely, and c,; is the lattice thermal capacity 
under constant pressure. From the equation of 
thermal balance we find 


0 = IT (Wry)o iw — Bua] /liwcy + +x), (7) 
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where cy is the thermal capacity of the spin sys- 
tem under constant magnetic field. 

Using (3), (5), and (7), we obtain the imaginary 
part of the acoustical susceptibility for unit volume 
of the paramagnet: 


ag T (Ppy)y (1 + Mav? / 07C;,) + BC (Pru)o OT 
= (1 a Hato? / CH Gy a2 @2T2 Cy , 


(8) 


where T = Cy/k; is the spin lattice relaxation 
time, Cy is the thermal capacity of the spin sys- 
tem for unit volume, and y = /V. 

8. In order to express ¢” in terms of known 
quantities, it remains to find (Wpy)o explicitly. 
By definition 


A 


W = — kT in| Spexp cat (9) 


Because the parameter u is small, the Hamilton- 
ian of the spin system, #, can be expanded in 
power series of u: 


H = Ho+Fut+..., (10) 


where %t) iS the spin-system Hamiltonian in the 
absence of sound. 

We assume that the spectrum of the spin system 
consists of two groups of levels, separated in en- 
ergy by an interval AE > kT while the lower 
group of levels lies within the limits AE’ «xT. 
This assumption is true for the majority of para- 
magnets in a wide temperature range (down to 
liquid-helium temperature). In this case the effect 
of the upper levels on the behavior of the system 
in the acoustical field is insignificant, and, ex- 
panding (9) in powers of 1/kT, we obtain the fol- 
lowing formula for (WT y)) on taking into account 
the first nonzero term of the expansion: 


ates 


a (11) 


(Yra)o = ra [Spoof — + Sp Ho Sp F], 
where 7 is the number of states ofthe spin system. 
Substituting (11) and (8) in (4), and averaging 
throughout the volume of the crystal, the general 

formula can be written down for the acoustical 
absorption coefficient, defined as the ratio of the 
energy absorbed in unit volume to twice the flux 
of acoustical energy. We will write down the 
formula for the absorption coefficient, taking into 
account the following facts. Bloembergen™! has 
evaluated the thermal conductivity: Kk, = Cya7/50Tg., 
where a is the shortest distance between spins. 
This estimate shows that, at temperatures above 
liquid helium, for reasonable acoustical frequen- 
cies and for the majority of paramagnets, we 
have . 


ustw?/v8Cy = 45a? /50 Mt, <1. (12) 


—-... e 
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It is seen from formulae (6) and (8) that the 
part of ¢” caused by the change of lattice temper- 
ature under the effect of acoustical vibrations 
leads to a multiplier Cy/Cj, the value of which is 
insignificant at not too low a temperature. Thus 
we obtain the following formula for the acoustical 
absorption coefficient in unit volume of the para- 
magnet: 

4 ues A A ]2 2. 
a= mene Sto — = Sp He Sp F | THOR 

4. We now make numerical estimates of the 
acoustical absorption coefficient for typical para- 
magnets. 

1) We consider first paramagnetic salts with 
ions whose spin, S, is greater than Yee Crt 
and Ni2tions (S = */ and S =1, respectively) 
surrounded octahedrally by diamagnetic particles 
X. In the absence of sound the Hamiltonian of the 
spin system has the form 


Ho ai > E (Hx Six 1 HjSig Ae HS }2) 


/ 
42D Sie + Sy + 8:2) | + He (14) 


Here H is the strength of the external magnetic 
field, Sx Sy Ss, are the operators projecting the 
spin onto the coordinate axes directed at the X 
particles, D is the constant describing the split- 
ting of the spin levels in the crystalline electric 
field of trigonal symmetry, 5 sg is the spin-spin 
interaction Hamiltonian, B is the Bohr magneton. 
We neglect g-factor anisotropies. 

Using the results obtained by van Vleck,® we 
write down the operator F for the case when the 
electric charge of the X particles is zero (water 
molecules): 


B= 5 (eR3~* (13 + 18 — 278) (28) — Six — Sin) 
i 
ood Rae 9) (Si, ar Sie) + &oR [1172 (S):Siy a SiySjx) 


hats (S152 sr 58)3) + 2%s (SjySjz + SSn)ii 


2 4 
ea ie a (e) (BR (19) 
where 71, Y2 Y3 are the direction cosines of the 
acoustical propagation direction, / is the spin- 
orbit coupling constant, r is the radius of the d 
electron, A is the total splitting of the orbital 
levels of the paramagnetic ion in the crystalline 
cubic field, p is the electric dipole moment of 
particle X, and R is the distance to it. 


Substituting (15) and (14) in (13) gives 
a = (AN? /T?Cy) w*t / (1 + wt?); 


A = 2-10-8 (e2D®R® / pk?) (4S? (S + 1)? 


— 3S (S + 1)]? (12 + Y1%s + Yes)": (16) 


where N is the number of paramagnetic ions in 
unit volume. It is clear from this formula that a 
strong variation of the acoustical absorption coef- 
ficient on the propagation direction of the sound in 
the crystal should be observed. In particular, a 
has a maximum if the sound propagates along the 
trigonal symmetry axis of the crystalline field, 
and becomes zero if it is directed along the cubic 
axis. For example, if in potassium chromium 
alum the sound is directed along the principal 
cubic axis of the crystal, then a = 0. (Strictly 
speaking a # 0, since van Vleck, 1 neglected in 
the calculation of F a small contribution propor- 
tional to H, which will give acoustical absorption 
four orders of magnitude smaller than that being 
considered.) If the sound is directed along the 
trigonal symmetry axis of the crystalline field of 
one of the ions in the elementary cell (the elemen- 
tary cell of alums contains four non-equivalent 
ions, whose trigonal axes are directed in space 
along the diagonals of a cube), then the absorption 
coefficient is a ¥ 10° cm~! when the following 
values for the constants are assumed: / = 88 em~', 
A = 50,000 em~', vj = 2.3 x 10° cm sec™!, r’ 

= 1.23 x 10718 em’, r# = 2.46 x 107? em’, R = 2 

x 1078 em, p = 2x 1078 cgs esu units, w= 3 

x 10’ cps, T = 300°K, H= 0, T= 0.5 

x 1078 sec. 

2) For the case of paramagnetic ions with spin 
S ='/, the spin-lattice interaction energy in crys- 
tals is proportional to the magnetic field, as a 
consequence of Kramer’s theorem. We take mag- 
netic dipole-dipole interactions into account by 
considering the magnetic field close to the para- 
magnetic ion to consist of the external magnetic 
field plus a local field created by all the remaining 
magnetic particles. 

As a concrete example we consider a salt of 
divalent copper, in which the Cu?* ion is in octa- 
hedral surroundings. As a rule, one of the four- 
fold axes (we choose it as the z axis) is different- 
the octahedron is compressed or extended along 
this axis. Using the spin-lattice interaction opera- 
tor of Bashkirov [7] we obtain, after calculations 
analogous to those made in Item 1, the following 
expression for the acoustical absorption coeffi- 
cient: 


~—SaR e 
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a = (A’N? / T8Cy) wt / (1 4- w*t?); 

Ares (e°B4 / push?) [(@2 med 2)? H 
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6 = © (eulr® / AdR3). (17) 


Here the local magnetic field values have been 
averaged assuming that they are distributed for 
the various ions according to a Gaussian law with 
an effective field constant of K. The quantities 6 
and A are the splittings of the orbital levels in 
the tetragonal and cubic internal crystalline fields, 
respectively, and ~1, @», 3 are the direction 
cosines of the external magnetic field. 

It should be noted that the angular variation of 
the absorption coefficient in formula (17) may be 
inaccurate, since, when calculating the spin lattice 
interaction, Bashkirov' only took into account the 
quadratic terms of the expansion in the electronic 
coordinates of the d electron energy in the elec- 
tric field of the crystal; there is reason to suppose 
that the following term in the expansion (of fourth 
degree in the coordinates) may be important 
(cf.[6J), 

If the sound and field are directed so that for 
one of the ions in the elementary cell of a 
CuSO,°5H,O crystal we have (y? — y#) =1 and 
(gy? — v3) =1, and we use the following values for 
the constants, 6 = 1400 em~!, A= 12300 em™!, 

1 = 695 cm~!,{0 y = 104 oe, K KH (the remaining 
values of the constants are the same as for the 
alums), the acoustical absorption coefficient is 
a= 107 cm. 

The estimates made for the acoustical absorp- 
tion coefficient show that the effect considered 
can be experimentally observed. The strong varia- 
tion of the acoustical absorption coefficient on the 
value of the external magnetic field simplifies the 
separation of the paramagnetic absorption of sound 
from other mechanisms. The mechanism we have 
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considered will, apparently, always play an unim- 
portant role in the general absorption of acoustical 
energy in the crystal. We note that the variation 

a = a(H) is markedly different for ions with spin 
S='/, and S>'4. When S>'% the paramagnetic 
absorption of sound in most cases apparently dis- 
appears as H increases; if S = '4 the acoustical 
absorption coefficient increases according to the 
law aa H? as H— o. 

Apart from its intrinsic interest, the experi- 
mental study of the effect we have considered will 
give important information on the spin-lattice 
interaction in paramagnetic crystals, which, as is 
well known, has been studied so far quite inade- 
quately. 

In conclusion, the author thanks S. A. Al’tshuler 
for constant interest in this work and for discus- 
sion of the results. 
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We have used quantum field theoretical methods to consider a uniform, infinite system of 
fermions with pair interactions. The interaction consists of two parts: an attraction U of 
range b and a strongrepulsion V of range a, with b >a. The ground-state energy ex- 
pression is expanded in terms of two parameters— ap'/3 and 1/bp'/ 3 _for the intermediate 
range of densities p (b°p > 1 and a%p <1). All diagrams, the contribution of which to the 
energy is not less than the contribution which in the gas approximation is cubic in a, are 
taken into account. We show under what conditions there are states of the system for which 
Eay < 0, 9Egy/dp = 0, and 0°Eay/dp" > 0 (Egy is the energy per particle). We obtain in 
the two-parameter approximation a set of equations that enable us to find the ground-state 
energy. We compare this set of equations, obtained in the present paper, with Brueckner’s 
equation which corresponds to the gas approximation. 


1. INTRODUCTION 


Ws obtained in a previous paper, (1! in the approx- 
imation of weak correlations, a set of equations for 
the ground state of nuclei (or of nuclear matter ). 
We then essentially left out of the discussion the 
nature of the forces that must act between isolated 
particles in order that the weak correlation approx- 
imation be valid. A similar situation occurs also 
in other papers [2] on nuclear matter or on atomic 
nuclei as many-body systems. 

It is well known that at distances of 1.5 to 2.5 
fermi units the nucleon-nucleon interaction poten- 
tial is negative. A study of experimental data on 
nucleon-nucleon scattering and on high-energy 
pick-up processes and similar ones enables one 
to assume that there are strong repulsive forces 
acting at distances of 0.4 to 0.5 fermi units [3+41 
We base our assumptions upon these data and as- 
sume that the nucleon-nucleon interaction poten- 
tial consists of two parts: an attraction U anda 
repulsion V with ranges b and a, respectively, 
where U « V, a <b. 

A consistent consideration of nuclear matter as 
a many-body system is made difficult by the fact 
that there is no small parameter which could be 
used reliably to estimate the perturbation-theory 
diagrams and to sum them. Indeed, the quantity 
that characterizes the contribution from different 
diagrams of the same order is pod, where Ppp is 
the Fermi-momentum. If pob « 1, the so-called 
gas approximation is valid,?4 and if pogb > 1 and 


U is not large, the high-density approximation is 
valid.'6] For the inner regions of heavy nuclei 
(and also for nuclear matter) py is such that 

poo 3 and the large value of V makes it impos- 
sible to use the high-density approximation. 

However, the fact that the assumed interaction 
consists of two parts enables us to introduce not 
one but two parameters, ppa < 1 and ppb > 1, and 
to expand the ground-state energy, the energy of 
single-particle excitations, and so on in powers of 
poa and 1/pob. The approximate equations obtained 
by this method for the single-particle and pair wave 
functions enable us to verify the validity of the weak 
correlations approximation. 

Since the system considered here, with two kinds 
of interaction, is of interest not only as a model for 
nuclear matter, we shall consider the problem from 
a more general point of view, restricting ourselves 
only to the following assumption about the forces: 
lv| > |U|, a«b and apy «1, bpp >1. For the 
sake of simplicity we restrict ourselves to homo- 
geneous systems of infinite extent in space, we 
determine their binding energy, and we show under 
what condition a state can be realized for which 
dEgy/dp = 0. 


2. A SYSTEM WITH TWO KINDS OF INTERAC- 
TIONS. ESTIMATES OF DIAGRAMS 


We shall use the apparatus of quantum field 
theory as a general method of considering systems 
with a large number of particles. We write the S- 
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matrix of the system under consideration in the 
form 


Suse T exp {— \v (x1 — x2) 


2) 
+ U (x; — xe) pt (rm, f) pt (re, fe) 
Xp (re, ¢2) p (ri, 1) dri dre dtdts| , 
V (m1 — x2) + U (x1 — Xe) 


= [V (r1 — rz) + U (ri — r2)] 6 (4h — 2), 
(1) 


Regarding the ground state of a system of non-inter- 
acting particles as the vacuum state and changing 
from the T- to the N-product, we can use a dia- 
gram technique.* Then: 

1. In each vertex there enter three lines, one of 
which corresponds to a factor —iU(q) or —iV(q) 
while the other two are either internal or external 
lines that correspond to the motion of virtual and 
real particles and holes. 

2. An internal line corresponds to a propagator 
which in the momentum representation is equal to 


G-! (p) = p, — p?/2 + i680 (p), 


at—am=f ER, @ 


where pg, is the energy and Ny the occupation num- 
ber of non-interacting particles in the ground state. 
3. The law of conservation of four-momentum is 
valid at each vertex. 
4. The diagram of n-th order in U and V is 
multiplied by 


Bam = 1. 


n by Ugice 1) (221)Ph 
2"m! nl 
where P is the number of closed particle-hole 
loops, and k and m the number of U- or V-lines 
(k >m) which are arranged over the diagram in 
such a way that interchange of U and V does not 
change the matrix element. We depict in each dia- 
gram V by a dotted line and U by a wavy line. 

We consider first diagrams containing V only. 

Since apy « 1, we can restrict ourselves to the 
ladder (gas) approximation, which corresponds to 
multiple scattering of one particle of an isolated 
pair by the other particle of the pair (Fig. 1). Since 
Va? > 1 one must everywhere perform the summa- 
tion over V instead of the separate diagrams of 
Fig. 1. We denote the sum depicted in Fig. 2 by 
Veft- 

Of all the diagrams containing only U, the main 
contribution is made by the diagrams of Fig. 3, 
where in each order of the perturbation theory the 
maximum number of particles ( whichis equal to the 


*For details see references [5], [7], and [8]. 
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order ) is excited. The ratio of any diagram of 

Fig. 1 to another of the same order is less than 

(apg)a, and the same ratio for the diagrams of 
Fig. 3 is of higher order in bpp.* We denote the 
sum of diagrams in Fig. 3 by Ueff and depict it 

by a double wavy line. 

From the calculation given in Galitskii’s paper!*1 
it follows that we can assume—at any rate to get 
estimates—that the effective short-range interac- 
tion Vege is the same as the scattering amplitude 
of hard spheres of radius a.f One can assume 
that the scattering amplitude is constant for not 
too large values of the momentum. Moreover, if 
Veff ~ 47a,. then poVeff «K 1. The scattering am- 
plitude is independent of the magnitude of V for 
sufficiently large V. It will become clear in the 
following that all expressions for the total energy, 
the single-particle Green’s function, the effective 
interaction, and so on, contain in the integrand 
steeply decreasing functions of the type (x—a)7! 
and the integration over the intermediate momenta 
is thus limited to momenta not larger than a few 
times pp, and this means that for estimates one 
must everywhere substitute a instead of Veff. 

We shall take into account all diagrams whose 
contribution to the ground-state energy Ep is 
larger than that from the term proportional to a® 
in the gas approximation. We must thus drop all 


*We shall. give a more detailed and accurate comparison of 
different diagrams in another paper, where we shall use as an 
example the value of p, corresponding to nuclear matter, and 
where V, U, a, and b are taken from nucleon-nucleon inter- 
action data, 

TIn the system of units in which m =fi = 1, Vege is nearly 
equal to f, i.e., to the scattering amplitude. 
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diagrams which contain powers of Ver¢ larger than 


the second. All irreducible diagrams* which de- 


termine Ey, and which do not contain higher powers 


of U than the first are depicted in Fig. 4. 

We now consider irreducible diagrams contain- 
ing higher powers of U. The main contribution is 
in each order in U given by the diagrams contain- 
ing the smallest number of integrations of U (q) 
over the momentum transfer q, since U(q) is 
different from zero only for small values of q. 
Thus, of all the possible complications when we 
go from the n-th to the (n+1)st order in U, we 
must take into account the diagrams depicted in 
Fig. 3. We must then take into account, apart 
from the diagrams of Fig. 4B, the five diagrams 
that are obtained from Fig.4B by replacing U by 
Ueff (for instance, the diagram of Fig. Se 

In first order in Veff one must take into ac- 
count the diagrams of Fig. 6, as becomes clear 
from the estimates given in the following. In 
zeroth order in Veff one must take into account, 
apart from the correlation energy diagrams (Fig. 
7a), also the exchange diagrams. One must, of 
course, take into account irreducible diagrams in 
which instead of the Green’s function (2) one must 
substitute the Green’s function that takes the self 
energy into account T 

*Diagrams are called irreducible if they do not contain 
parts of the self-energy type. 

*A consideration of &(p) will be the subject of a subse- 
quent paper. 


€ 


Py B, 


a 


FIG. 7 


G-1 (p) = pe — p?/2 — 2 (p) + 160(p). (3) 


Before we go over to estimate the reduced dia- 
grams, we must note that should it ever become 
necessary to take into account terms proportional 
to V3¢e, the main difficulty would lie in the appre- 
ciable increase in the number of mixed diagrams. 

To elucidate the conditions for the existence of 
a state of the system for which 8Egy/dp = 0, itis 
necessary to know how the matrix elements depend 
ON py. Since the dependence on py is different for 
different potentials, we perform the estimates for 
three potentials: U = (Ug;/rvj)e', U=Une 2", 
and a potential which is a square well of depth Ug 


and width b. For the diagrams of Fig. 4A we have* 
Ub' ps; b: UPo» 


a: Uospo/V'» U spol 2s 


c,d: aps —e, J: Unrapilvy, Uvsapevs In (pols), Uoapos 


and for the diagrams of Fig. 4B 
fay ceo, ee ~ ap Uo! a*poU ee, a*piUo. 


*We shall give elsewhere more detailed estimates of the 
diagrams for nuclear matter. 


U esis U opr: 
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It is somewhat more difficult to estimate the terms 
containing Uogf. 

For the correction to the correlation energy, 
which is described by the diagram of Fig. 7a, we 
find by summing the diagrams of Fig. 3 in the ap- 
proximation pyb > 1 (see [®! and [%) 


Po -00 
3 
Ber = 5-3) qrdq \ ds [In (1 —B) Bl, @) 
09 —oo 


( Po| U (a) | {(1 —sarctg—) 


Zr? 


(5) * 


+ £[a+syin(1+ 4) — FES]. 


If for our estimate we replace Vor by 47a, we 
get for the diagram of Fig. 6a 


Po 


-++co 

Ce lee DSA NRE eos te oa BE 

core = >) woes (1—B) BF (6) 
It is expedient to distinguish two cases in (4) and 

(6), namely B>1 and B<1. If B<1 we find 

from (4) after some straightforward but tedious 


calculations 
Po 


— saa | dq U? (q) [1 — In 2) + at (4 In 2—1)]. 
(7) 


E corr =, 


For all long-range potentials with finite range, 

U (q) tends with increasing q to zero at least as 
fast as 1/q?. The main contribution is thus given 
by that part of B which does not contain a factor 
q, and this makes it possible to drop in Baas the 
term proportional to q. We get then 


Po 
0.23 eC 
= — fgg tPo\ qdqU? (q). (8) 


0 


a 
Ecorr 


The exchange diagram of Fig. 6 contributes the 
same. An estimate yields 


Bron, = (Uial¥,) In (po/¥1), Use/v3, Use? In pod; 


Evo apo (Uoi/Vi) In (pols), aPoUie/ v3, apoUs6 In (pb). 


(9) 

We consider now the case when B > 1. One can 
easily verify that the main contribution to Egory 
and Eaoy, will be made by the integration over q 
from a dy, Such that B(qm) ~ 1 to py (i-e., 
Gm ~ Y1, ¥2, 1/b). To obtain estimates when B > 1 
we must thus replace the quantities In (p,b), 
In (py/v4) in (9) by In (po /dy )- 

When choosing the diagrams occurring in the 
correlation energy (Fig. 3 and the diagram of 
Fig. 7a) we have noted that in each order the 
ratio of the retained diagram to any dropped one 


* arctg = tan” *. 
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is larger than pb. This means that the contribu- 
tion from the diagram of Fig. 7b and from the dia- 
grams of Fig. 6c and d is smaller by approximately 
1/p)b than the contribution from the diagrams of 
Figs. 7a and 6a, while that from the diagram of 
Fig. 7c is less than that from the diagram of Fig. 
7a by a factor 1/p%b’. 

The estimates performed here enable us to 
reach some qualitative conclusions. 

1. If a > Ub? the attraction U is taken into 
account only in first order and the energy is eval- 
uated from the hard-sphere formula;!19] 


3 20 
Eav=7o Po [1 +7 U0b* Po 
41 
+ oo pa + ae (1 — 21n 2) pta®|— 5 tig: (10) 
2. if ass Up bs the expression for the energy is 


given by Eq. (10). Of most interest is the case 
where a « Upb® since it corresponds to the pos- 


sibility of forming a state with negative total energy. 


3. GROUND STATE ENERGY AND EQUATION OF 
STATE OF A SYSTEM WITH TWO KINDS OF 
INTERACTION 


We evaluate the energy pertaining to one nucleon 
in the ground state when U,)b® >a.* For the dia- 
grams of Fig. 4A a and b we find 


E* =\U(r)dr, 


4 i U, 
Eo =— De (ame \ Np,Np,U (|pi— P2|) dp, dpp> — oR ’ 


(11) 
where p = p3/6r” is the density of the particles 
with spins in the same direction. 

We now find the contributions from the dia- 
grams of Fig. 4A c andd. The difficulty in solving 
this problems lies in the difference. between (3) and 
the free-particle Green’s function (2). In the pres- 
ent paper we shall not attempt to solve this prob- 
lem exactly, and assume only that Z(p) can be 
approximated in the momentum range 0< p< 1/a 
by a quadratic parabola; this corresponds to re- 
placing the kinetic energy p?/2 in the Green’s 
function by p*/2u;.1 The effective interaction Vesf 
is expressed in terms of the amplitude for hard 
sphere-hard sphere scattering: 5] 


*We assume that the interaction potentials are spin-inde- 
pendent. G,(p) contains 5,,- where s’ and s are the spin 
components at the ends of the line G in the diagrams, In all 
results given here we have summed over s. 

tOne can hope that the results given here will not change 
appreciably when the dispersion law differs from a quadratic 
one. 
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Veter tin (7) k 


If one replaces p*/2 in the single-particle Green’s 
functions by p?/ 2u1, i.e., if one takes into account 
that the scattering takes place in a dispersive me- 
dium, then Verf ~ uj! [f + O(f*) ], as one can verify 
using the derivation of Voge given by Galitskii.[*! 
Since the function f is equal to a for the mo- 
menta pa <1 which are of interest to us, and is 
independent of y;, the effective interaction Veff 
is proportional to a/y, and this expresses the 
change in the effective repulsive potential by a 
factor p; if the presence in the system of a long- 
range attraction is taken into account. Such an 
approximation is unsatisfactory for p © py. How- 
ever, if integration over a wide range is important 
in the matrix element (short-range potential ) the 
contribution from the p * py region is negligibly 
small. We can thus evaluate it assuming that the 
above-mentioned method of taking the change in 
the single-particle Green’s function into account 
is sufficiently accurate. The contribution from 
the diagrams of Fig. 4A c and d is then equal to 


BE = pR(apo/3rp1) + po(2a*p5/35 my) (11 — 2 In 2). (12) 


If, however, the p © py region is important, we 
must use a different approximation: 


X (p) = % (po) + 42 (po) 
or 


(q =P — Po). 
(13) 


+ pt = + ph + qo + Po + Pol tee 


One can verify that py, differs less from unity than 


My. 

We now consider the diagrams of Fig. 4A e and 
f. If we restrict ourselves to the term proportional 
to a in Vogf, we find after integrating over the 
fourth component of the momentum 


e 6 > 
ee Daj \ PitPadParty, tt, (=n,) 


x (1 — Np.+p.—p,) U’ (po |P1 — Ps \) 
x [F ps+ > (Pr + P2 — Ps)” 
— 1 p?— +p + 2 (ps) -+ = (|Pi + P2 — Ps) 


— 3% (p;) — 2 (P2) + 218 (Mp,+p.—ps + Mp, — Mp, — fila: 


(14) 
Terms of the type 


dp, dp. dps dps 


Pi + Py — Ps — Pa 


which we obtain on integrating, vanish because the 
domain of integration is the same for all variables 


while the denominator is antisymmetric. To dis- 
play explicitly the way the energy depends on the 
density, the momenta are expressed in units po. 
Writing q = pj-p3 and using the fact that U (q) 
decreases steeply with increasing q we expand 
the integrand [apart from U(q)] in a power 
series in q, retaining the first two terms. After 
straightforward but very tedious calculations we 
get 

1 


apob2 r 
— spe | dq U'(4po) @ 


0 


pie 


x((I SiO) ee TAC! In2—1], 


U" (p09) = Po (Pog) (15) 


The contribution from the diagrams of Fig. 7a 
and those of Fig. 6a,b is obtained by analogy with 
(4) and (6): 


3p? 5 3 ee 
E corr = sae, | qrdq \ ds [In (1 — ».B) + 2B], (16) 
0 —co 
Sap F q3dq ae p2B? 
Bese Tas Tae | ds [In (1 —yB) +.B +" |; 


(17) 


the quantity B is defined in (5). 

If apjb >1 and E2,..,, is of the order of the 
part ECd which is proportional to a”, then (11), 
(12), and (15) to (17) determine the ground state 
energy of the system Ey = EgyN, where N is the 
number of particles in the system up to terms of 
the order a’. 

As an example we give the expression for Eo 
for an exponential attractive potential Uye"”* for 
the case where B < 1: 


1 


Ejeet te © op, Po. Ley 
ee tare Maa opts 2 +8 


3 Ne alied: 2Po 1 Vv 
! — —— < — — — 
+5U = {zIn Vv Coa =| 


1 2 2 
+ ace OPO 7% Senta, 1! — 2 In 2) poa? 


= U,av {4(1— In 2)(2 In & —1) 
+s(1— ox )(41n2— i} Mi ples Ny —n2) 


(18) 


3 pa apo 
+ 5 (4In2— NF 1) + 0.08 7 


The equation of state of the gas considered is ob- 
tained from (18) by differentiating with respect to 


p: 


P = p0EgW/Op. (19) 


For a density for which (U)/v?)(po/v) > 1 the 
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pressure is basically determined by the attractive 
potential. Therefore P< 0, corresponding to a 
tendency of the system to compress without limit. 
However, the presence of a repulsion, the energy 
of which increases very steeply with increasing 
density (together with the term ~ pia’ in (18), an 
important contribution to Ey is starting to be made 
by the terms proportional to pea? and by all higher 
powers of p,a) and this leads to the fact that at 
high densities the rate of growth (dE/dp) of the 
energy of the attraction and of the repulsion com- 
pensate one another and the pressure is deter- 
mined by the kinetic energy. 

We shall, however, be interested in the case 
where P= 0, and we shall now consider that case. 


4, SPONTANEOUSLY CONDENSED SYSTEMS 


If the system is not closed, the condition P = 0 
may not be satisfied for its internal energy, and 
there is no connection between p, a,:b, V, and U. 
Closed systems will spontaneously condense to 
such a density that P = 0, and there is thus a 
well-defined connection between p and the param- 
eters of the potentials. In the present section we 
shall study systems for which 


dEav/0p = 0, OE ay / Op? > 0. (20) 


These are precisely of greatest interest to us, 
since they apply to practically all atomic nuclei.!!1 
Condition (20) was proposed in [1] on the basis of 
a set of equations obtained to describe the ground 
state of atomic nuclei. In the present paper (20) 
appears as an additional condition. 

Let us consider what requirements are imposed 
on the potentials U and V by the existence of a 
minimum of the ground state energy with respect 
to p when apy < 1 and bp) > 1. It is of certain 
interest to show that a many-particle system with 
two-body interactions taken from experimental 
data* can be in the state (20). It is well known 
that (20) is not satisfied when there are only at- 
tractive forces (Wigner’s theorem). Exchange 
forces by themselves lead to the possibility of 
satisfying (20). 

If the interaction potential is negative and con- 
tains together with an exchange part also a non- 
exchange part, (20) is not satisfied. We consider 
under what conditions strong repulsions at small 
distances can lead to (20) being satisfied. It is 
clear that one can always find a p for which (20) 
is valid if V is sufficiently large. However, we 
shall in the present paper be interested in the 
possibility of satisfying (20) just for an interme- 


*For example, for nuclear matter from nucleon-nucleon 
scattering experiments. 
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diate density when Egy is determined with suffi- 
cient accuracy by the sum of the contributions 
from the diagrams of Figs. 4 to 7 or simply by 
(18). One sees easily that in order that condition 
(20) be satisfied it is necessary that the expres- 
sion for the energy E,, contain terms that in- 
crease more rapidly than p with increasing 
density. 

Estimates of the diagrams which were given in 
the foregoing, and also Eq. (18), show that the only 
term which increases more rapidly than p is the 
term proportional to pt! a: 


E,= = py? (6n?)a? (11 — 21n 2) p's = 13a°p/ wy. (21) 


The remaining terms, either those corresponding 
to the presence in the system of only a long-range 
attraction or the mixed ones, cannot contain p in 
powers higher than the first, as can be seen from - 
the estimates. 

We shall see under what conditions condition 
(20) can be satisfied. We find from (18) and (20) 


3 4 3 1 1 2 
Spee ro x § tq nant +} 


"8 
RE ORT eo aye 
Toy 30771 
He 4 On ap) 
— 86 4 {8(1 —In2) + (4 In2—1)| 
He &° g 3 ae 
— BE {0.08 4, — g(4in2—1) 57} = (22) 
3 6 al 3 4 4 
pani oye HAN oo er eis eae 
8 0.16p12 1 
+ aeqmy, (11 — 21m 2) 0+ oo CE 
ag ge ai Ox ed 
+ Bee {24(1 — In 2) + 5 (41n2— 1} 
3 { 
cad et een acer ha (23) 
where 
E=Uo/v?, = pov, © = poa. 


Let U be the Wigner potential. Then & < 0 and 
one can show that yw, and p. > 1. The calculation 
given here had a meaning only because ¢ « 1 and 
7 > 1. But under those conditions (23) is not satis- 
fied since all terms in (23), apart from those pro- 
portional to ¢? and cé2/n?, are negative. It is per- 
fectly clear that the average energy Egy of the 
ground state of the system considered must be 
negative. We find from (18) and (22) 


~ (1 — m2), 2 In v1; (24) 


1 
from which we see that Egy > 0. 
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We consider a system such as a neutron fluid, 
since we neglect the Coulomb interaction and do 
not take the isotopic spin of the particles into ac- 
count. The result obtained here means thus that it 
is impossible for a neutron fluid of intermediate 
density to exist if its interaction potential is the 
Wigner potential. This conclusion does, of course, 
not exclude the possibility that there exists a bound 
state at densities so high that ¢ +1 and 7 > 1. 

We now see what changes occur if we take the 
Majorana potential into account along with the 
Wigner potential. We shall assume for the sake 
of simplicity that their radial dependences are 
the same and we denote the respective parts in 
the mixture by the letters W and M. (18) is then 
changed and using (20) we find instead of (24) 


il 


Bar= 5 P—(F—M)Uo+ ZF —M)Uem 


ae 
+ 2(W—2)U05 


Spls Ww M c 


Beate 
05pm, ° Po 
(25) 


or 
M> W/2, 5| W/2— M || E| > W (1 — 207/21 py). 
(26) 
If M = W/2 we have p, <1. For sufficiently large 
M (M 2 W) the quantity py, is appreciably less than 


unity.* If, moreover, nf > 1, we have from (23) 
C2 > 2,7 4, (27) 


and we get from (22) an equation for 7, which in 
first approximation can be written as 


0.6 + 1.27 (W — M/2) &y + 0.32 G/pr + 0.22 /ps = 0. 
(28) 


The appearance of the factor py, leads to terms 
~a* being able to contribute to the energy to ap- 
proximately the same extent as the kinetic energy 
even if ¢ is appreciably less than unity. (One 
must therefore take into account terms propor- 
tional to a®, for instance when studying nuclear 
matter.) It is clear that the introduction of an ex- 
change interaction does not only enable us to 
achieve Ey < 0, but also increases the repulsive 
energy so that (27) can be satisfied. One can show 
that E,, and the density corresponding to (20) de- 
pend strongly on the radius of the core (of the 
short-range potential) a, while the above-men- 
tioned strong dependence arises from the require- 
ment that (20) be satisfied. 

The presence of two kinds of particles in the 
system increases the repulsive energy. Indeed, 

*u, depends, generally speaking, on the density in such a 
way that 0?(p @/p.)/dp? < 1102p */dp?. In that case, however, 
02(p4/p1,)/dp? > d2p 4/dp?. 
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if ¢ «1, the repulsion is important only in states 
for which the spatial part of the pair wave function 
is symmetric. The statistical weight of such a 
state is equal to unity for identical particles, while 
it is equal to four for different particles. The re- 
pulsive energy per particle is thus increased three- 
fold. For smaller values of 7 when ng ~ 1 we get 
from (23) instead of (17) 


—1,9(M — W /2)€C3 In 28 + 0,22¢2/pi>0.6 (29) 
and from (22) we get an estimate for € 
E= — 0.25 /u(W —M/2). (30) 


Equations (30) and (25) go together. We note that 
(27) is satisfied if ¢ is not too small. One must 
then take into account the contribution from the 
diagrams of Fig. 4B, which leads to a decrease of 
the kinetic energy, as is clear from estimates. 

Up to now we have considered the possibility 
that there exists a bound state when ¢ <1 and 
n >> 1. However, one can verify by a direct calcu- 
lation that the contribution of the correlation en- 
ergy is altogether very small even if 7 2 1. Equa- 
tion (18) is in that case incorrect since it does not 
take into account the contribution of the diagrams 
of Figs. 6c, d and 7b, c. However, for estimates 
one can neglect them in orEuyy ap” compared to 
the exchange terms in (23), i.e., 


(W /2—M)é (In2n — 0.25 + 0.8/n) > 0.31n%. 


There is thus a possibility for the existence of a 
bound state when ¢<« 1 and 7 > 1, if exchange 
forces are taken into account. 

Although the density-dependence of the matrix 
elements containing U is different for different 
potentials, one’ can conclude on the basis of esti- 
mates given earlier that the results of the present 
section are qualitatively independent of the form 
of U. If we take into account that the nucleon- 
nucleon interaction consists of two parts, it is pos- 
sible to show that (20) is satisfied for nuclear 
matter at intermediate densities only if there is 
a strong repulsion at small distances (a core) 
and also an appreciable admixture of exchange 
forces in U. The equilibrium density p will de- 
pend strongly on the core radius. 


5. A COMPARISON WITH BRUECKNER’S 
METHOD 


Recently Brueckner’s method,*4 which is 
based upon replacing the true interaction by a 
t-matrix which is obtained from an integral equa- 
tion, has been used very widely for studying sys- 
tems with interactions of the kind considered, in 
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particular for nuclear matter. The ground state 
energy, the single-particle energy, and the basis 
functions, ?»11 and also the t-matrix are deter- 
mined from the following relations 


N N 
Eo=—Dd(i|F])+z D Welt aie), 
i=1 i, k=1 


; ik|V-+U t | 
(ik| t\lq) = (ik| V + U | lq) + > a 
s, p>F Rake q s p 


Er = —(t || 4+ 2 (at Ala), 


q<F 


(31) 
where the notation is the same as in Li] 

The equation for the t-matrix is obtained in the 
ladder approximation 11 and is valid only at low 
density. Since, however, p)b is about 3 to 3.5 for 
nuclear forces, such an equation has no exact theo- 
retical foundation. Doubt was therefore often ex- 
pressed as to the validity of the method, and aston- 
ishment in connection with the good agreement with 
experiment both for the average energy per particle 
in nuclear matter and for the density for which the 
energy is aminimum. Apart from the agreement 
with experiment, arguments in favor of this method 
are based either on qualitative considerations (see 
a discussion in |!2] on the influence of the Pauli 
principle and the ‘‘healing length’’) or on calcula- 
tions of some of the dropped perturbation-theory 
diagrams. 

Hugenholtz [13] has, however, already shown that 
in the high density approximation (corresponding 
to pob = 3 to 3.5) the main contribution is not 
made by the ladder diagrams (compare estimates 
of the diagrams of Figs. 4a,b,c and 7a). More- 
over, in Brueckner’s method some formal difficul- 
ties are raised by the possibility that the t-matrix 
may have poles below the Fermi surface, which 
would make it wrong to drop terms containing 
higher powers in t than in (31). Many attempts 
have been made to get rid of these poles but they 
have not been successful. The appearance of 
poles need not cause surprise since in the low- 
density approximation the presence of an attrac- 
tion (however small) leads to a logarithmic di- 
vergence in the scattering amplitude near the 
Fermi surface. It is, however, not clear whether 
this singularity is real in the case of nuclear mat- 
ter, for instance, or whether it appears because 
of an application of the Brueckner method. * 

In the present paper a different method is pro- 
posed, which as far as we can see is free from 
the above-mentioned deficiencies. For compari- 
son we obtain the set of equations of the type (31) 
in the two-parameter approximation. The contri- 
bution from the diagrams of Fig. 4A c,d can in 
the notation of (31) be written in the form 
~ *The problem under what conditions poles appear in the 
pair scattering amplitude will be considered elsewhere. 


AMUS’YA 


fe 2 


ry| 


N 
+ (ik| Q| Aik), 
i,k=1 
where Q is determined from the integral equation 


ae ' 
(ik| Q | lg) = (ik|V| tg) + asec eer ere 
S, p> 


E, + £,—&, (be 


Summing the contribution from the diagrams of 
Fig. 4A a to f, we find 


N N 
di S| d+ yD (ik|| Aik), 


(ik | V + U| sp) (sp 1 Q| lq) 
E,+£,—£;,—£,. © 


(33) 


Ey 


(ik|t| lq) = (ik|V + U| lq) + >i 


=(t = |4+ 2 (la|*| Ala). 


Equations (33) can be generalized in such a way 
that one can take into account the diagrams of 
Figs. 7a and 6a,b. We leave for the moment the 
problem of the application of these equations to a 
nucleus or to nuclear matter; this requires con- 
siderably more accurate estimates of diagrams 
than the ones given here. At the present more 
accurate estimates are being made. 

In conclusion I consider it a pleasant duty to 
express my deep gratitude to Professor L. A. Sliv 
and also to G. M. Shklyarevskii for many discus- 
sions and valuable hints and to D. A. Kirzhnits 
for interesting discussions about the problems 
of this paper. 
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A hydrodynamical explanation is proposed for the deviation from ‘‘Ohm’s law’’ encountered 
in measurements of the specific electric conductivity of some liquids. The explanation is 
confirmed by the experimental data reported in the literature. 


ly studying the electric conductivity of liquids, 
experimenters frequently encounter ‘‘deviations 
from Ohm’s law’’: the voltage is found to be pro- 
portional to neither the current nor the distance 
between electrodes. Explanations for this circum- 
stance are sought on the basis of gas electronics 
with the possible motion of the liquid medium 
neglected. 

For example, Goodwin and Macfadyen [1] (see 
also [2] p. 340) report measurements of the resis- 
tance of highly purified n-hexane between flat 
electrodes (no dimensions indicated) spaced 550 to 
420 apart. The plotted results (Fig. 6 of 4] or 
Fig. 230 of C2) show that the current increases 
strongly with increasing voltage. An explanation, 
which is not too rigorously confirmed by experi- 
ment (the bending of the lines in Fig. 7) is sought 
in the ‘simplest theory of impact ionization’’: the 
liquid is considered to be as a whole a stationary 
medium, through which the ions move and are 
sometimes recombined. 

Yet the possible role of hydrodynamic phenom- 
ena in the process involved in the passage of cur- 
rent through liquids (and gases) has been 
mentioned earlier on several occasions, for ex- 
ample in [3,4]. In particular, even primitive dimen- 
sionality considerations, say the very listing of 
the possible cases, make it possible to establish 
(neglecting the inhomogeneity of the dielectric 
constant and electrostriction) that a real liquid 
capable of electrolysis cannot be immobile in a 


strong electric field between stationary electrodes. 


The spontaneous motion of the liquid under these 
conditions was noted many times (see, for exam- 
ple, J, Fig. 5). In the case of laminar spontaneous 
motion of the liquid, the electric current flowing 
is proportional to the cube of the field intensity 
(“J formula (19)], so that ‘‘Ohm’s first law’’ is 
not satisfied. 


If we replot Fig. 6 of] in new coordinates (the 
cube root of the flowing current i vs. the potential 
difference between the electrodes El = U) we ob- 
tain the plot shown in Fig. 1. It is seen from this 


j,arb. units 


FIG. 1. Results of replotting Fig. 6 ofl'] for n-hexane. 
The numbers on the curves denote the interelectrode distance 
in microns. The liquid was in spontaneous laminar motion. 


plot that the experimental points (with several 
isolated exceptions) fit well straight lines with 
abscissa intercepts whose average is approxi- 
mately 500 volts. This shows that the applied 
voltage produces essentially in the liquid an elec- 
tric field, the cube of which is proportional to the 
mean density of the electric current in the spon- 
taneously moving liquid. The remaining small 
part of the voltage is needed to overcome the sur- 
face resistance on the boundary of the electrodes 
(and perhaps also to remove the electrons from 
the metal of the electrodes), and to produce a cur- 
rent of sufficient strength (see Fig. 49 in the book 
by Levich,'®] Sec. 46, p. 252). 

If we now relate the slope of the resultant lines 
with the interelectrode distance, we obtain 
from Fig. 1 the plot shown in Fig. 2, from which 
it is seen that for a specified current the voltage 
applied to the liquid (i.e., after subtracting the 
voltage drops at the electrodes) is proportional to 
the distance between electrodes: ‘‘Ohm’s second 
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FIG. 2. Reciprocal of the slopes 
of the lines of Fig, 1, in arbitrary 
scale, as a function of the distance 
between electrodes. The ‘‘effective 
resistance’’ is proportional to the 
distance between electrodes. 


“S00 


law’’ holds. This means that we indeed deal here 
with a relation between the current density and the 
field intensity within the layer of moving medium 
(averaged values), and not with an edge or wall 
effect. 

If these considerations are true, then we must 
recall (see) that the coefficient of proportional- 
ity between the current and the cube of the field 
intensity is not at all connected with the specific 
electric conductivity of the liquid, but is obtained 
essentially by dividing the square of the dielectric 
constant of the liquid by its dynamic coefficient of 
viscosity. To measure the intrinsic conductivity 
of an electric insulating liquid it is necessary to 
use a low electric field intensity (see [4] table on 
p. 1918, with benzene as an example). 

G. A. Skanavi ('], p. 270, Fig. 156) gives the 
measured values of the electric conductivity of 
transformer oil. These show once more that the 
current is not proportional to the voltage, and that 
certain differences in the five cited curves can be 
attributed to the shapes and finishes of the elec- 
trodes. Figure 3 shows curves 1, 2, 3, and 5 re- 
plotted as in Fig. 1, but for different electrode 
shapes. It is seen that the lines drawn through the 
points pass either through the origin or very close 
to it. We can therefore conclude that here, too, 
the liquid was in spontaneous laminar motion 
during the measurements. 

Curve 4 corresponds to a partieular set of 
carefully cleaned flat copper electrodes, has a 
_ different form and is therefore not included in the 
foregoing group of replotted curves. In the text 
this curve is pointed out as being one example of 
particularly precise results. Yet, as shown in [4] 
(formula 22), if the liquid is in turbulent spontan- 
eous motion the current density is proportional to 
the square of the field intensity, the coefficient of 
proportionality being essentially determined by 
the dielectric constant and by the density of the 
liquid and also by the linear dimensions of the in- 
strument, and is not at all connected with the elec- 
tric conductivity. 
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FIG. 3. Result of replotting Fig, 156 ofl] for transformer 
oil. Curve 4 is for liquid in spontaneous turbulent motion, 
while the remaining curves are plotted for laminar flow. 


Curve 4 of Fig. 3 is the mate of curve 4 in Fig. 
156 of J, having the same values of the voltage 
(abscissa), but the ordinates are now the square 
roots of the current (arbitrary scale). It is seen 
that the points all fit quite well a straight line 
passing through the origin. This means that the 
liquid was in spontaneous turbulent motion during 
the measurements. The conciseness of the original 
text does not enable us to advance any hypothesis 
to explain the change of the laminar motion of 
curves 1, 2, 3, and 5 into the turbulent motion of 
curve 4. 

Some light is cast on this question by Fig. 10 
of the paper of Toriyama [1] on the electric conduc- 
tivity of transformer oil. In Fig. 4 we show in 


FIG. 4. Result of replotting 
Fig. 10 ofl’) for transformer oil. 
The figures on the curves are the 
distances between flat electrodes, 
in millimeters. In the regions S, 
L, and T the liquid was station- 
ary, laminar, and turbulent, re- 
spectively. — 
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logarithmic coordinates the dependence of the cur- 
rent on the applied voltage, obtained from the 
aforementioned diagram. The entire diagram con- 
sists evidently of regions demarcated by the dashed 
linesand markedS, L, and T. In the region corre- 
sponding to low current densities (less than 8.5 

x 1078 amp/cm’), the current is approximately 
proportional to the voltage and inversely propor- 
tional to the distance between the plane electrodes 
(diameter 25 mm), so that both ‘‘Ohm’s laws”’ are 
obeyed satisfactorily. It must be assumed that the 
liquid was stationary during the measurements 
(region S). The specific resistivity, calculated 
from the data for this region, is found to be 2.1 

x 10!2 ohm-cm + 13 percent. 

The region corresponding to large currents but 
small distances between the electrodes, i.e., to 
small applied voltages, shows a cubic dependence 
of the current on voltage (the slope of the lines is 
3:1) and therefore indicates that the spontaneous 
motion of the liquid is laminar (region L). 

At large distances between the electrodes, and 
accordingly at large applied voltages, the two 
foregoing regions become separated by a third one, 
characterized by a quadratic dependence of current 
on the voltage (slope of curves 2:1). It must be 
assumed that this is a region where the liquid is 
in turbulent spontaneous motion (region T). 

It is possible to see on this diagram that as the 
distance between electrodes is increased and if 
the applied voltage is high (for example, 16 kv), 
the liquid between electrodes is first stationary 
(region S), and the current is low and obeys 
“‘Ohm’s law.’? After a certain sufficient field 
intensity is reached (about 40 kv/cem) the liquid 
goes into spontaneous turbulent motion and 
the current increases as the square of the field 
intensity; the effective resistance is then inversely 
proportional to the field intensity. As the elec- 
trodes come closer together, the motion of the 
liquid begins to be slowed down by the viscous 
boundary layer adhering to the electrodes and 
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becomes laminar in spite of the continuing in- 
crease in field intensity; the effective resistance 
decreases as the inverse square of the field inten- 
sity. No region of turbulent motion was observed at 
low voltages. 

The small number of points on the last diagram 
and their relative spread did not enable us to es- 
tablish with sufficient reliability the limits of the 
indicated regions. More detailed experimental in- 
vestigations are therefore necessary, as well as 
attempts at a theoretical solution of the nonlinear 
problem of electric convection, following, Benard 
and Rayleigh,* for example. 

A. Shteinberg and R. Shatrova participated in the 
reduction of the curves. 


*We note that an error has crept intol 4], namely that in 


Sec. IV of the article the letter p denotes (unlike the re- 
maining sections of the article) not the dynamic but the 
kinematic viscosity of the liquid. This error occurred also in 
the numerical values for air, listed in the table on p. 1918. 
The error was corrected inl’), 
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Corrections are determined to the quantity A characterizing the pair correlation, in the 
second order of perturbation theory in the rotation. Corrections are estimated to the rota- 
tion spectrum, arising from the dependence of A and consequently of the moment of inertia 


on the nuclear spin. 


Ir is well known that a magnetic field reduces the 
magnitude of the energy gap 2A in a superconduc- 
tor. Since a magnetic field is equivalent to a rota- 
tion, the rotation of a system of ‘‘paired’’ particles 
will also lead to this same effect. The reduction of 
A results in an increase in the moment of inettia. 
Since the change of A depends on the rate of rota- 
tion or the spin I of the system, this will lead to 
corrections to the moment of inertia which are 
proportional to I(I1+1) and consequently to cor- 
rections to the energy proportional to I?(1+1)?. 

The calculation of the change in A is conven- 
iently done by the method of Gor’kov and Migdal,!4 
using the equation for the Green’s function. In the 
present paper we shall find the diagonal corrections 
to the solutions of the Gor’kov equation in the sec- 
ond order of perturbation theory and find the de- 
pendence of A on I. Using the dependence A (I) 
thus found, we can estimate the corrections to the 
energy of the rotating system proportional to 
P(1+1)*. 

We shall write these equations for the Green’s 
functions 


G (x1, x2) = —i<T [p (xm) Ht (x2) ]d, 
F = — iT [pt (x1) pt (x2)]> exp (— 2nd) 
in the usual form 
(io/ot — H) G— iAF = 8 (nm — 1), 


(to/ot + H* — 2un) F + iA’G = 0, (1) 


where ~(x) and ~*(x) are the operators for anni- 
hilation and creation of particles, yw is the chemical 
potential, and A is a quantity characterizing the 
pair correlation. The quantity A is found from 

the equation 


ne r\F (r,t, eee 
E 


(2) 


Here F(r, r, w) is the time Fourier component of 
the function F, y is the interaction constant of the 
particles, while the contour C consists of the real 


axis and the infinite semicircle in the upper half 
plane. 

The total Hamiltonian of the system of particles 
has the form 


H = H° + H’ = H®— M’Q, 


where H is the Hamiltonian of the nucleus in the 
rotating system, M* is the angular momentum 
along the x axis, coinciding with the axis of rota- 
tion, and Q is the angular velocity. 

Treating the term M*Q as a perturbation, it is 
easy to calculate the diagonal corrections (which 
are the only ones we are interested in for what 
follows) in the second order of perturbation the- 
ory in the functions G and F. For the case where 
the functions G and F are expanded in eigenfunc- 
tions of the Hamiltonian H°, these corrections 
have the form 


Ga = > (Hy, [G,G),G, — GFi,Fx — FiDi Fa = FaP aca 
AL 


+ iH, Axx [G,G,,Fx — GaP a,Ga— PaFo,Px — FxDa,Gil 


+ i Ada ttaa (— FxGy,G, + FaPaFa + GDrFa + GF i,@ 


+ Aya, Arr [FGF — FaFi,Gx = Graf ,Fx— GDr, Gal} 
-b iA, 2F GQ, — wd ha ia ip (3) 


Fo = eo {Hoa Haan (D,Dy,Fx + DrFr,G, + FrxGx,G, — PrP a Fa 
A 


+ iHy,Ana(DrxPo,Fx +DyDr,Gx + FxGaFx — PaFxjGh) 
+ i Aja Hoa (FxDa,Fx + FxFx,Gx + DxGr,G, — DaFr,Fr) 


— Aja, Aaa (FaFaFa + FxDa.Gx + DrGa,Fx —DaFr,Gr)) 
+ 2u"D)F, + iA" (FxF, — DrG,). (4) 
Here G), F,, and D) are given by the formulas 


G. ky Eye an (E, —2,) 
ETS CS: EST Aa 2E, (o + E, — id) ' 
Fics 2& Joe ee eee 
ee EM ees ena 
pe (E, — &)) (Ey + &) 
Dy = 2E, (o — E, + id) © 22, (@ + E, — id) ° (5) 
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The equation for determining A” has the form 
A" (1) =7 2 Fa 0) ® (1) (0). (6) 
A 


In the present paper we shall be interested in the 
quantity A” averaged over the nuclear volume V: 


At 1 ” 
A =;\ (r) dV. 


From formula (6) we then obtain an equation for 
As 
&£ = 7) 0: (6’) 
A 


Using Eqs. (6) and (2) for the unperturbed A, 
we easily find (assuming that A”(r) depends 
smoothly on r) that 


ah (0) +2" Yar, = 0. (7) 


Using formulas (4) and (5) this equation takes 
the form 


S) {Haan | 


Ay 


A (8, — &)" (&,& — A?) 
4(E,E, )? (E, + E,,) 


A (A2 + £237 E,E),) 
4 (E,E,,)? (E, + E,) 


(&, — &,) 


+ (Aa Anan — Ada, Haga) eaencess 


A? (2), — &)) (2A? + (e&, — &,)? + 28,8, + E,E,,) 
z 4 (E,E,,)° (Ey + ),) is 
A (8 — &),)? (&8,, — A?) 
4 (E,E,,)° (Ey + Ey,) 


A (E,E,, + & 8), + A?) 
4(E,E, )*(E, + E,,) \t 


Pr AG [ 


” ey Wo 4 
+ pA Y'— — A*A?S5'— =0. (8) 
Doe Dio 
The corrections associated with the change in 
the chemical potential y” can be calculated from 
the equation 


DG 20, (9) 
ra 


Evaluating »” from this equation, we can show that 
the corrections to A” resulting from a change in 
the chemical potential will be ~ (A/€,)? ~ qs 
and can be neglected. 

The quantities in square brackets which appear 
in (8) have sharp maxima, as a function of €) for 
fixed €,-—€,,=4, of width ~A at the point €) 
+€,,. Thus these quantities can be calculated by 
the quasiclassical method developed by Migdal.™ 
One easily sees, by calculating the elementary in- 
tegrals, that the sums in square brackets can be 
replaced by the expressions 


(1+ 2x*)g—1 5 (ea), 


2A (4 + 2%) a0) 


Les «hy ee 
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x (9g — 1) 6 (e,) 
LR Sa (11) 
(9g —1 
[.. Je — FE = 5 (2), (12) 


where 
In| x Vo x | peg Teh 
xV1i+x f 2h 


It is easy to calculate the sum in the last term 
in (8) by changing to an integral over ¢€): 


& (x) = 


{ Po 
AG Aa 13 
Does A? (13) 


where py is the level density at the Fermi surface. 
As a result, Eq. (8) for A” takes the form 


Ar Clone y 
PoA’ = — >) {Sa ae Hyg aH gen 
AAy 
xg — 1 HO AH. : ; 
a 2A (1 + x?) [( AAYAAWA ~—— ADA, Ayr)% ft Arar Ara I} 6 (€). 


(14) 

We shall carry out the further calculations for 
the model of an axially symmetric deformed oscil- 
lator. 

In this model the operator M* is different from 
zero only for transitions with ny =nx +1, nz =nyz 
+1. To quasiclassical accuracy all possible matrix 
elements Mi, , are equal, and the energies of the 
transitions are €,—€), =+ (wz + wy). 

In this model, as shown by Migdal,"¥J 


A’ =— is M*Q, (15) 
where 
ee) Bir ay — ae ee aes 
at OH & (%1), G2 = & (%2), %1 = QQ 


@, + a 


Ate Ae 


Xo = 


while the rigid moment of inertia Jy is equal to 


xt x2 4 ; 
eS eae 2 
Jy= ae i) | Mya, |° 8 (ea). 
1°2 AA 


Then calculating the sum (14) by using (15) and (16), 
we get 


(16) 


Bawa Regie Raye Sete ten i ae Sen et 
A 2pyA7J? | (x2 + x2) x2 (1 + 3%) a 
(x2.g2 — 1) (1 + 2ax} — 0x5) : 
} a || (17) 
x5 (1 + x5) is 
or, abbreviated, 
A” Molt +4) 
a eae Spoaee L (x1, Xo). (17a) 
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Formula (17) supplies the answer to our problem. 
From (17) we see that in order of magnitude A”/A 
is equal to the ratio of the rotational energy I(I+1)/ 
2J to the total pairing energy —p,A?/4. The nu- 
merical coefficient in the curly brackets is approx- 
imately equal to 0.4 for actual deformed nuclei. 
Formula (17) enables us to estimate the change in 
A at the point of transition from the superfluid 
state to the normal state. This change is of the 
order of 40%. In fact, at the transition point we 
have the relation 


pAE do Lele ee WO eats Plato (18) 


In our qualitative estimates we neglect the slight 
difference in A for neutrons and protons, and we 
always write the total density pj). For a more pre- 
cise computation it would be necessary to write the 
energy of the pair correlation — pod?/ 4 separately 
for protons and neutrons. However, this produces 
an insignificant change in the results. 

The critical spin for the transition is equal to 


Lilet 1) =e -OnAid ple (lg de (19) 


For angular momenta I< Ig the superconducting 
state will be stable and J< Jy, while for I> Ig the 
normal state of the system is stable, in which A 
pifand J'= Jy. 

In first approximation we shall assume that. A 
is not changed at the transition point. Then, sub- 
stituting (19) in formula (17), we get an estimate 
for the change of A at the transition point: 


A, L 


Rt Cet Cot say 


(20) 


Since J/Jy = >, An/h w 0.4, i.e., it is only in 
first approximation that we can regard the value 
of A as being unchanged at the transition point. 

Let us compute I, on this assumption. To 
quasiclassical accuracy py = 3A/2€). The Fermi 
energy of the nucleus is €) ~ 36 Mev, while J/Jy 
= 0.5. The moments of inertia in the region of the 
rare earths are J ~ 33 Mev +, while in the region 
of heavy elements J ~ 72 Mev +. Estimating Ig 
according to formula (19), we find I, = 11 for the 
rare earths, while I, = 17 for the heavy elements. 

Similar estimates of this effect were first made 
by Mottelson."9] These moments agree with the 
maximum moments observed in experiments on 
Coulomb excitation. “4 

The observation of rotational states with I> I 
by using electromagnetic transitions from states 
with I< Ig will be difficult, since we must then 
excite a state in which A = 0 and consequently 
there must occur a marked readjustment of the 
internal state of the nucleus. As we have pointed 


im GRIN? 


out earlier, ®] in a transition with a marked change © 
in A, a retardation factor 


Wes [I] (wut + vhoh)|” = exp {9 > In (uwiuh + oxoh)} 
r . r (21) 

appears, where uy = %(1+€ /E), va 
= ¥,(1—€)/E,), while the superscripts i and f 
denote the initial and final states, in which the 
nucleus has different values of A. Assuming, for | 
example, that in the final state Af = 0, we obtain, 
by changing from summation to integration, | 


i |e | : 
EN Tre L | 
2 ( Vaewa | 


(22) 


ee 2 — — PoA(n—2) 
Ver+ A? 2 * 


K = exp {— poA (xn — 2)}. (23) 


Since, when we include the change in A for large 
values of I, ppA (7-2) ~ 5 for the heavy elements 
and ~ 4 for the rare earths, K ~ 10°”. 

We can also estimate the corrections to the ro- 
tational spectrum of the system, 6E = — BI27(1+1)?, 
resulting from the change in A and the consequent 
change in the moment of inertia. 

As was shown by Migdal,"! moments of inertia 
can be described well by the expression J = Cx, 
where C =const. Then the change in the rota- 
tional energy when A is changed will be 


mI +1) 9, _ (I +1) 5A 


2J? ad A (24) 


(0) Se 


Substituting for 6A in (24) from formula (17), we 
get 


SE ce — Oe 9) 2 (pany, 


4p oA2J3 (2 5) 


Thus we obtain as an estimate for the coeffi- 
cient B ; 


B =x — JoL/4 po A*3. (26) 


The usual nonadiabatic correction to the rota- 
tion spectrum, omitting the pair correlation, was 
calculated previously by us and has the form 
(for a deformation B > A~?/3); 


B ~1/ polo (wB)?. 


Since woB ~ A~ €,A7*/3, the two corrections 
have just the same order of magnitude with respect 
to A. Numerically estimated coefficients B from 
formula (26) also turn out to be close to the ex- 
perimentally observed values. 

For the rare earths 


(27) 


By = 25x10" kev, Bie, = 20x10 kev, 
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while for heavy elements 


Bi, = 6x10 kev, B exp = (8 —5)xl0% kev. 


Thus rotation has a sizable effect on the pairing 
correlation, and this effect must be taken into ac- 
count in computing the nonadiabatic corrections 
proportional to I?(I1+1)*. In the case of the esti- 
mate of I, we can neglect the change in A only 
in first approximation. However, for more pre- 
cise computations this change must be taken into 
account. 

The author expresses his gratitude to V. M. 
Galitskii and A. B. Migdal for interesting discus- 
sions. 
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It is shown that the inclusion of pair correlation of nucleons is absolutely necessary for 
explaining the cross sections for single nucleon photonuclear reactions [i.e., (y, p) and 
(y, n) reactions ] in the energy region beyond the giant resonance. 


fs In the present paper we shall consider the ques- 
tion of the effect of pair correlation of nucleons on 
the cross section for photoreactions with the emis- 
sion of a single nucleon [i.e., (y, p) and (y, n) 
reactions ] in light nuclei, under the condition that 
the product nucleus is left in the ground state or 
weakly excited states (E* % 10 Mev). All the as- 
sumptions concerning the properties of correlators 
which were made by us previously" are retained 
here, including the assumption that the correlators 
are small. 

The wave function of the nucleus #4 can be 
written as* 

WA = Vip + > {Zi} 44,0 Vira (uj =X), (1) 
£] 
where we include only triplet correlators. A simple 
estimate shows that if r{ < r§/3, the contribution 
of the singlet correlators to the reaction cross sec- 
tion does not exceed 10% even for E,, ~ 100 Mev. 

2. The basis of the method proposed here is the 
expansion of the nuclear wave function, written 
taking account of pair correlation of nucleons, in 
terms of a complete set of suitably chosen functions 
of the independent motion. For this purpose it is 
first necessary to separate in wh the wave func- 
tion of the pair of correlating nucleons. Suppose 
that in the LS-coupling approximation the initial 
nucleus has the configuration S"1[A,]p2[A,] where 
ny +n,=n=A. Then 


Vim (LA, SZ, TMr) 
Se US, , 2 ny— 
iz oa REY (B'), Y (Eo) esr + (7 


2mm pie yar? (B'), WS 
xV wis AE HEE BY, YP Ease 


(2) 


*The notation is the same as inl?) , 


Here Ret ; and Rie ) are fractional parentage co- 
efficients of the type (s™tp"2-*, p?|} s™tp"2) and 
(s2171 M27! gp | } sl p™2) respectively; é’ = L’S’T’ 
are the quantum numbers of the system of A-—2 
nucleons; £) = LST are the quantum numbers of 
the pair which are selected, and { , };, 97 denotes 
the vector coupling of the angular momenta é’ and 
£) in the state LST. In formula (2) we have omitted 
the term corresponding to the separating out of 

two s-nucleons, since correlations of such pairs 
lead to final states of the nucleus A-—1 with high 
excitation energy. (These will be states glist pate 
We shall not consider such excitations. Further- 
more 


W (Eo) = | io lio, Njolios o> 
1 oo 
ar > Crip mol jgm jo 


where |njolj)mjo) are the single particle wave. 
functions from which Ton is constructed, and X 
and Q are respectively the spin and isotopic spin 
functions for the pair of nucleons. 

The wave function (3) of the pair is expressed 
in the coordinates rj, rj. We go over to the coor- 
dinates r=rj—rj, R=(rj+rj)/2. For oscillator 
functions this transformation is known as the Talmi 
transformation; the properties of the coefficients of 
this transformation have been treated in papers by 
Moshinsky™ and Arima and Terasawa."*] We find 


(3) 


| NiglioMig > | Njo LiotMjo> Xs,z, 27,2, 


| Nolin, Nol jo; a> 


~ CNioliog Niol jo: Eo | ni, NT; Eo> |nl, NL; Eas 
i taNGe 
“nlmy | NLA) X 


inl, NL; to = >i Gin (4) 


imLa 5.2 27,¢ , 


Here nim and NLA are the quantum numbers of 
the relative motion and the motion of the center of 
gravity of the pair respectively. 
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We now apply the operator Gxij@! to the function Wp (L,A,, S,2,, 7:Mr,) 


(4) and expand the result in the complete set of func- 


tions | njli, njlj; &).* We then obtain 


qi; Q | Niolio, Nol jo’ Eo> 
co 


= > >. Ca <Niolio, Njol ios 50 | 00, Nols: Eo» 


n=1 Nn; UF ny i 
x <n0, Nolo; Eo| rls, mils bo>| rulj, njljs Eo 5; ev» (8) 
00 


where & ) corresponds to Sy)=1, Ty=0 and the 
coefficients cy are given by the expansion 


Xe | 000; r» = >> Cn | noo; Le 


n=0 


Substituting (2) — (5) in formula (1), we get 
w4 (LA, SE, TMr) = Vfpm (LA, SZ, TM7) 
r= Nz (Me — 1) 
ae (2") ; SV eS > Kore 
a Ts 
x SI Crita.Cs biz, Yo (8) 


XD) DY nda tz njt;| niles nl, Bo> 


n=1 nzlynjzl; 


yma /_2rins sD, Ley Sz 
valley V 5 (n — 1) > Reve DCL A’ Lode CS'E 12, 
me 
co 


WEEE) S) YP onffunysltde min bor], 


yd 
n=1 nz lpn lj 


where the superscript q on the summation sign in- 
dicates that it is necessary to exclude states which 
are occupied in Cave and we have introduced the 
notation 


dnt. ne 
= (01, 01; &|00, Molo; &> <n0, Nolo; &3| mili, njlj; 60>, 
fa t.nt, = 600, 01; £,|00, OLo; E> <n0, OL0; Eo | mili, nyjljs EMS, 


3. We are interested in reactions where the 
product nucleus is produced in a state with con- 
figuration s1[r,] poz {[A]. In the approximation 
of weak correlators which we are using, it is not 
necessary to take account of the correlation in the 
final state wave function; it can therefore be writ- 
ten in the form 

*We should point out the following: we are assuming that 
the wave functions corresponding to bound states of particles 
in \ fine are well approximated by oscillator functions with 
some value of the parameter fiw; then it is convenient to 
choose the complete set of functions |njli, njlj; > with this 
same value of the parameter hw. Under this condition the 
further computations are significantly simplified. 
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be Sip Coe ey b. TM, 
a Qe > Ly A,im S$, Ey'he T {Mp te? 
ey 
x wa-2 «’ nlm iy ‘s 
($1) | n my» Ky 5 Oy, = : (7) 


Here QF and (—1)"Q5, are fractional parent- 
age coefficients of type (s™1p27*, p|} s™1p%27') 


and (s@t7!pM2-! s|} s™tp%2-'); nlmor are the 
quantum numbers of the final state of that nucleon 
of the correlating pair which remains in the nu- 
cleus; {= LS Ty are the quantum numbers of 
the system of A—2 nucleons. In formula (7) one 
should keep the index p or s depending on whether 
one is calculating the matrix element with the sec- 
ond or third term of the wave function (6). In the 
first case n= 0, 7 =1, and inthe second n=1=0. 
The second nucleon of the correlating pair 
makes a transition to the continuous spectrum. 
Its wave function is 


Vi? = (4k) 
x iV 4m LF 1) eW'| Ely Vig (cos 8) Yr,000%2, (8) 


where hk is the relative momentum in the final 
state, | El) are the radial wave functions normal- 
ized to 6(k—k’). The total wave function of the 


system in the final state can be taken as a product 
pA-1 >) 
IPM* k ° 
In calculating the total reaction cross section, 
we can restrict ourselves to the El term in the 


interaction operator He, i.e., we can set 


Aly Cael on SO, +e, S\:0_, 


fy ~P Dy (AB) Vin (0, 9) *F1 
PS seh; (9) 
where e, and e, are the effective charges, and O, 
are the projection operators for the proton and neutron 
respectively. Standard computations give the ma- 
trix elements as linear combinations of the quan- 
tities 


MEéto, n; pm, <ndm | njljmz>, M (E10 | nilimi>, 


nim, nj iimy 
where we use the notation M* = (|e,hjO,|) and 
M~ = (|e,hjO_|). Omitting the complicated for- 
mulas, we remark that the various terms in the 
wave function (6) give different types of transi- 
tions, which are shown schematically in Fig. 1, 
and different sets of final states of the product 
nucleus. Thus, for example, if the state of the 
initial nucleus is described by the Young pattern 
[44], the transitions of type a and B give only 
states [43], while the transitions y; also give 
states [421] and [331]. 
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FIG. 1. Classification of terms of the wave function (6) 
and electromagnetic transitions: O — neutrons, @ — protons; 
the dashed line joins the correlating nucleons. The vertical 
arrows correspond to the operators M+ or M-, and the hori- 
zontal lines to the matrix element < E/|njlj >. 

4. Calculations have been made for the 
Cc (y, p)B" reaction in the interval 30< Ey 
&70 Mev. We took for the classification for the 

levels of B'! that given by Inglis") for the limit- 
ing case of LS coupling. The interaction in the 
final state was taken into account by using the 
complex potential: 
V=Vo +iWo for Ris eG; 
Ves OP for wh OR 


here Ry = 1.25A"/3 x 10-43 cm, Vp and Wo are 
chosen to depend on the proton energy in accord- 
ance with Fig. 1 of Glassgold’s summary.%] The 
phase shifts were computed using the approximate 
formulas of Pargamanik and Ul’yanov.' The 
Coulomb interaction was neglected. 

The parameter fiw of the single-particle oscil- 
lator functions was set equal to 16 Mev. The cor- 
relator xjj was taken in the form exp {— Brij}. 
We used terms in the expansion upto n = 4 inclusive. 

The results of the computation of the total cross 
section for the C!? ( Y, p) reaction for final states 
2P [43] are given in Fig. 2. Here we also give the 
experimental data of Penner and Leiss.“ As we 
see, for B ~ 0.55 x 107°cm™, there is satisfactory 
agreement of computation with experiment. Thus 
the radius of correlation of triplet pairs of nucle- 
ons in nuclei like He* and C! is apparently ap- 
proximately the same. In Fig. 2 we also give the 
result of computation omitting the correlation. It 
is easy to see that correlation of the nucleons has 
an extremely important effect on the reaction cross 
section, especially at high energies. 

With this same value of B = 0.55 x 102° em=? 
we calculated the cross section for transitions 
with excitation of the B'! nucleus to the states 
2D [43], *F [43], and 4P [421]. The overall total 
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FIG. 2. Total cross section for the C’?(y, p) B” reaction 
with transition to the state ?7P [43]. Curves 1 and 2 correspond 
to B =0.5 x 10% and 0.6 x 10%; curve 3 is calculated omit- 
ting correlation. The experimental points are taken from the 
work of Penner and Leiss!’]. 
cross section and the experimental data of Penner 
and Leiss") are given in Fig. 3. 

Calculations of the angular distributions of the 
protons were not made because of the complexity 
of the formulas. However, there is no doubt that 
if one includes E2 and higher multipoles, one can 
obtain the characteristic forward angular distri- 
bution of (y, p) reactions. More interesting is 
the fact that in a model with correlations it is pos- 
sible to explain the shift toward the forward direc- 
tion in the angular distribution of neutrons from 


6,10 ’em? 
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FIG. 3. Overall total cross section for the C*? (y, p) B*** 
reaction with transition to the states 7D [43], 7F [43], and 
“P [421]. The curve is calculated for 8 = 0.55 x 10%. The 
experimental data are those of reference 7. In addition to the 
statistical errors shown, there is an uncertainty of + 50%. 
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the C!*(y, n) reaction which has been observed 
by Kul’chitskii and Presperin™! and others. 

In fact, all the El transitions shown in Fig. 1 
are also possible for neutrons, and, in the region 
of p-shell nuclei, for example, they give even par- 
tial waves in the continuous spectrum. Further- 
more even though the neutron does not possess 
an ‘‘effective charge’’ with respect to EL transi- 
tions for L = 2, nevertheless the transitions 6, 
and 6, shown in Fig. 1 are possible. It is easy 
to see that for such transitions the neutron is in 
the continuous spectrum with an odd orbital angu- 
lar momentum. The interference of these transi- 
tions with those previously mentioned leads to an 
asymmetry in the angular distribution of the neu- 
trons. 

5. The results obtained lead one to think that, 
despite the somewhat arbitrary method of intro- 
duction of the correlation, the model used cor- 
rectly reflects the properties of atomic nuclei 
which are important for reactions at high energy. 
This applies especially to the assumption that the 


_correlators are small, which is a self-consistent 


assumption in the sense that a comparison of the 
computations with experiment leads to this same 
conclusion. A check of the whole model is the 
satisfactory result of the calculation of transi- 
tions with excitation of the product nucleus. 
Another important question is the choice of the 
specific form of the correlators. In connection 
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with wellknown properties of photonuclear reac- 
tions (the smallness of the momentum of a photon 
even when its energy is large) it is especially sig- 
nificant that the introduction of correlators leads 
to large gradients of the two-particle function 

ys (ij) at small distances. Thus any function 
which falls off sufficiently rapidly with increasing 
rjj gives the same results as the function used in 
the present paper. This also leads to the result 
that the choice (within reasonable limits) of the 
specific form and the parameters of the function 
WTpm has little effect on the final results. 
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The problem treated is that of the effect of a strong monochromatic electromagnetic field 
of frequency close to one of the characteristic frequencies of a system on the spectral 
composition of the radiation. The dielectric permittivity of the medium in the presence 


of the field is calculated. 


ik The effect of an external electromagnetic field 
on the macroscopic characteristics of a medium 
has been treated in many papers. Karplus and 
Schwinger," and also Basov and Prokhorov, ™! 
have calculated the absorption coefficient and the 
dielectric permittivity at the frequency of the ap- 
plied field as affected by the change of the popu- 
lations of the levels that is produced by the field 
(the ‘‘saturation effect’’). A number of authors? 4 
have treated the change of shape of the spectral 
lines associated with one of the levels i or k when 
the system is in a field of frequency w close to 
Wik- In particular it has been shown that at large 
amplitudes of the field the probability that the sys- 
tem is in the levels i and k oscillates with time. This 
leads to a splitting of the spectral lines associated 
with the levels i and k. In these papers, however, 
there was no study of the shape of the line of the 
transition i— k itself in the presence of a field 
with w ~ wi. Precisely this problem is the main 
one treated in the present paper. 

As is well known, the necessity of taking induced 
transitions into account arises in systems with an 
inverted population of the levels. There has re- 
cently been special interest in systems with tran- 
sitions that lie in the infrared and optical regions 
of the spectrum."'-*] Here conditions arise which 
differ in a number of important respects from 
those in the microwave region. Namely, in all 
methods that have been proposed the inversion of 
the populations is produced owing to excitation with 
a broad spectrum (radiationless transitions, "9-19 
or optical excitation by means of radiation with a 
broad spectral composition">*!), This means that 
the model of a monochromatic field used in 8-4 
to describe the excitation of the system does not 
correspond to the actual conditions. 


The second important difference is that the life- 
times of the levels considered are usually quite 
different. In the case of gaseous systems, for ex- 
ample, at small densities the lifetimes of the ex- 
cited states are determined by spontaneous tran- 
sitions, which have different probabilities for the 
different levels. In crystals the lifetime of the 
upper state can be determined by a spontaneous 
transition and that of the lower state by radiation- 
less transitions or, for the ground state, by the 
probability of excitation. Moreover, as the result 
of various elastic processes the line widths may 
not correspond to the decay probabilities (Dop- 
pler effect, Weisskopf broadening mechanism, in- 
homogeneity of the crystal, etc. ). 

All of these circumstances must be included 
in the treatment. At first, however, we shall con- 
sider radiative processes, and shall take into ac- 
count all the other causes of line broadening later 
on. 

2. Let us consider an atom!) with nondegenerate 
levels E3 > E, > Ej, Ej, Em. It is obvious that the 
production of an inverted population of the levels 
E3, E, is possible only if the probability 2y, of 
decay of level 2 is larger (in practice, much 
larger) than the probability 2y3. of the sponta- 
neous transition 3— 2. Therefore our further 
calculation is made under the condition 


Ys2 < Ye (1) 


There is no restriction on the decay probability 
273 of level 3. 

We shall assume that the atom is in a strong 
electromagnetic field of frequency wy ~ w 32 


*For definiteness we shall speak of an atom, although all 
of the further treatment applies to any quantized system. 
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= (E,;-E,)/h and a weak field with a continuous 
spectrum, which must be considered for the cal- 
culation of the induced emission and absorption 
at frequencies w), Wy. At the initial time t = 0 
let the atom be in level 3 and let there be in the 
radiation field n), Ny photons with frequencies 
W,, Wy. As the result of the interaction with the 
field there can be various transitions accompanied 
by emission and absorption of photons w, w us 
We shall denote the probability amplitudes of the 
states of the system ‘‘atom + field’’ by 
a(3, n), ny), 242, Dt); ny), etc. When Eq. (1) 
holds and ny, is small we can take into account 
only the transitions shown in Fig. 1. In fact, under 
these conditions the probability amplitudes of the 
states formed through the emission and absorption 
of photons w, [i.e., a (3, mn, —1, ny +1), a(2, my, 
n,t+1), aco, ty + 1, n,—1), a (25 Dyes Hyp Ey) 
are small in comparison with a(3, n), n,,) and 
ated. +1, ny). Therefore transitions of types 


Uae fh, Ny, + 13, fp, ie a Ae 1s 
3,m—1,n,+1—>2,n,—1,n,+1,n+1 etc. 


from these four states can be neglected. We note 
that the transition 


2 ny ly, > 37m +1,m—1 


must be taken into account, since for large n)”? 


the probability of this process is comparable with 
the probability of induced emission with the tran- 
sition 3, n), n,,— 2, Dy, 2 +1. 

Within the lanework of this approximation the 
system of perturbation-theory equations for the 
probability amplitudes a(3, n, Ny)» Ed Pat Veuwe & 
n,,); ... can be integrated for arbitrary values of 
n,- The exact solutions of the system, valid for 
arbitrary t, are of the form 


a (3, Nn), ny) — Ayer aL Ae C; 
a (2, Ny aig ie ny) = iCgon Vmerr | 
a(3, m—1, Bea 1) 


Aj 
Qe + Ys 


A 
at 2h. 2 Oot 
os 1+ Ys . } : 


“320 yor seen Vn {Ai [un — 21+ As [P21 — P22}, 


Gey —— iho) 


a(2, m, ny + 1) 


yi! ; Coon. yi-+ ny {Ax [(ar + v3) ul — (a2 + 13) giz] 


Ay — Ae 


i0Q,t 
’ 


+ As [(a1 + 7s) por — (a2 + 13) oe2]} e 


“30 Vn, aon V2 


1 — Ae 


a(3,n+1,n,—1) = 


x14, [as __ m+ Ts oa | eA [2 Stag G12 — o22]} gil Oy)t 


O2 + Ys = "7s 


"If nx is sufficiently large, the probability of induced 
transitions exceeds the probability of spontaneous transitions 
and the populations of levels 3 and 2 are of the same order of 
magnitude, 


Coo, V ty Coen 1 
fi ty an poe ee Ay = 
a. (2, m+ 2, my — 1) = iE EA | fon — gai] 
aes [qe — quel} of PO! (2) 
Cat Te 
Ty ty FT) Ny By 1yytt 


2myt2nul 2na nytt 


FIG. 1. Scheme of transitions. The wavy arrows denote 
spontaneous transitions to all lower levels. 


Here we have introduced the following notations: 


Q, = Wx, — Wap, Qs Op =O aps 


the coefficients ¢39, and cs), are connected with 
the matrix elements of the interaction Hamiltonian: 


R390. Vn, = Alon; BnX—1 » hC30u Vn, —- Aon; 3n,—1 ets; 


A, and A, are constants of integration, which can 
be determined from the initial conditions; the func- 


tionS 9144, Pins Pot» P22 are given by 


exp {[i (oI Q,) + a,;]4}— exp {af 


ee a i(Q, — 2) +4, — 4; 


(i, 7 = 1,2); (8) 


and finally, a, and a, are the roots of the charac- 
teristic equation: 


‘ i 4 ; 
Ciro = 16, 9—She= 5 Q), 5 (Yo = %a) 


= V (iQ) + %2— 3)*/4— G’, 
G? = nC w50 Y32Na, (4) 


where Ny) is the total number of photons of fre- 
quency w , in unit volume, and 64, 62, -I'y, -T2 
are the real and imaginary parts of a, and Q». 

The formulas (1) — (4) enable us to obtain all 
needed characteristics of the radiation in the tran- 
sition of the atom from an excited state. 

35) Withca (35;'DX; ny, ) as an example, let us in- 
vestigate the special features of the solutions that 
can arise for various relations between 72, 73, and 
N,- For simplicity let us consider the case of 
greatest practical interest, that of exact resonance, 
that is, the case in which the frequency of the ex- 
ternal field coincides with that of the transition 
(Q,=0). For Ny —0 we have a,=-7, A 
= —Y3, and Eq. (2) goes over into the well known 
solution of the problem of the purely spontaneous © 
transition of the atom to the ground state. As N) 
increases the roots aj, Q, at first remain real 
and negative: 
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Under this ernie 
a(3, Nh, ny) ? = | Ae? ee Ase ? 


He=he= 


decreases monotonically with the time. The com- 
plexity of the damping curve is physically due to 
the ‘‘mixing’’ of the states 2 and 3 of the atom 
owing to the interaction with the field. For small 
G*/(72—Y3)? we have 


Py = %2 —.G(t2 — Ya), Te = Ys + G?/(Y2 


that is, we can suppose that the induced transi- 
tions act along with the spontaneous transitions 
in changing the lifetime. With further increase 
of G*, however, it turns out that the induced and 
spontaneous transitions are quite different from 
this point of view. 

For G? = (y.—y3)/4 we have Ql 
= —(Y_ + 73)/2; that is, y, and y3 have equal 
effects in determining the transition from the ex- 
cited state. If vy) > 73, as is so in the majority of 
cases, the decay occurs more rapidly than for G 
= 0. If, on the other hand, y, < y3, there is a 
lengthening of the lifetime. 

When the external field is still stronger the 
radical becomes imaginary, and the real part no 
longer depends on the field: 


—2 (te +13) + iV @— (te — 18), (7) 


and the time dependence of |a(3, n, n,,)|? takes 
on the character of damped oscillations: 


|a (3, ma, n,) |? = A cos? [6¢ +p] e-Oetwlt, 
3? = G? — (¥, — ¥3)?/4. (8) 


We note that for y. = y3, i.e., in the only case 
considered in the papers cited earlier, 8-© the 
oscillatory behavior begins at once at the smallest 
values of N). At the same time, as will be shown 
below, a considerable saturation can be attained 
even in the ‘‘aperiodic case’’ of Eq. (5), if y. > y3. 

Since the character of the solutions is deter- 
mined by the sign of the radicand, the features we 
have noted will also appear in the other functions 
of Eq. (2). 

4. In many cases the excitation is selective 
(for example, optical excitation), and we can as- 
sume that at the initial time t = 0 the atom is in 
the level 3. Then 


Ai = — (az + 73)/(a1 — ae),. 
Az = (am + 73)/(a1 — ae). (9) 


= th (6) 


4.2 = 


In the opposite case it is necessary to use also the 
solution under the initial condition a(2, n, +1, ny) 
= 1 for t = 0, for which solution 


Ar = — Aa =— ity, Vina | (ax — a). (10) 


SS; G2 RAUTIAN and AL: 


SOBEL’MAN 


The analysis here will be for the practically most 
interesting case, that of Eq. (9). 

Let us consider the probability W, of induced 
emission of a photon of frequency w , and the in- 
tegrated probability® Wu of spontaneous emission 
in the transition 3— 2. Calculations by the usual 
rules, by means of Eq. (2), lead to the following 
expressions: 

v,—Bi Ge 
Ys QR + (v2 + 8)? + G? (12+ 18)” / tars ; 
rsa 2h + (12 + 18)? + G? (12 + 18) / Ta 


= (11) 
Ys Q5 + (v2 + 3)" + G? (v2 + 1s)?/ Tats 


The dependence of W) and W,, on G?/yey3 is 
shown in Fig. 2. For small N) the probability of 
induced emission increases in proportion to N), 
and thereafter it reaches a limiting value (satu- 
ration effect ) 


Wy = 72/ (v2 +173), MSM = 


If y2. >> y3, then y2/(y2 + ¥3) ~ 1, i.e., practically 
every act of excitation leads to the induced emis- 
sion of a photon of the frequency of the external 
field. 


(w3o/sc8) y2y3/ys2. (12) 


FIG. 2. Integrated probabilities of emission. 


In Eq. (12) the quantity NS obviously gives the 
number of photons per cm? for which W) reaches 
about half of its limiting value. Besides the well 
known dependence on the frequency (~ w3,) we 
must also note that the larger the value of ygy3/Y32 
the greater the field intensity required to give satu- 
ration. The value of the parameter G* that corre- 
sponds to Ny iS Y27Y3- 

The integrated probability of spontaneous emis- 
sion falls with increasing N), and the larger the 
value of y./y3 the larger is the amount by which 
this probability decreases (Fig. 2): 


(Na <4), 
Wy. = veel (v2 +73) (Na > N}). 


Wy, = r32/'73 
(13) 


*The term probability is used here in denoting two differ- 
ent quantities: the transition probability per unit time (the 
Einstein coefficient 2y,,), and the probability of emission of 
a photon (W), Wu), which is identical with the ordinary con- 
cept of probability. 
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Thus as N) is increased there is a redistribu- 
tion of the probabilities of the decay of the excited 
’ state between the two channels, one of which is the 
induced transition 3, ny, ny — 2, ny + 1, ny, and the 
other the spontaneous transition 3, n), nj, — 2, Ths 
nyt+1. In the generators in the short-wave region 
that are described at the present time, 72 > Y3, 
and with sufficiently powerful excitation these 
changes in the integrated probabilities should be 
observed. 

5. As has already been pointed out, the transi- 
tions induced by the field cause changes of the 
spectral composition of the spontaneous radiation 
and of the shape of the absorption line. For the 
case in which Eq. (7) holds the cause of the change 
in the line shape is obvious: the probability of 
finding the atom in the excited states oscillates 
with the time, and it is easy to see that this leads 
to a splitting of the line. In the ‘aperiodic case’”’ 
of Eq. (5) there are no oscillations, but the ampli- 
tudes of the different states of the system ‘‘atom 
+ field’’ fall off with different damping constants 
Tr, and l,, which also leads to a change of the 
shapes of the emission and absorption lines. 

The spectral density (in the frequency scale ) 
Wu of the probability of spontaneous emission of 
a photon can be put in the form 


ae 2 
ih ee Ys2t2 . Ay As 
B pelai—as? } jx+2,— im x + Q, — ide 

—cO 

x| Osi te de + Ys 

Xx 05 — ta x + Q, — ide 
is: gal. __! seer hie (14) 
sur ad x+Q, — ids x + Q, — ide 


It can be seen from this that wy, will contain reso- 
nance terms with denominators of the forms 


(Q, — 22)? + 4, (Q, — @,)? + ATS, 
(Q, 4+ 281)? + (Tr + 12), (Gp + 262)? + (a + Te)’. (15) 
The coefficients of these terms, which depend on 
61. Fy, and Q), can be calculated by integrating 
Eq. (14). The general formulas for the coefficients 


are very cumbersome, however, and we shall not 
give them, but shall confine ourselves to a quali- 


FIG. 3. Spectral density of the probability of 
spontaneous emission (in units y,,/m7y3(¥2 + Ys). 
Case a is for y, = ys, = 0.1 y,; curve 1 is for G= 0, 
curve 2 G? = 0,04 y2, curve 3 for G? = 0.08 y3, and 
curve 4 for G? = (y,—y;3)*/4. Case b is for y, = y2; 
curve 1 is for G? = 4 y? and curve 2 for G? = 9 y}. 


12 

Qy/ ye 
tative analysis of the line shape and numerical 
illustrations. 

Let us first consider the case 2) = wy — W32 = 9, 
in which the line is symmetrical with respect to 
Qy = Wy — Ws: = 0. If the inducing field is not too 
large, so that G?< (y2.—73)?/4, then 6; = 62 = 0, 
and I, x I’, are determined by Eq. (5), from 
which it can be seen that T, >I',. Consequently, 
ar, >I,+T, > 262, and of the four terms listed 
in Eq. (15) the one that decreases most sharply 
with increase of Qy is the term with T,. It can 
be shown that the coefficient of this term is nega- 
tive and increases in absolute value with increas- 
ing G. Therefore the general picture of the change 
of the line shape reduces to the following (Fig. 3, a): 
for G? « (¥2 —73)?/4 there is an ordinary line of 
the dispersion shape with width y2 + 3 and inte- 
grated emission probability 739 /Y_ (curve 1); as 
G increases a minimum appears in the center of 
the line (curves 2—4), and remains right up to 
the value G? = (Y2-Y3)2/4. 

Further increase of the external field leads to 
the appearance of imaginary parts 64,9 and for 
Q), = 0 we have 


Ti = TPe=(y2+13) / 2, 
b: = — b2 = V G? — (y2— 18)?/4. (16) 


Consequently, the emission line in this case con- 
sists of three components with equal widths y2 + 73, 
separated from each other by distances 26,. The 
splittirig of the line becomes detectable, however, 
only for 6,2 Y2 + V3, i.e., for 


3 4 3 
@ Sr++], (17) 


Different values of G are required, depending 
on the value of 2/73, but in any case the splitting 
of the line will be appreciable only when there is 
comparatively strong saturation, i.e., for G* > y273- 
Thus from the very start of the splitting the inte- 
grated intensity of the line is practically unchanged, 
and as G increases its two equal components move 
farther and farther apart. This can be seen well 
in curves 1 and 2 of Fig. 3,b. The former case 


~ = ce 
ee 
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corresponds to N) = 4n3, the latter to Ny = ON}. 
We note, finally, that at the indicated values of the 
field the oscillations of a(3, n, ny) are still very 
strongly damped; in the former case the mean life- 
time 1/(y.+y73) of an atom in level 3 is about ', 

of the period of oscillation, and in the latter case 
it is oe of the period. 

With departure from resonance (&) # 0) the 
line becomes extremely asymmetrical: the maxi- 
mum of one of the side components approaches 
W3o, and its magnitude increases sharply. At the 
same time the other two terms become smaller 
and the positions of their maxima go farther from 
W 39. 

Let us turn to the transitions induced by a weak 
field. For the initial conditions (9) the induced 
emission coefficient k, (dimensions em!) is 
given by*? 


co 
pes M QYs272 \ { de + Ys Chyarcip E 
p 4x? | 4 — a2 |4 4+ Q,— it x+Q, — ioe 
ne St alee? tel fs c: 
* 4 == Q) to, x FO, — tae 
a 1 1 2 { 
x + Q, — toy x + Q, — ide 6 ay 


(18) 


where Q is the number of acts of excitation per 
unit volume and unit time. For the initial condi- 
tions (10) the formula for ky differs from Eq. (18) 
by a change of sign and replacement of y, by y3 
in the coefficient of the integral. 

For G’< (y,—y3)?/4 the nature of the change 
of the frequency dependence of Ky is approxi- 
mately the same as for the spontaneous emission 
line (Fig.4,a). In the case G? > (y.—y3)?/4, on 
the other hand, there is a decided difference be- 
tween k,, and wy: for sufficiently large G, ky is 
negative in a certain range of frequencies, i.e., 
there is absorption of a weak field of these fre- 
quencies (curves 3 and 4 in Fig. 4,b). 

An interesting property of ky is that for Wy 
— wi it is not equal to the absorption coefficient 
for a strong field, k, = A°QW) /4N); k, is always 
larger than Ky, as can be seen from Fig. 4, where 
k,,/k, is plotted as the ordinate. We note that the 
discontinuity of the emission coefficient is of great 
importance for understanding the operation of 
quantum generators. 
~ 4The formula (18) is for the case of a gas and kya << 
By using the results of Ginzburg!**) one can easily extend the 
formula to the case of a medium with € #1 and small k,,A. 
This comment also applies to the subsequent formulas for the 
dielectric permittivity. 
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FIG. 4. Emission coefficient k,. Case a is for y, = y3, 
= 0.1 y,; curve 1 is for G? = 0, curve 2 G? = 0.08 y3, curve 3 
for G? = (y, —y;)*/4. Case b is for y, = y,; curve 1 is for G? 
= 0.2, curve 2 for G? = 4 y3, and curve 3 for G? =9 y}. 


In a number of problems arising in the analysis 
of devices with negative resistance it is necessary 


to know the complex dielectric constant € = €’ + ie” 


of the medium. The imaginary part of ¢€ is deter- 
mined from the emission coefficient (for kya = 
cf. footnote *)) 


e” (w,) = — (M2n) Ry. (19) 


For wy ~ w, the real part of € can be found by 
means of the Kramers-Kronig formula:'!% 


path 


2m? 


ke, (x) 


He Oe 


e’ (o,) = 1 — dx. (20) 


—oo 


Curves of ¢«’—1 for the cases considered above 
are shown in Fig.5,a for wy > W39 [e’(2),) —1 
= —e'(— Qu) +1]. Like the emission coefficient, 
e’—1 decreases in absolute value with increase 
of G. For G*< (y,—y3)*/4 (Fig.5,a) we note the 
fact that near w 3, the dispersion is positive and 
€’—1 is zero at three points. For y, = 3 and 
comparatively small G* there is negative disper- 
sion (curves 1,2 of Fig.5,b). For sufficiently 
large G’, when the splitting of the spontaneous 
emission line is appreciable, «’ —1 goes to zero 
at five points, and near wg, the dispersion is still 
negative. 

The dielectric permittivity at the frequency w, 
must be determined separately because of the dis- 
continuity at the point w,. Calculating the energy 
of the interaction of the atom with the field by 
means of perturbed wave functions, we arrive at 
the following formulas: 


u us Q ‘Goo Y32 
Q} + (y2 + Ys)? + G2 (Y2 + ¥3)? Yer 


:“(29) 


2, 
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FIG. 5. Real part of the dielectric permittivity [in 
units y,,A°Q/877(y, + y,)*]. Case a is for y, = ys, = 0.1 2; 
curve 1 is for G? = 0.04 y2, curve 2 for G? = 0.08 y;, and curve 
3 for G?= 0.14 y2. Case b is for y, = y,; curve 1 for G* = 0, 
curve 2 for G? = 4 y3, and curve 3 for G’=9 y3. 


If Yo = Y3, Eq. (21) agrees with the formulas of 
Basov and Prokhorov™! if we set 2y, = 1/T, where 
7 is the lifetime of the excited state. 

In conclusion let us consider the extension of 
the formulas we have given to cases in which the 
widths of the levels are not due to spontaneous 
transitions only. Here we must distinguish be- 
tween elastic and inelastic processes. If all in- 
elastic processes, including also spontaneous 
transitions, lead to lifetimes tT, and T; for levels 
2 and 3, then in all of the formulas we must set 
27 =1/T2, 273= 1/73. Elastic processes (Doppler 
effect, inhomogeneity of the medium ) lead to broad- 
ening of the lines on account of changes of the fre- 
quency Ws, of the transition. Since w3p is involved 
in 4, @, Ay, Ag, we must average the quantity in 
question over the possible values of w3, with ap- 
propriate weights. For example, if the probability 
distribution for the various values of wg, is of the 
form 

Av/x 
tp (@g2) = (om — om)? + (Av)? ’ 


(22) 


the probability of induced emission is 


(oe) 


W,, = \ Wap (32) dw3. 


_ Avie (12 + Ys) Vi= @ie¥s G* 
ysV 1+ G/r213 


Ue SAU EA OE 


(23) 


en ET, 
Bf [Av + (te +19) VI e278 FP 


——- 
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In particular, it can be seen from Eq. (23) that for 
Av > Y2 + y3 the degree of saturation is determined 
by the parameter G (72 + v3)/LAv (yzv3)”/7], which 
involves the characteristics of both the elastic and 
the inelastic processes. 
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It is demonstrated that the rule previously formulated on the basis of a generalization from 
the empirical data, according to which the filling of the electronic levels of atoms occurs 
(with increasing atomic number of the element) in a sequence corresponding to increasing 
values of the sum of the principal and orbital quantum numbers, can be derived theoretically 
on the basis of the Thomas-Fermi statistical model. A comparison is made of two independ- 
ently derived values of the interval within which the set of levels with a given value of the 


sum n+i is filled. 


As has been shown previously,™ the solution of 
the question of the first appearance of atomic elec- 
trons with given 7 on the basis of statistical the- 
ory! leads to expressions which not only numeric- 
ally, but also in their mathematical form, are simi- 
lar to the analogous expressions arising from the 
rule of successive filling of (n+l) groups.“ In 
this connection the question arises whether this 
same rule, which was formulated as a result of 
the generalization of the empirical data concern- 
ing the distribution of electrons in electron shells 
of neutral, unexcited atoms, can also be derived 
theoretically on the basis of the statistical model 
of the atom. 

Using the equation of the statistical theory"*! 
for the Thomas-Fermi model 


Ny = 2 (6Z/n2)"* e\ Lge (x) — (4/3nZ)"* He} (1) 


and the approximation™] 


go (x) = (1 +axy*, a = (aid)"* (2) 


for the function 9)(x), Tietz!™ obtained the follow- 
ing description of the relation between Z and the 
number Nj of electrons which occupy a level with 


a given value of the quantum number k in an atom 
(k = v< ae he ee etc. ): 


N, = 4 (6Z)"* k [1 — (4/3Z)*R). 


It is not difficult to see that, taking k =1 + ¥,, 
Eq. (3) can be transformed to 


MN; = 2 (Ql + 1) (6Z)%'— 2 (21 + 1). (4) 


To the limits of the intervals of Z, within which 
the statistical model predicts the filling of each in- 
dividual subgroup with given 7, there correspond 
on the surface Nj; =f(Z) the points of intersection 


(3) 


of the curve Nj] with lines parallel to the Z axis 
at values of the ordinates N7 which are multiples 
of 2(22 +1). Equation (4) enables one to find the 
general expression for these points of intersection, 


2(2t,p x)%) + (5) 


where x is the order number of the subgroup with 
given 1, whose filling according to this model 
should occur within the interval 


2 (2 + x8 Z<Ce(Ql+%« +1). 


N; = 2(21 +1) (x —)), if Z= 


(6) 


Since the order number of the subgroup with a given 
1 is equal to n—J, and consequently 22+x=n+l, 
Eq. (6) is equivalent to 


Lin + D> Zin +l 41). (7) 


From this it follows that in the statistical model 
of the atom, for which relations (1), (2), and (3) are 
valid, filling of a set of subgroups with a given value 
of n+Z should occur within the limits between Z 
= (n+1)3/6 and Z = (n+l+1)3/6. In other words, 
this proves that in the statistical model the (n+/) 
group of quantum levels should be filled success- 
ively, starting from groups of levels with smaller 
values of the sum of principal and orbital quantum 
numbers to those level groups with larger values 
of this sum, i.e., precisely in the order which is 
dictated by the rule of successive filling of (n+/7) 
groups. 

The limiting values of Z in (7) are very close 
to the empirical values, but do not coincide with 
them precisely; this is related to the statistical 
character of the theory which is the basis of this 
model. A more precise description of the limits 
of the interval within which there is a filling of 
all the levels with given value of n+J in the elec- 
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| tron shells of neutral, unexcited atoms, which fol- 
lows from the rule of successive filling of n+l 
groups, has the form 


L(n+ 08+ (n+ )[z cost pa(n t+ )—F| 


<Z<K+(n+1+ 138 


+(n+1+ 1)|F sin? pa(n +l) ae (8) 
The additional terms appearing in (8) and absent 
in (7) can here be regarded as corrections to the 
description (7) obtained on the basis of the statis- 
tical model, where one takes account of the integral 
nature of Z and the condition that Z be kept equal 
to the total number of electrons in a neutral atom. 
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Scattering of high-energy photons by photons is investigated by the dispersion-relation tech- 
nique. The cross sections for zero and small angle scattering and the total scattering cross 


section are determined. 


‘Tae dispersion relation technique L-3] is being 
used more widely for the study of various proc- 
esses involving the scattering of particles. In the 
present article, this technique is applied to the in- 
vestigation of photon-photon scattering in the high 
energy region.* The dispersion relation technique 
considerably simplifies the calculation of the 
scattering amplitude and cross section and enables 
one to obtain the integral cross section, which has 
not been calculated until now. 

First, from the unitary condition we shall find 
an expression for the imaginary part of the scat- 
tering amplitude. Then, after investigating the 
symmetry properties and analytic properties of 
the total amplitude, we shall find the real part 
with the aid of the dispersion relations. The dif- 
ferential cross section for photonh-photon scatter- 
ing is calculated for scattering angles @ > m/w 
(m is the electron mass, w is the c.m.s. photon 
frequency) and for zero angle. In addition to the 
main terms containing the fourth degree of the 
logarithm, we shall calculate terms containing the 
third degree of the logarithm. 

1. The dispersion relations can be used to in- 
vestigate the analytic properties of the photon- 
photon invariant scattering amplitude A which is 
related to the matrix element M in the following 
way: 


M = + (2n)*(wz0 04) * AS (Ry +R, — Ry — Ry), 


where wj and kj are the frequencies and the wave 
vectors of the photons. 

The amplitude A can be represented in the 
form 


A == Ale +A, “A. +As.e +Ag e + Aa e, 


*Photon-photon scattering was first investigated by 
Eulerl‘] in the low-energy region and by Akhiezerl’] in the 
high-energy region. Karplus and Neuman investigated photon- 
photon scattering with the aid of invariant quantum electro- 
dynamics. [4] 


where the partial amplitudes Ag, Ac, and Ag 
correspond to the scattering processes 

(s) (Ri, €1) + (Re, €2) —> (Rs, @3) + (Ra, ea), 

(c) (Rx, €1) + (— Ra, €4) —> (Re, 3) + (—Re, 62), 

(a) (R15 €1) <p (= Ray @5) => (= Rea; Ae) A (eas ade 


The partial amplitudes Ag eg, Ace, and Age 
correspond to exchange scattering processes with 
the photons in the final states (ks, e3), (ky, e,) and 
are obtained from Ag, Ac, and Ag by means of 
the interchange 


(Rs, €3) <> (Ra, €4). (1) 
The amplitudes Ag and Ag can be obtained from 
Ag by means of the interchange 


A; +> Ac for (Re, €2) <> (— Ra, a), 


Aion A tor hice ee (2) 


and it is therefore sufficient to consider only the 
amplitude Ag. 

In order to determine the imaginary part of 
this amplitude, we shall start from the unitary 
condition for the scattering matrix S: 

StS = SS* = 1. 
Setting S =1+ iT, we obtain 
(3) 
The amplitude Ag is related to the matrix element 
of the operator T in the following way: 
i <R3e3, Rees | T | Riei, Reo? 


= = (2st)* (w1@2H30,)—2A 6 (ky + Ro — Rg — Rs). 


Lal STE 


It follows from (3) that 
Im <k:€3,. Ra€a | T | Ryey, Rv€2> 


= +> <Rs€3; Re, | dow | n> <n T | kie,, Rs€.>. (4) 


n 


If from all the intermediate states in (4) we re- 
tain only the states of a free electron-positron 
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pair, we obtain the following expression for the 
imaginary part of the amplitude Ag in the first 
nonvanishing approximation of perturbation theory 
(in the order e*): 
ima -S* D> 
Psy 162 
(prt paki tks) 


At (R3e3, Ries, PAS ag P25») 


XA (piS1,—P2S2» Bier, Roe2)- (5) 


In the first-order approximation of perturbation 
theory (in the order e’), the expressions occurring 
in (5) for the amplitudes of the creation and anni- 
hilation of a pair in which two free photons take 
part are well known: 

x (i (P1— x) — m) ee 
— 2prky 


A (pi81, — P2S2, Rye1, Rees) = ie*u (px) | 


(i (p1 — ke) — m) e1 
wih = Dyke v(— Pr); 


A* (ks@3, Rea, P1S1, — p282) 


af ae ea (i (p1— bs) — m) es 
a are ie?u ( a) [ —2piks 

a ents ag ae x 
me e3 (i ee m) A tat) 


(Invariant normalization factors were chosen here, 
for the spinors u and v.) 

It is seen directly from (5) and from similar 
expressions for Im Ag and Im Ag that the follow- 
ing equalities hold: 


Ais, 2 = As, Ae, e = Ae, 


Introducing the notation 
Ap= 2 iA, + AL), Ac= 7 (A: +A), 
Ag = > (Ase +As,e), 
we write the total amplitude A in the form 
Aree Ay = As As Ale HA + Ase 


In the first nonvanishing approximation of per- 
turbation theory, it follows from (5) that the imag- 
inary part of the amplitude A; is depicted by the 
two Feynman diagrams shown in Fig. 1 (the elec- 
tron lines with the horizontal stroke denote free 
particles). 

The amplitudes A; are functions of the scalar 
products kjej and of two independent scalar in- 
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variants associated with the total energy and 
momentum transfer. We introduce the following 
notation for these invariants: 


s = — (ky + he)? = — (hs + Fy)*, 

t = (ky — Ry)® = (Ra — Fu)’, 

ih = (Ry —— k,)? = (Ro = Rale: 

By the law of conservation, s, t and u satisfy the 


equality —s +t +u=0. Using the properties of 
crossing symmetry (1) and (2), we have 


Ai—>As for (ks, @2:) > (— Ra, Gy), Su, EG 
Ai > As for (Ro, €:) <> (— Rg, @s), 3S —t, UU; 
A1—Aj;,e for (hs, &s) <> (Ras ea), Sir he eh eretdy 
Ai— Ase for (Rg, 4) — (—Fe, 0), 

(Rg, €) — (Ra; €a), (Ros 2) > (— kz, es); 

Si eh Peeling | lyst eee 5; 

A: > Age for (Ro, es) > (— Ras ea), 

(Ra, Ga) —> (Rs, €5)3 (Rs, x) —> (— Res 2), 

soa —u, US t,  to+—s. (6) 


The kinematics of all scattering process with 
four external free-photon lines is shown in Fig. 2. 
The energetically allowed region for the processes 
described by the amplitudes A; and A; ¢ is the 
half-plane s = 0, and the processes described by 
the amplitudes Aj, A3,e and A3, A»,e are ener- 
getically possible in the half-planes s —t = 0 and 
t= 0, respectively. The imaginary parts of the 
amplitudes A; and Aj e, as will be seen below, 
are nonzero in the regions 

Im A1, Im Ay. + 0 :for s > 4m’, 

ImAz, ImA3,. += 0 for u<—4m’, 

Im As, Im Ase == 0. for to —4". 
The physical regions (regions in which the scatter- 
ing angles are real) are shown crosshatched in 
Pigs ss: 
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2. We introduce the notation 
Pir Po = 9, & tke =kg +h = 4, ky —ky = p, 
(1 er SI ral ag la acai ee Ora Fs aN 
and represent Im A, in the form 
ins \ ato (qv) 6 jv? — s + 4m?) oy 
(7) 


Si = Sp(+ G+ 9 —m)n(4 (8-1) —m) 1 


x(4G—9 +m)r.(4 (0 — p') — m) reehetetes, 
Se = Sp(+ (q—9 — m)x.( (0 —p) +m) 
x (FOG +9 + m)1e( (O— 0’) + m) reehetetes 


(a = %.4,)- (8) 


The calculation of the spurs (8) leads to the 
following general Bas ie for Im A,: 


(1) 1:2 3 4 
1 J ips uevecee, 


Im Ai = 


where the ey of the tensor Tae have 
the form 


ibs aot (6, 16,6A —- 60.08 ae Ouc0veC) 

AG gegsA ce Sisdsde Beat Oaqidsee | esloodugeD ? 

+ 8 voGuGo E+ SeoQuquE i + «6 +) + (udvPeDoA?”! 

ie Gigeoepoe TD ai GaGeD Peo =f Gegepape 

See Pes Rt agape Eat et ae) 

a: (oupeppeA ne ae pupspip.B ere”? if pepspip.er rr? 

+ PPePoPyD?PPP) +...) + (4990 +...) (9) 
(To obtain the omitted terms from the written 
ones, we replace the pairs qq by pp, p’p’, pp’, 
p’p, gp, pq, gp’, p’q; the tetrads qqpp by qqp’p’, 
qqpp’, qqp’p, gp’pp, v’qpp, qpp’p’, pap’p’, ppp’p’, 
the tetrads pppp’ by p’p’p’p, qppp, qp’p’p’, pqqa, 
p’qqq, and the tetrads qqqq by pppp, p’p’p’p’.) 


The scalar coefficients A,..., A(aq),..., 
A(aaqpp), , A(pppp’), ... , A(aqqag), 
are functions of the variables s and t. 

The conditions of gauge invariance and invari- 
ance with respect to the CPT and CP transfor- 
mations lead to a number of relations between the 
scalar coefficients in the expression for the ten- 
sor Teo: These transformations have the form 


gauge invariance: (9+ p). fea = (0; 
Gq, Pp’, WG, Verp, 
qq, p>—p, | 


Bo pte ¥, prs, 


CPT transformation: 


CP transformation: 


We have obtained the following relations 


(n= 1/2): 


Seese SANNEK OW 


A ae [A ae Ale? As(V Son} AlPP’)), 

PL ty ACL | Lhe A? + (1—2n) AG) 

Bree [Be a. BYP?) Toh BP?) 

Bae 2 EO stp ae BOW) eq) BY?) , 

OTe rc‘) at CPP) <s (1 rot 2n) oP), 

Col DM — ee ae Ce") Ltles ( le 2n) Caer, 

APP) OP (1—2n)2 (Ae + Arr 

Bere ig BP Le at EP) Spee (P: Qn) (Bo?) =}: BYE?) 

CPP) es DiPP) clr’ Pp’) — pir’) Ro recininys Qn) ( (C2? ue GPR, 

Al?’ Py on BPE ANOP), 2 lp py aXap) ot, BOW) _ C9?) ___ BP? 
ee SA ts sR pp) ails (1 af 2n) C(qPP'p os 

Bier ) pretes Bo ) BI 6 UE, at sAee r= sA rr 
+35 (1 zt 2n) cr’ PP) 

CPP) 2 DOP) — [Bo BY A) ae sAgPrP’) — 5 Arr 


+ 8(1— 2n) BOPP), 


BiP'P) EW?) Crea D’?’?), Acq) Pen pe Se AP” 
scale 2, FOP) 

PUP) ak) PAPAYA Regen cee Ber, cg) — clr’n 

RE 3 eda Dp?” , 

Guise Feo). — 2 Ae” fe eee Fi9) Bow) re EP) 
es Pee BP, 

NGPA EY Eee ee DY? 

AlggPP) send (Boe CMP) yr lade ARE yet aeren 
— (ly) AlgP'Pe) 

BigP) — Al (A? we BOW) ue CP) éb. BED y sarah oP 


poe (1 eh 2n) BiqPP’?’) 


CltPr) x s71.(A\?) es BaP) cP) __ Corry e's Alger’) 
uy (1 fa 2n) CO9PP'P) 

Aare Faget (Ae?) ae Bey) ae AlP'999). 

RPE et (AP) as Bee. cis) = Alrqaa) 


CUGE TS Lees Ae 4 BoP) == CO) 4+, A) 


(qqp'p’ 4, ty! a tol ot 
Ash? es 1 AROS A WOE PY on) Aer oy 


Bia?) __ gt (BY?) ab (Fie ey hi: Sk (1 — 2n) Alar PP) ; 
CLR RSet (cP?) = Br =e BiPr'P’) + 2n)} AlgP’PP) 
Alprr’P’) at yeh gage’) L A(grr’P) rb gr (1 pd 2n) Alr'r'r’P) 
pirrr’P’) oe E(pee'e’) Ry s3Blrr) abe Bore’) 

RN FP Pay, (P’P'P'P) 
Rete ne os ce roe s-1C?) oie cigpr'P’) 


o- (1 esky 2n) Al?’ P'P'P) 

Piepe’p’) cae ie Qn) [st (Br) an CORN 
— Alg’re) 313 Air P'r'Pyy 

Al99yD) = s1(A” ats BW) il cm) ae Alegyy 
“hy (1 s S 2n) Alrg9y) 
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AlPPrp) pe got Cees ate Be) an ay a AlqPrr) 
(p’p’p’p) 
—(1—2n)A ; 
(p’p’p’p’) ay a Cat 

A Pe (ie 2) {s 2( APP) 4 pier) a CPP) 
ie Arne ey Akae Prey 

Avpre) __ pir’r'p’e) ___plpppp’) __ cir’P'P’P) 

AvP Pe) Bir'r’P’P) a3 ciprpe’) Pes pierre’) 

Aleg99) ie D499 ean BOP 999) a cra) 


Pena yr vga) a. _ a maa Pea ae (10) 


(The relations between coefficients with the tetrads 
qapp, dap’p’, qqpp’, qqp’p and qp’pp, p’app, 
gpp’p’, pqp’p’ are the same as between the coeffi- 
cients with the pairs pp, p’p’, pp’, p’p and ap, 
pq, gp’, p’q, and the relations between the coeffi- 
cients with qppp and qp’p’p’ are the same as 
those between the coefficients with pqqq and 

and p’qaqq.) Hereafter, we shall take as the inde- 


pendent coefficients the functions 
( (qP) (9p) (qp’) (qp’) (qp’ “p" 4 
Ag) nC, A RY 2 : cP AvP) BYP) 
clr’) sAP AVP 999 | SAPP) gs AaP’r’n’) sAP'rP) 
sBY? pp) ; sC 7? PP) s ANPP p ) SBI? p’) ; 
sCiarn’P’) 5 Arner’) Arr P'P) 
’ , . 
We give explicit expressions for the imaginary 
parts of the independent functions A(qp), Blap), 
. . . obtained in the calculation of the spurs (8) (in 


the approximation s, t > 4m’): 

Im A) = Im BY”) = Im C%”) = s (a2/2 — as) 
= st (tF2 + Fi)/2 (s —t)? + Fo/4 (s — 2), 

Im AY”? = Im BY”? = Im C4”? = s (a2/2 — as) 
+ (ap —a,)/2 = st (tF2 + Fi)/2 (s — t? 
+ (1/4 (s — t) — 1/2s) Fo, 


Im A?) = 2s (bs — as) + s (b2 — as) + (b2 — a) 
= s? (55 — 94) (tFe + Fi) /6 (s—t)? +(— 1/4t 
+ 1/4 (s—t) —#t/3 (s—)? + 1/2s) Fo, 
Im B®?) = 2sca — (s — tt) c2 + sa + 8 (a2 — ao) /2 = 
= — s(s? — 8st + 32°) (tF2 + Fi) / 6 (s — 2° 
ee (h/ar 1/3 (s ty 4 t/3 (3 t)?) Fo, 
Im C”») = 2sca — te2 — sar + 5 (ao — az)/2 
= —'s (2s? + 5st — 32?) (tFe + Fi) / 6.(s — 0° 
— (7/12 (s — t) + #/3 (s — t)?) Fo, 
Im 5A ‘?999 — Im sA'? 9) = 5s (as — a2) 
= (s — 2¢) (tFe + Fi)/2 (s — t)? — Fo/4 (s — 2), 
Im sA (9???) — Im sA??'?? = s (bs — 62) 
= s§ (tF2 + Fi)/2 (s — #3 + (— 1/8t + 3/8 (s — ft) 
+ t/4 (s — t)?) Fo, 
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Im sA (7???) — Im sA\"?"?) = s (cz — c2) 
= $f (Fa + Fi) [2 (s — O° 4 (— IP 1/8 (s — t) 
+ t/4 (s — t)?)) Fo, 
Im sB‘9?"") — Jm sc???) — Im sB4P??”) — Im snr) 
= scs + s (a1 — be — ce) / 2 = St (tF2 4+- Fi) / 2 (s — 0)* 
+ (1/8t + 1/8 (s —t) + 4/4 (s — 2)?) Fo, 
Im sA(?PPP) — 9s (ea — cs) — s (63 — 2) 
s3 (s —3t) 


Sa Hise aes Fi) + (1/24¢ — 5/24 (s — 2) 


+ ¢/2 (s— 1)? + 2/2 (s — X)°) Fo. 
Im sA???'?) — 5 (Qe, — cs) = (tFe + Fi) 
4 (1/24¢ + 13/24 (s—f) +4/ (s—2)? 
+ 2/2 (s — 0)°) Fo, 


., Fy are given by formulas 


(11) 


where aj, bi, ..- 

(A.1) and (A.2). 
3. Singularities of the total scattering amplitude 

are represented in Fig. 2 as functions of two in- 

dependent complex variables. In the real plane 

(s, t), the total amplitude breaks off at 

2 Im (A; + Ay,e) in the half-plane s = 4m”, at 

2 Im (A, + A3,e) in the half-plane u= —4m?, and 

at 2 Im (Ag + Aye) in the half-plane t = - 4m’. 

The cuts in the complex plane s (for a given t) 

run from 4m? to © and from —4m?+t to —o. 
The analytic properties of the total scattering 

amplitude with respect to s are expressed by the 

dispersion relation (without subtraction) 


co ; —4m?+t : 
: ~ Im A (s’, 2) 4 e Im AY (s% 2) 

(2) 4 1 , ' 2 ' 
AN (s, t) = z \ ae ds = rer oy ds 
4m —oo 

ee (4) (of amet (Gy fer 
a ee 
am? —co (12) 
where t, =s’ — u, or by the relation 
* (2) (s'. ¢ Orn Ae (3 
yt \ laa phi, a.” A m A, (s’, u) 
A a s’—s ds’ - m \ s’—s ds 
4m? 4m? 
fee \ Im AC\u/, ft), 4 \ Im AY” (u, — s) ae 
ee) 7 T 7 G 
Ba f an: =i 1 ane u’+u (12’) 


In Fig. 2 the contour of integration lies in the 
upper half-plane (t = 0) and, for t > 4m’, par- 
tially enters the nonphysical region. Hence, no 
contribution comes from the contour of integration 
of the quantities Im As; and Im A2,e. In (12) we 
understand by Im At the imaginary part of any 
of the independent scalar functions A(ap) and 
B(GP), and we understand by Im A$”, Im Af’, 

Im A$) the imaginary parts of the same independ- 
ent functions in the expansion (9) for Ap, Ai,e- 
A3,e- In (12’) all the functions under the integral 
sign are expressed in terms of independert coeffi- 
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cients of the expansion (9) for A, [which is possi- 
ble owing to (6)]. 

4, Inserting in (12’) the expressions for the 
imaginary parts of the functions A(ap), (ap), 
. . - (11), we find the expressions for the real 
parts of these functions. We note that for those 
terms in (11) which do not decrease (they remain 
constant) as s— o, the subtraction should be 
carried out at the point s =t. 

Using (A.3), we obtain, for s, t > Am’, the fol- 
lowing expression for the real parts: 
t sue 1 


(qp) __ 
Re A ~ 4(s—t)? In s 2(s—t) in oe Sy 
(Ga) oe t mee s—2t t 
Re A — 4(s—t)? In s 2s (s — 12) In Sua 
(p’p') s 5s—9t pee 
Re A ~ 42 (s—t)8 In s 
ag 353 — 15s?¢t + 22st? — 613 | t 2 
6st (s— t)? aes 3(s—t) ’ 
(fp). 1 St — 8st oP spl 
Ree Fara aan! eas 
_ 38 —10st +3) ¢ | 2 
GG po 1 See Gwe 
(p’p) 1 2s?-+ 5st—3f, . ¢ 
ReC =— 75 Ga In : 
: 7s — 3t in t Za 
6 (s — t)? s 3(s—t) ’ 
(pq9q) s—2t 2 t 4 t 
ResA ae Cy ee s Ie—H 0 Sa 
(9Ppp) __ S* 2 t rae s? — 5st ++ Dt ape 4 ; 
ResA Rees hoe Wasi wes alee 
(qp’pp) __ st oie s(s — 3) t 1 
ResA iene a eae een” 
(gnsop)em = St oy s* — st + 2/2 t 1 
ResB ep ee Ai (s—t? In-= +9g=5? 
(oppo) ee WN S5 ede— OF ag. 
ResA Fae lee 
| $s? — 8s? + 25s/? — 628 | t s+t 
a 12t (s — 13 s + 36h? 
(ppp p) 2 2 st peat 
ResA Eis) fh 
s (s? + 10st +- ft?) en 3s —t 
+ Die M+ 3G: (13) 


We now write the general expression for the 
scattering amplitude in the center-of-mass system: 


A = 4a? {(e1-2) (ese) a + (e1€4) (e2e3) b + (e1€3) (e2€4) c 
+ s-} [(e1e2) (pes) (pea) ++ (esea) (p’e1) (p’e2)] d 
+ st [(exes) (p’ex) (pes) + (e2es) (p'ex) (pes)] e 
+ s-* [(exes) (p’e2) (pea) + (e2€4) (p’ex) (pes)} Ff 
+ s® (p‘e1) (p’e2) (pes) (pea) 8}, 
where a is the fine-structure constant and 
ET WEED, RTOS ee; a Peay: el Or ade why. Pe Sa 9 
e=C+8B.+ C, + Aa, 
d= s [A 1 AvP) + 2 (BY? + 2BP?) + BPP) + Be”) 
a cw ie 9c\rr) sii c(rr’) rh clr’P) ae 9c4?) * BC), 


(14) 
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eae EB Pres clr) ue 4 (Ag? a Al?) ae APP) ae 2 AlPP’) 
is A as Alp) 4 AvP) Se 2 A(rr iy 
f=s ic? reg BY p) we SAGES ae 2c (PP) ae cP ) ue Cc? P) 


Ee 2c) ah ON Splat ih BY) ea 2 B(P?) ab: BPP) ss Bey) 

g= s2 [Pirpr'P’) as Fpiper’e) se, 2. (DIg ese?) a 9G i99PP) __ AlPer’r’) 
(2 | 16 c c c 

= 2Birrr'P’) es: 2C(PPP'P’) dS Piper’) te Peas bee 2 Ae ee) 

4 2A PIS) __ 9 Ae tO) 1. Alga Alppee) 4 Ale P’P) 

as Oka Alpe’) re 2 Birrr'r’) ai ac(rrr’P’) 

mS Piper’) sc DORON Oe DAG Pee Lo Aen 2 A(P'a99) 

ae Aga ae Alprre) ar Ar eRe (15) 

It follows from (6) that the functions with the 
indices e, c, and a can be obtained from the 
corresponding functions without the indices by 
means of the substitutions s— s, t— u; 
8 > — Ustt 4st) ands ett Baise 

5. The differential cross section for photon- 
photon scattering is related to the scattering am- 
plitude A by the expression 


do = (16n)-2w~? | A | 2do. 


Inserting expression (14) in place of A and aver- 
aging over the polarizations of the initial photons 
and summing over the polarizations of the final 
photons, we obtain 
do= (a4/2°n) w do [4a]? +)|b|2?+ ec? 

++ 2Re (ab” + ac* + bc*) + 2 cos? (|b|? + |c|? 

+ Re (ab + ac* + bc*)) + 4sin?@ Re (2ad* — be* — 2cf*) 

— 4 sin*0 cos 6 Re (e + f/) a® + cos*® (| b|? + |c|?) 

+ 2sin'®(B|d{*+2|e|?+2\ Ff]? 

+ Re(a +6 +0) g*) + 4 sin20 cos? 6 Re (6d* — be* 

+ cd") — 4 sin?0 cos? 6 (6f* + ce’) 

— 8sin* 0 cos 6 Re (e + f) d* 

+ 4sin® 6 Re (d —e — f) g* 

+ 2 sin*@ cos? 6(|e|? +] f |? 

+ 4 Reef*) + sin’ 6| g| ?]. (16) 
If in the initial state the polarizations of the pho- 
tons are orthogonal to each other and if the polari- 


zations reverse as a result of the scattering, then 
the cross section has the form 


do (11, 2),3y. 41) = (a4/2%n?) w-2do [ | 6 |? cos? 6 


+ 2 Re (be*) sin? 8 cos @ + |e |? sin* 6]. (17) 


For small scattering angles (m/w « @ <1), 
the greatest contribution to the scattering ampli- 
tude (14) comes from terms containing the func- 
tions a, b, and c, which, in this case, are equal 
to (we neglect the contribution from the imaginary 
parts) 
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23g 4 t ae t 8 t 8 + 2x — 6x? — 5x8 + 5x5 ‘ 
ee re Ith, Ce ater leer, 4x8 In? (1 — x) 
the cross section is then expressed by the formula Bde Soi Le oe 8x" inx In (1 —.x) 
do ~ (a4/m®) w®do [(exes)® (eves)? Int 0 yi hy ela ee 
: — In 
4+ 4 (exes) (e2es)((2—3 In 2) (exes) (ese) 12x (=a i, 
6 =x? Ast 1643 3 

— (e,€2) (€3@1) — (€1€) (€2€3)) In? 6}. (18) Gio ern er aoe 

If we restrict ourselves to the first term in (18), [yp —* 6 = 9* 34+ In y 
we obtain the formula first found by Akhiezer.'*! : ek 
In this case, the cross section averaged over the ee ae ——In(1—x) + Se 
polarizations has the form hee a Ack b+ 2038 — 3609 4 274 — BHF 1 

do = (4a*/x?) w*do [Int @ — 4 (In 2 —¥/s) In? J. (19) ane 
8 + 2x — 6x? + 5x8 — 5x In(1 in) 

6. We shall also find an expression for zero- 12x8 
angle scattering cross section. In the center-of- 8 — 13x + 12x2 — 4.3 + 5x4 — 438 
mass system, the zero-angle scattering amplitude 6x? (1 — x)? 
has the form where x = sin? 1/9. 

A = 4a? [(e1e2) (ese4) a + (ere) (€2e3) b + (eres) (€2€4) cl]. Integrating (17) over x from 0 to 1 (we note 
that all divergences occurring here drop out), we 


Using (A.1) and (A.2) for t = 0 [we now retain in obtain 
(8) terms containing the electron mass] and de- 
termining the real parts of the scalar functions 
from the dispersion relations (12’), we obtain for C = {P[my (2 [86 (2) — 110 (8y4-, 1764) 70 O) 

a, b, and c the expressions 1 £ (3) —3] 4+ mn? [7 — C(2) — 46 (3)]} = 27, (22) 


G (1%, Zi 31> 41) = Goya, 


4 
feo sin, cl — = where ¢(s) is the Riemann zeta function and &(s) 


3 m> 
is the series of Riemann functions (A.4). 
In conclusion I express my deep gratitude to 
Professor A. I. Akhiezer for valuable advice and 


(we neglect the contribution from the imaginary 
parts). 
In this case, the differential cross section is 


di ion. 
expressed by the formula phere 
(do/do) oo = (a4/n) wo [(exes)* (ezes)* In* (w/m) APPENDIX 
— 4 (exes) (exes) ((6—3 In 2) (exes) (exes) — (e1€2) (exes) 1. In (7) the following integrals are encountered: 
— (e1es) (e2es)) In® (w/ 77]. (20) Fo (s) = \ atv (qv) 8 (v2 — s + 4m) = 2n0 (s — 4m?) 1, 
The cross section averaged over the polarizations ‘ 
(qv) 6 (02 —s + 4m?) ie 
has the form F,(s) = \ x a a diy ~ 0(s — 4m?) In 


= (4a4/n2) wn? [nt (w/m)— 4 (4/s— In 2) In? (w/m)] (a0) Ofek — 8 oar? 
(do/do)o—y = (404/n?) [Int (w/m)— 4 (*/ ) OK hen \ ge) 5 e— os aan 
(the first term was obtained by Karplus and 
Neuman J), 

ts Finally, we give expressions for the total (rave Vinee baa Valea ike ie 
cross section in the case of definite polarizations 
of the colliding and scattered photons (17). In (17) n=t/s, v= 4m'/t), 


5 eos = § (8 — 4m) In 


the real and imaginary parts of the functions b ( v,,5 (qv) 6 (v2 — s + Am?) ie 
and e have the form OP ¥ re 
; v,,0,0 (qv) 6 (e? — s 4- 4m? 
Reb =<. SSE in? x = pa, \ dv 
> a a aN => fo) i 
et ss 59 + a4 12 x) (9,9, + 9.) %, > P,P,By, 


d*o = (p + P')u ais 


( v6 (qv) 6 (v2 — s + 4m?) 


44 (35x — x’) In x In(1—2) Sle 


Pree Sx? og we pe . ee Oh et). + 36, 
oe ot use ay In(1 — x), (= oar a = (quqv + 96,1) G2 + (Paps 
— 36x3 + 27x4 — 8 a , 
Ree= A + 4x + 203% — 3628 + 2748 — 8x0 In? x +- PuPv) be + (PyPv a PyPy) G5, 


24 (1 — x) 


SS 


ae 
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(We have given here the expressions for the coeffi- 


1,6 (qu) 6 (02 —s + 4 
0,0 00 (qv) 6 (0? — s + see = [(quqv + sduv) (2p + P')o 


t 


cients used in the calculations.) 
2. We now give the asymptotic integrals, for 
s, t > 4m’, occurring in the first term of (12’): 


(vp — s) (vp’ —s) 


2 ee | as + (PuPvPe + DuPvPo) bs 


OY Cn oy Pe ee oo =, 
ie m ioe reas 4 s* (ifs DEEN go Sak pat 
U,,0,0,0,0 (qu v2?— s+ 4m? We: s It (sa f)" (67 —- 3) a 9 (¢uy" $? 
: is Fo(s’) , ahi a tyneest s— t\k 
= (busdedo +...) +. 9.94040] as * GE — fy" (s’— s) ee os iy" ; [In s on ery a 
eh sh (A.3 
+ [(pyps Fe PP) (9o4s + Bec) +... by : : , 
‘ 3. We finally give the expressions for the in- 
+ [(PpPy + PvPp) (Fedo + S80) +++ -1 Ca tegrals occurring in integration of (17): 
+ (PuPvPoPs + PuPvPoPs) da’ eee | ate 
tarts" st re =nlt(n+ 1), 
+ (PyPvPePo +- +--+ PyPvPePs +: + -) xt—x 
ree 0 
7 (PuPvPoPo +.. .) fa (A.1) L ; 
(th , ; : \ Int lin. : — =nl&(n+ 1), 
e omitted terms are obtained from the written ‘iP ies 
ones by all possible permutations of the indices : co 
Lu, Vv, p, o), where the quantities aj, a},... are E(s) = ya BON ee, (A.4) 
expressed in terms of the integrals Fy, F,, and oer 
Fo: and ¢(s, n) is the Riemann function of two argu- 
Oise ee a, = 15 4. Kays Ao = — F/2s ae 2m?F,/s, ments: 
art “ re: fore) 
SO ERR Oc CRI SE Ware bs) = Daa $0) =o). 
a, = (sF, + F,)/2 (s — 9d, =0 
az = — (tF2 + Fi) / (s — *) — 4m? F2/s, 
bz = s?F2/2 (s — t)? + (2s — 2) Fi/2 (s — t)* St coer eas Bays an _ 
ell-Mann, Goldberger, an irring, Phys. 
— (s— 2) Fo/4 — ? — 
Cs e te eas Rev. 9£, 1612 (1954). 
€2 = $ ({F2 + Fi)/2 (s — f)? + Fo/A4t (s — 2) ? Bogolyubov, Medvedev, and Polivanov, Voprosy 
— m? (s — 2t) F2/t (s — 0), teorii dispersionnykh sootnoshenii (Problems in 
as = — $(tF2 + F1)/2 (s— 1)? — Fo/4s (s — 2) the Theory of Dispersion Relations), Fizmatgiz, 
Bete et aie Mandelstam, Phys. Rev. 112, 1344 (1958) 
bs = s8Fe/2 (s — 1) for ‘ Bio - Mandelstam, Phys. Rev. , 58); 
i Sale (Ss )? + (8s (s — 4) 4+ #?) Fi/2 (s — 2) 115, 1741 (1959). 
— (3s — 21) (s — 3t) Fo/8st (s — 2)? 4H. Euler, Ann. Physik 26, 398 (1936). 
+ 3m?s*F2/2t (s — t)? + m? (3s — 22) Fi/2s (s — 0)?, >A. I, Akhiezer, Physik Zeits. Sowjetunion 11, 
zx 263 (1937). 
C3 = S* (tF2 + Fi)/2 (s — 0)? + (s +2) Fo/8t (s — t)? 8 
: d M. ; : ’ 
— ms (s — 4t) Fe/2t (s — t)? + m?Fi/2 (s — 2), me aan wnr womuag idea, 
bs = — 8 (tF2 + Fi)/3 (s — 1° — (8s — f) Fo/12s (s — 0)? 
— 5m?sF 2/3 (s — t)? — 4m*F2/3t (s — 2) 
— m? (2s — t) Fi/s (s — 0)? + m® (s — 28) Fo/3ts? (s — 2), 
Cy = — S(s +2) (tF2 + Fi)/6 (s — t)? — Fo/6 (s — 2)? 


— m2 (s + 4b) Fe/3 (s — t)? + 4m (s — 20) Fa/3st(s — 2) 
— m*Fi/(s — t)? — m?Fo/3st (s — 1), 


é, = & (tF2 + Fi)/2 (s — t)* 


+ (s? + 2st — t*) Fo/8t (s — 2)° 
— ms? (s — 5t) F,/2t (s — t)8 


— mts (s — 2t) Fe/t? (s — t+ m* (3s — t) Fi/2 (s—2)? Translated by E. Marquit 
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The scattering of slow neutrons in a Fermi liquid is investigated theoretically. The cross 


sections for direct scattering and scattering involving the excitation of zero and ordinary 


sound are determined. 


l. The purpose of the present paper is the theo- 
retical investigation of the scattering of slow neu- 
trons in a Fermi liquid. It is known that, for suf- 
ficiently low temperatures, specific sound waves 
—the so-called zero sound (Landau, Klimonto- 


vich and Silin)—may propagate in such a system. 


We shall show that these waves can be excited by 
irradiating the Fermi liquid with slow neutrons 
whose velocity exceeds the velocity of the zero 
sound. 

The investigation of the scattering of slow neu- 
trons in liquid He?, which is a Fermi liquid, can 
therefore serve, in principle, to verify the exist- 
ence of the zero sound. 

Besides the scattering with excitation of the 
zero sound (and ordinary sound), direct scattering 
of the neutrons by the nuclei of the Fermi liquid 
is also possible. In these scattering processes the 
energy transfer and the scattering angle are not 
correlated, whereas in scattering processes con- 
nected with the excitation of collective degrees of 
freedom and having the character of Cerenkov 
radiation, the scattering angle is a unique function 
of the energy transfer. 

2. The Hamiltonian for the interaction of a 
slow neutron with the nuclei of the Fermi liquid is 
given by a sum of Fermi pseudopotentials: 

of = —@2= 5a +bsK) 6 (tr — 1), (1) 
where r, rj, and s, Kj are the radius vectors 
and the spins of the neutron and the i-th nucleus, 
m’ is the reduced mass of the neutron-nucleus 
system, and a and b are the coherent and inco- 
herent scattering lengths for the scattering ofa 
neutron from a free nucleus of the Fermi liquid 
(the quantities a and b are complex owing to the 
absorption of the neutrons by the nuclei). The ef- 
fect of the Fermi liquid comes most clearly into 


play for small neutron momentum transfers App. 
We shall therefore assume in the following that 

| Apn | «K pp, where py is the limiting momentum 
of the Fermi liquid. Under these conditions we 
can replace the summation over i in (1) by an in- 
tegration over p(rj, aj, t)drj, where p is the 
density of nuclei with spin projection aj; at the 
point rj of the Fermi liquid: 


9 = —(2nh?/m') (a + bsK(r)) 0 (r, o, t). (2) 


The deviation of the density of the Fermi liquid 
from its equilibrium value py is clearly equal to 
6p = f dnp47 p, where d7p = (27H)~"dp (p is the 
momentum of a quasiparticle of the Fermi liquid) 
and 6n, is the deviation of the quasiparticle dis- 
tribution function from its equilibrium value 

= 
)44 


+ 
En—SG 


tie ae |exp ( r 


(Ep is the energy of the quasiparticle, ¢ is the , 


chemical potential). dnp satisfies, according to 
Landau,!*! the equation 


; a de, i 
eer aeeiaie ee my dnp (r, t) | 
on° 


0 
— ae Spr’ \ fp ono’ (r, t) dtp = I {6np}. (3) 


Here I is the collision integral, and f =f(p, p’) 
+ K-K’q(p, p’) is a quantity which characterizes 
the interaction of the quasiparticles. At absolute 
zero 6p = (v+K-p)6 (Ep —¢), where v and p 
are certain functions of n = p/p and r, t. The 
monochromatic oscillations dnp (~ el(q- r-wt)) 
satisfy the equations 


(mz — cos 8) vq (nt) = cos 0 \ F(X) vo: (n’) do’/4a, 


(n: — cos 9) tro; (n) = cos 6 \G (X) tioz (n’) do’/4x, (4) 
where @ is the angle between n and q, ¥ is the 
angle between p and p’, do’ is the angular part 
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of the volume element of p’, nj =8j/Vo» ni = S{/Vo 
sj = w;/q, sj = wj/q are the propagation velocities 
of the oscillations of the quantities v and yp (the 
index i denotes the kind of oscillation), vg is the 
Fermi velocity, and the quantities F and G, which 
are proportional to f(p, p’) and g(p, p’), deter- 
mine the change of the energy of the quasiparticle, 
which is related to the change of the distribution 
function by 

js) = \ | Fv’ uae Gu'K) do’/4x, 5) 
v’ = v(n’, 1, 2d), pn = p(n’, r, 2). 

For sufficiently low temperatures, when there 
is very little absorption of zero sound, the scatter- 
ing of the neutron and the excitation of the zero 
sound can be interpreted as the emission of a 
quantum of zero sound by the neutron. This proc- 
ess is described by a Hamiltonian which differs 
from (2) in that p is replaced by the change of the 
density of the Fermi liquid caused by the zero 
sound oscillations. 

In order to calculate the emission probability 
for a quantum of zero sound, we must quantize the 
zero sound. For this purpose we must first deter- 
mine the energy of the oscillations of the zero 
sound, 

a Pot Po 2 
E=\drSp | epdty +4\drSp | dep dnp dtp, 


Pp “De 


(6) 


where £, = Vo(P — Pp) and Spy = (v + K+y)/vp is 
the change of the Fermi momentum connected with 
the oscillations of the Fermi surface [the second 
term in (6) takes account of the interaction be- 
tween the quasiparticles]. Using (5), we obtain 

= cane, \at \\ \v 4 fp?) do 


+ \\ (Few + 75 One’) 
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(7) 
This expression should, of course, have the form 


E=S\(Na+z)hort S (Neat > hor, (8) 
q a fA 

where Ngj is the number of quanta of zero sound 
of the type yj and frequency wj, and Ngid is the 
number of quanta of zero sound of the type yj, 
frequency wj, and polarization A =1, 2, 3. Ex- 
pression (8) follows from (7), if we expand v and 
p in terms of plane waves: 

a (2mh)"’* 


: y ree 8 
p > (5 Upht w;) i {Vqi (n) Coie —G 
0 => a 


q.é 


Eg +. —i(qr—a; f) 
bh voz (n) cge OE 75 


nh)? w— ,, “ay # (qr—«,t) 
= on > (Qvohw,) * {para (M) Corre é 
qa, A 


* —i (qr—w,f) 
+ tar (1) caine et 


(9) 
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interpret the quantities Cgj, Ci» Cqix» Cqia a8 
boson absorption and creation operators for the 
corresponding zero sound quanta, and subject the 
functions vgj(n) and ugia(n) to the normalization 


conditions* 
MN \ | ye: (n) |? do/cos 6 = 1. 


ni: || ein (n) | do/cos 8 = 1. om 
Substituting (9) in (2), we find for the energy of 
the interaction of a neutron with the zero sound 
oscillations 


(0 M fs Big f Te —i(qr—o; : 
H =— FY {a SV ita, (Acie + hae. ) 
ae 
+ 2[(a + bsK) Kle) Vitor (Bacine “+ hie. f, 
2 (11) 
where 
A; = \ ei (n) do, Ba = \ thera (n) do, (12) 


and the bracket [Y], denotes the part of Y which 
is coherent in the spins of the nuclei and does not 
contain the nuclear spin operators K linearly; 

m* = pp/Vo- 

Using the expression for 5¢), we can easily 
determine the cross sections for the scattering of 
a neutron (from a single nucleus) with emission of 
the different types of zero sound quanta: 


do’) = 2 (m*/m')?| Az |? |a| *(Siv0/vn) (28g? dq/ps), doy = 0, 
we 3 f/m 2 o | 6/2 5,00 h8q? dq 
dott: = (2)  B. ahiele ‘ 
wi) 8 (ay LO 6 ee 

ds 12 - | B; 16 oe ps ’ (13) 


where vy is the velocity of the neutron, By = B,, 
+iBjy (the z axis is directed along s), the ar- 
rows indicate whether the directions of the neutron 
spin before and after the scattering are parallel 
or antiparallel with respect to each other, and the 
indices vj and pj denote the type of zero sound 
quantum emitted. 

It is very probable that the simultaneous 
propagation of vj and pj waves in the Fermi 
liquid is not possible (at least, if F (Y) = const). 
In the following we shall therefore only consider 
the excitation of vj waves. In this case the con- 
servation laws 


Pa = Pn tig, En = En + hqss, (14) 
*To derive these conditions, we must use the relations 
[\ Frqcvqedodo'/4er= | (n,/eos 8 — 1) | v9z Peo, 
\\ Gig: ybbgindodo'/4t = \ (n;/cos 8 — 1) | gin do. 
which follow from (4), 
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must hold, where pp, Ey and ph, E} are the mo- 
mentum and energy of the neutron before and after 
the scattering. It follows from (14) that the angle 
$ between py and q, as well as the scattering 
angle x, are uniquely determined by the energy 
transfer: 


2p? — 2mshq — (hq)? 

2P; VP — 2mshq 
where s =s; and m is the mass of the neutron. 
The first relation shows that vy must be larger 


than s. 
For small scattering angles we have 


x2 = (Rigi pn)? (1 — $*/05), 


hq< Pn. 

In this case the zero-sound quanta are emitted 
under a rigorously defined angle with respect to 
the direction of motion of the neutron (as in the 
Cerenkov radiation). The largest possible momen- 
tum of the quantum is equal to hqmax = 2(Pyp — ms) 
and the smallest momentum of the neutron after 
the scattering is equal to ph min = |Pn — 2ms| 
(the neutrons with the minimal energy will move 
along the initial direction of the beam; all these 
relations hold for iqmax < Pp). 

It is easy to see that the scattering angle x 
reaches a maximum for fig = (2/3ms)(p%, — m’s’). 
This limiting angle is equal to (with pn ~ ms) 


(A+ 222) aig at; an 
3 V3Eo a aimed 


pve 


2D, ; (1 5) 


: COS y= 


Ss 
cos. — —— 
Vn 


cos 0 = s/vz, (15’) 


Pn 
ms 


(16) 


Near the maximal scattering angle yx) the scatter- 
ing cross section behaves like 


, b= 


Xo == arc cos 


do)" ~ g?dq ~ sin ¥dy/ V cos %, — COS Xo, X= Xo (17) 


i.e., it contains an integrable singularity. However, 
this result, as well as the proof of the existence 
of yo itself, was obtained under the assumption 
that the absorption of the zero sound can be neg- 
lected (see Sec. 4). 
For small scattering angles the cross section 
do(Vi) has the form 
: ay = >/s 
(8 (me | SiBianl 4 OS es 2 dy. 
ia (Alar ler selling) wae ae 
If idmax “Py we can determine the total 
cross section for the emission of a quantum of 
zero sound: 
2) 4(PY) Ay g 2 2 
=4(77),| Alla 02 | 


rE Ta, (19) 


Po 


The quantity A; depends on the form of the func- 
tion F(Y). If we assume that F (XY) = const, we 
have, according to (10) and (12), 


Ly eg 8 ert me Oe 
A =V 2n (x 1) (no Ine 2) 


x [2 — (ni — 1) (me In —2\F", 


Pie 
Ty Fae 


(20) 


We note that A vanishes for F~— 0. 

3. We now turn to the calculation of the cross 
section for the direct scattering of the neutron by | 
the nuclei of the Fermi liquid and to the consider- 
ation of the absorption of the zero sound in the 
scattering accompanied by the excitation of zero 
sound. For simplicity we shall assume that the 
energy of the quasiparticle does not depend on the 
orientation of its spin. The cross section for the 
coherent scattering of the neutron without change 
of orientation of its spin, dog, is, according to 
(2), determined by the Fourier component of the 
deviation of the density of the Fermi liquid 
do (r, t) from its equilibrium value pp, i.e., by the 
quantity | 6p(r, t)e7i(q- r-wt) drdt, where hq 
= Pp — Ph and hw = En — Ef are the changes of 
the momentum and energy of the neutron: 


do, = 2n (|.a/0n%») (2ah/m')? O (q, w) dpn/(Qh)*, (21) 


where ®@ is the correlation function of the density 
of the nuclei, 


® (q, w) = a ( dr, ear) \ ae, giv (tite) 


x (dp (t1, 4) Op (fo, f2)>, (22) 


and the brackets <...> indicate the (quantum 
mechanical and thermodynamical) average.* Ac- 

cording to the general theory of fluctuations, one 

can calculate the quantity @ (for T,fiw «¢) first 

in the temperature region T >fw, and then mul- 

tiply the result by the factor hw(N, +1 )/T, where 

Ny is Planck’s distribution function:t ) 
® (q, 0) =A (Wat!) gu (dea Hatem | dhs efoto 


21 


« e 


X 6p (ri, f1) Op (re, 72) (23) 


(the bar denotes the thermodynamical average). 
In order to calculate the correlation function 
@(q, w) with account of the collisions we use the . 
method of Abrikosov and Khalatnikov.! mtroduc- : 
ing the stray force y(p, r, t) in the kinetic equa- | 

tion (3) and choosing the collision integral I{v} 
in the simplest form satisfying the requirements 
of conservation of the number of particles, mo- 

mentum, and energy, 


*The general relation between the neutron scattering 
cross section and the correlation function of the density of 
nuclei was established by Van Hove. |“ ‘4 
tThis method was used by Abrikosov and Khalatnikov|‘] 
in their calculation of the correlation function with neglect of 
the collisions. 
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m=—1 


(24) 


where v™ are the coefficients in the expansion of 
the function v(n) in terms of spherical harmonics, 
we obtain the following expression for the average 
value of the product of stray forces: 

, , 7 2a , 
yO Oye.) = 2(F2) d(r—ry 6 ¢—2) 


fee) 


x 6 (e — 0d (e’ — Oo» aA P; (cos ¥), 
l 


ATF e+ 


(25) 


where F 7 are the spherical harmonics of the func- 
tion F(). Solving the kinetic equation (3) with the 
stray force y, we obtain a relation between the 
Fourier components of the functions 6p and y 
(~ei(q- r-wt)), Considering only the first two 
harmonics in the expansion of F in terms of 
spherical harmonics, we find 


(dtp/d&p)< = m'p,/rPh* 
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where 


D =1 + (AjFo + in§Ao) — g (A2Fo + infA)), 


1—gcos§ 


h (n) ~ cosQ— 7 (1 + i&)’ 
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(n = w/qvyy, £ =1/wT). Using (24) and (25), we 
obtain finally the following i ae for ®: 


M (g, @) = se {Vt (n) |* a. 


ath 
If the condition |w|7>>1(7-~ T~?) is satis- 
fied, the function $(q, w) has poles for values of 
w which are close to the real axis, w = nvyq 
— i¥ (nov is the velocity of the zero sound and 
Y) is its damping coefficient; an expression for 
Y) was found in reference 6). Separating out the 
poles of the function $(q, w), we write the latter 
in the form 


D (q, ») = Dy (g, ») + D2 (q, ©), 


where the function ©) contains the poles of 4, 
while $4, is free of singularities. Assuming for 
simplicity that F = const, we have 


ho 7 sr 
Dal Gath) = ——— es ), (No + )E, — nj + Fo) 


X { Yo + Yo , 
\ (@ = novog)? + 18 (@ + Nov09)? + ¥5 
The quantity $g is a smooth function of w. We 
can therefore neglect the collisions of the quasi- 
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ale (27) 
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particles in the computation of $q. 
If F = const, we have* 


Day nie eee s (No +1) Ro(2-)0( 
Ro( ao. a {(. tt Fw)? 3c <2. Fo) | i 
oe Toe a | @¥o+ | _ (0, x<0 
w =1— 2 In |& ee {o *<°. (80) 


The separation of the poles out of * sone 
tion function corresponds to the separation of the 
coherent neutron scattering cross section into two 
parts: 

do, = do + do, 


) 2n}al®, 2nk 
do) =. SIAL | 


UnPy \ m’ 
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2 jal /ank 
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For F =const we find, according to (29) and (30), 


5) m* 19 nas Ua pact 
=i(5 \ia2o(Ne+ 1) 


<) °n Fo(t— 15+ Fo) 
xd Li fo Lulnore ore tn Seg oe ais 
\ (@ = noveg)? + To (@ + movog)? + 12 J pe 
@ _ 3¢ my, jo} @P, 
da? = 5( Fr) lal gor We + 1) Ro( Gag ) 81 — gam) a 
(33) 


The quantity do) is the cross section for the 
scattering of the neutron with excitation (or ab- 
sorption) of zero sound, and do ) is the cross 
section for the direct scattering of the neutron 
without change of orientation of its spin. 

If %—> 0, we findt 


at, 


(Fe), (Me +) 


ho 


m— 1! 
@o (g, ©) =. ; neers 


‘ Fo (aeons \ ate 


sk Of re no} : (29’) 
Substitution of this expression in do” leads im- 
mediately to formulas (13) and (20) for the cross 
section for the scattering of the neutron with ex- 
citation of zero sound for F = const. 

We note that the validity of expression (29) is 
limited by the inequalities t~! «x |w| « TM. If 
T < Rw, we can use only expression (29’) for 4, 
since expression (29) does not take account of the 
quantum mechanical effect in the absorption of the 


*The expression for ®y with y = 0 and F = const can be 
taken directly from formula (23) of the paper of Abrikosov and 
Khalataikov, 

tExpression (29') can be taken directly from formula (23) 
ofL‘]. Replacing in this formula 


§ (Aw + v9) by Ty [(A@ + %)*? + Y7174, 


we take account of the effect of the absorption of zero sound 
on the scattering of light in a Fermi liquid. 
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zero sound, as pointed out by Landau. i] According 
to the results of Ci] however, we may expect that 
formula (29) remains valid also for T < fiw, if we 
replace y by y = y{1+ (Hw/2nT)’*}. 

4. We have seen above that for y— 0 and 
NoVo < Vn < 2NVp the scattering angle of the neu- 
tron in the scattering with excitation of zero sound 
cannot exceed a certain limiting value yx), and the 
cross section for this process becomes infinite 
for x ~Xo- If the absorption of the zero sound is 
taken into account, the scattering cross section 
for x ~Xo will, according to (32), have the form 


E dt 
(4) -— Na)" =e 


’ 


do =G(J +0(8)sinydy, J =| 
where 
t= prlmm% § = & (x) = 1/4%, n= 1 (%, ft) = w/qvo 
and G is some function of y. The limiting angle 
Xy) is evidently determined by the conditions 

1 (Xo> to) = No» On (Xo; 24)/0E |r, = 0. 


For x > xo the difference n(x, t) — 7, regarded 
as a function of t, does not become zero and the 
integral J is of the order of ¢: J =0(&). For 

X <Xp and «1 the integral J is equal to 


J=a\(n—n) di +0 (2) =H | dn/ot fy’ +0 ~1, 


and do is given by (13) with an accuracy up to 
terms of order é. 
Finally, if y ~ xy, we use the expansion 


No — 1 = & (% — Xo) +B (¢ — to)’, 


where 
a = — (On/0x) |x 4» B= (P?N/08") |x, 4 
and write J in the form 
¢ he epaey 
iS \ [a (x — Xo) +.827}? + §’ 3 


—oco 


For x =Xo we then obtain J ~ (pe)? rls 

We see that the absorption of the zero sound 
leads to a ‘‘smearing out’”’ of the limiting scatter- 
ing angle. 

5. The cross section for the direct coherent 
scattering of the neutron by the nuclei of the Fermi 
liquid (without change of orientation of the neutron 
spin), given by formula (33), differs from the 
cross section for the coherent scattering of the 
neutron without change of orientation of its spin in 
a Fermi gas of the same density by the factor Rp. 
For |w|/qv) «1 this factor is independent of the 
transferred energy and momentum and is equal to 
Ry = (1 + Fy hn Roar 0 for | w|/qv) ~ 1. There- 


fore the cross section for direct coherent scatter- 
ing into angles close to 
4 


PnPn 


Xa= arc cos | ; [pr + pn — (2mvo)~* (pn — pr)?}} 
is appreciably smaller in a Fermi liquid than in 
an ideal gas. 

If we keep only the first two harmonics in the 
expansion of F, we find for the direct scattering 
cross section 

(dy os fm co) © | o |) 4Pn 
dse eee ( m’ ) pale Net l) Ry( aye U1 qvo ) pa 


(33’) 


where the factor R,, which distinguishes this 
cross section from the corresponding cross sec- 
tion in the ideal Fermi gas, is equal to 

F 2 & f 2) a. 
Ry (2) = (14 BY 7 {0 + FoQ)? + (F nF) } 


qvo 


rea ti fy I OS NO fr 3 a Fy 
6. Let us now consider the incoherent scatter- 
ing of the neutron in a Fermi liquid. This scatter- 
ing, which is due to the quantity b in the pseudo- 
potential (1), is of the same type as the scattering 
of a neutron in an ideal Fermi gas of nuclei whose 


mass is equal to the effective mass m* of the quasi- 


particles of the Fermi liquid. The total cross sec- 
tion for the incoherent scattering (with and without 
change of orientation of the neutron spin) per 
nucleus is equal to 

do’ = 2 (EY [bP S— (No + 1)0(1— Te) pod. \(34) 
We note that this expression does not contain (as 
dod) does) the factor R which depends on the 
correlation between the nuclei. 

It follows from (33) and (34) that there is no 
unique relation between the transferred energy 
and momentum for the direct scattering, whereas 
such a relation does exist (for y— 0) in the scat- 
tering with excitation of the zero sound [owing to 
the presence of the 6 functions in formula (29’)]. 
This circumstance allows us, in principle, to 
distinguish between the two types of scattering. 

Let us finally discuss the angular distribution 
of the neutrons for the direct scattering in the 
region of small angles, x «1. If vn ~ vo; the 
cross section will be proportional to xdy. For 
large neutron velocities the cross section will be- 
have like y’dy. For an estimate of the order of 
magnitude of the cross section, we set R~ 1, and 
obtain for vp > vp and x «1 


\ 
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do” ~= (n/m)? 6o (Pa/Po) x? ax, 
(34’) 
This expression depends on y in the same way as 


do’) does [formula (18)]. The ratio of the cross 
sections is, in order of magnitude, equal to 


6 = 4n(jaP?+ 2/58). 


dodo" —~ (s/u9) (1 — s*/un)7? (35) 


and can be larger than unity if v,; ~ s; in general, 
however, do) ~ dod), 

7. We saw earlier that the cross section for 
the scattering of neutrons with excitation of zero 
sound oscillations is determined by the poles of 
the function @(q, w) for |w|T>1. If [w|/tT~ 1, 
then &@ does not have poles for values of w close 
to the real axis. For |w|tT~ 1 we cannot, there- 
fore, separate out of the scattering cross section 
a term corresponding to the excitation of sharply 
defined collective oscillations of the Fermi liquid. 
On the other hand, if |w|7 «1, the function @ 
again has poles for values of w close to the real 
axis. These poles (w =ngvoq — iyg) determine the 
dispersion law and the damping coefficient of the 
zero sound oscillations (expressions for the veloc- 
ity NgV) and the damping coefficient yg of the 
sound have been found in the work of Landau"! 
and Khalatnikov and Abrikosov “®)), 

Denoting the quantity @ for |w|T «1 by 4g, 
we have 


©.(q, w) a no = (No i: 1)| ols 
Gry \ 4p /x \(@— ,009)* ++ ¥3 
Ts 


ra 36 
(@ + 1,009)? + 72 J ei 
Substituting (36) in (21), we obtain the cross sec- 
tion for the scattering of the neutron with excita- 
tion (w >0) and absorption (w <0) of zero- 
sound oscillations: 


do‘) — 


se (4) jak2ow. +p 


. ’ > 
Boer my Ms n 


' Ts Ys Pr 
: (@ — 9,009)? + Y§ ; (@ + neg)? +72 | ps” ae 
We note that the cross section for the scattering 
of neutrons with small energy transfer (| w | 
«1~') is of the order |w|7; for |w|tT «<1 we 
can therefore neglect the probability for direct 
scattering as compared to the probability for the 
scattering with excitation of ordinary sound. 

If yg = 0, the cross section for excitation of 
ordinary sound* contains the function 


*An expression for do‘) without account of the attenua- 
tion of sound has been found independently and by a different 
method by M. Kaganov. 
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6(w — NgVod) [See formula (37)]. Replacing 

(27h) dpi, by (27)73dq and integrating over the 
angular part of the vector q, we find for the cross 
section for the excitation of ordinary sound with a 
wave vector in the interval (q, q + dq) 


do = x (m'/m’)? | a? (No + 1) (o/dn)? A8q? dq/nspy. (38) 


Excitation of ordinary sound is possible only if 
Vn 7 NsVo 

Comparing (37) and (32), we see that we can 
obtain the part of do‘S) which depends on w and q 
by making the replacements ny — Ng, Y — Yg in 
the corresponding part of do). The relations for 
the scattering of neutrons with excitation of zero 
sound are therefore also valid for the scattering 
with excitation of ordinary sound. In particular, 
if yg = 0 and nNgvp < Vn < 2NgVp, the neutrons can 
not be scattered into an angle which is larger than 
some limiting angle yg. This angle is given by 
formula (16), if we replace &) by gs =vp/Nsv- 
As in the case of the zero sound, the damping of 
the ordinary sound leads to a ‘‘smearing out”’ of 
the limiting scattering angle. Here the scattering 
cross section for the neutron within the angular 
interval dy (integrated over the absolute value of 
the vector pj) near the angle yg is proportional 
to ysl/?, 

8. Unfortunately, the only known Fermi liquid 
— He®—has the property that the absorption of 
slow neutrons is very strong. For energies of the 
order of 1°K the capture cross section for neu- 
trons in He® is ae 10° x 107% cm?, whereas the 
scattering cross section is only a ~10-% cm’. 
For every scattering event there will thus be a 
very large number of neutron capture events lead- 
ing to a strong absorption of the neutron wave. 
Since the mean free path of the neutron with re- 
spect to capture is equal to Ig ~ (p)0¢) 1 ~ 1072cm, 
the neutrons will be scattered primarily in the 
surface layer of the He’, the effective thickness 
of which is ~10-® cm. Moreover, one must con- 
sider the fact that the liquid He® will be heated up 
as a consequence of the nuclear reactions caused 
by the capture of the neutrons (this energy amounts 
to 5 X 10° ev per captured neutron, which means 
that 10'5 He® nuclei will be heated up by 1°K for 
every scattering event). All these complications 
make the investigation of the scattering of slow 
neutrons in liquid He? very difficult. One may 
hope, however, that it will be possible to carry 
out such experiments as time goes on. 

The authors are grateful to L. D. Landau, S. V. 
Peletminskii, and L. P. Pitaevskii for useful com- 
ments. 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 488-490 (August, 1961) 


The effect of the nuclear photoeffect on the energy spectrum of high-energy primary cosmic 
rays is investigated. An estimate indicates that it is very improbable for very high-energy 
(~10!8 ev) heavy nuclei of intergalactic origin to appear in the galaxy. 


Hix energy cosmic-ray nuclei disintegrate in 
the galaxy as a result of the nuclear photoeffect on 
stellar photons. The nuclear photoeffect on photons 
from the sun was considered earlier.4>2] Assum- 
ing that the radiation spectrum of most stars is 
similar to the solar spectrum, let us estimate the 
effective energy of the nuclei subject to photodis- 
integration. The photoeffect occurs at a photon 
energy on the order of 10! ev in the system moving 
with the nucleus. The mean energy of the photons 
radiated by the stars in the galaxy is about 1 ev. 
Going over to the frame moving with the nucleus, 
we find that the nuclei of interest to us should have 
a Lorentz factor 


¥ = 8 / 28, cos? (a / 2) = 107. (1) 


Here € and & are the photon energies in the 
coordinate systems moving with the nucleus and 
with the galaxy, respectively; a is the angle be- 
tween the directions of motion of the nucleus and 
the photon. Consequently the effective energy for 
the photodisintegration will be 


E=y7MciA = 10'A. (2) 


Thus, the photoeffect on heavy nuclei can change 
the spectrum of cosmic radiation only at very high 
energies. 

We shall assume henceforth, in accordance with 
one of the prevalent notions,“! that the highest 
energy in cosmic radiation is possessed by the 
heavy nuclei; to be specific, we shall assume these 
to be iron nuclei. The time variation of the num- 
ber N(E) of iron nuclei of given energy is 


N (E)/0t = Q(E)—N(E)/Tnuc—N(E)/Ton(E). (3) 


The first term in the right side is the energy spec- 
trum of the cosmic rays at their source, while the 
second and third terms represent the decrease of 
the number of nuclei in a given energy interval, 
due to respective interactions with interstellar 
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matter and with the photons, the mean interaction 
times being Tpyce and Tpp- 

Since we assume the processes occuring in the 
galaxy to be stationary, i.e., 


ON/ot = 0, (4) 
we have 
N (E) = TaweQ (E) U0 + Truc! Ton (E172. (5) 


Let us assume that the differential energy spec- 
trum of the cosmic rays, without account of the 
photoeffect (i.e., Tph —o), is given by the power 
function 


TroeQ (E) == KE. (6) 


The modified spectrum will have the following 
form: 


N (E) dE = KE dE Ul + Tu/Trn (EY. (7) 
The ratio Tyyc/Tph (E) is equal to 


Truc! Ton (E) = cTaue \ Gpn(€) 1 (&) deo, (8) 
Eomin 
where oph(€) is the photodisintegration cross 
section of the nucleus; n(g&)d& is the spectrum 
of the stellar photons, and € and € are related 
by Eq. (1). The function Opn (€) has already been 
defined earlier. !! 
The photon spectrum was specified in terms of 

the Planck function for black-body radiation at 
T = 5800°K (kT = 0.5 ev). After suitable integration 
(with some simplification which does not apprecia- 
bly alter the results) and averaging over the angles, 
assuming isotropic distribution of the photons in 
the galaxy, we obtain 


ee ~ Tauck g” Truc’ gl Sais Be te exp (— €,/2ykT) [ 2 
Tyn(E) ~~ 1.2 \BykT! (a, ©, /2rkT e a, + 2 aan | : 
(9) 
Here Cg, ag, and Eg are parameters in the photo- 


effect cross section, which are given in the nota- 
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tion of! (for iron Cg = 570 mb, ag = 2.8, and 
Eg = 13x 10° ev), while Nig is the average photon 
density in the galaxy. 

According to the available data, [4,5] the radia- 
tion energy density in the galaxy is approximately 
0.3 ev/cm’. If it is assumed that the average pho- 
ton energy in the radiation from stars is about 
1 ev, we get ng ~ 0.3 em~*, The maximum value 
of the ratio Tyuc/Tph (E) for iron, attainable at 
E ~ 6x10!" ev, amounts then to 0.8. 

The diagram shows the variation of the expo- 
nent of the integral spectrum of the nuclei ofa 
given isotope of iron, due to photodisintegration. 
It must be emphasized that inasmuch the reactions 
(y, n) and (y, 2n) predominate in the region of 
giant resonance, there is no complete breakup of 
the heavy nuclei if Tyy¢/ Toh (E) $1. All that 
changes is the isotopic composition of the primary 
component, which is of galactic origin. 

Let us consider now the influence of the photo- 
effect on cosmic rays that move in intergalactic 
space.* The lifetime of the iron nucleus in the 
galaxy is Truc © 1-4 x 108 years. Since the density 
in intergalactic space is three orders of magnitude 
lower than in the galaxy, the average lifetime be- 
tween collisions is about 10! years there. How- 
ever, this is longer than the age of the galaxy 
(~10!9 years). We must therefore assume that the 
nuclei practically do not collide with nuclei of 
matter in the metagalaxy. 

In order to estimate the density of the photons 
in the intergalactic region, we assume that all 
galaxies radiate ina fashion similar to ours, and 
the total radiation is proportional to the number of 
galaxies in the visible part of the world. Then the 
ratio of the density of the number of photons ny in 
the intergalactic space to the density nq will be 

1, [ng 4nRiRon- (10) 
Here Rg * 5% 1022 cm is the radius of the galaxy; 
we assume Rj to be equal to one-quarter of the 
radius of the entire visible part of the universe,t 


*Our attention was called to this question by E. L. 
Feinberg. 

+We do not consider the red shift in this part of the uni- 
verse, and we neglect the contribution to the radiation from 
the remaining part. A more accurate account of the red shift 
can result in only an insignificant correction. 
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i.e., about ('/, x 10°° cm; finally, a is the distri- 
bution density of the galaxies. According to astro- 
physical data,* a volume 5 million parsec in 
radius contains on the average some 300 

galaxies with ~ 10!° stars and about 30 galaxies 
with ~10!! stars like our own galaxy. Since we 
start from the radiation density in our own galaxy, 
we assume that the equivalent radiation will be 
produced by 60 galaxies with 10‘! stars. Then 
nrw4x 10-® galaxies per cubic centimeter, and 


gles “si 


According to Allen n;/ng ¥ 1/4. 

Estimating on the basis of these figures the 
lifetime of the nuclei for the photoeffect, we obtain 
py a on 10° years. Therefore, if nuclei with energy 
~ 10!8 ev were formed in the intergalactic space 
~ 10% years ago, they could not be conserved, 
owing to the photoeffect, and there is no inter- 
galactic component of the cosmic radiation spec- 
trum with this value of energy. 

On the other hand, if the nuclei are being pro- 
duced at the present time, these estimates enable 
us to establish the dimensions of that region in 
space, from which they arrive into the galaxy. 
Ginzburg and Syrovat-skii [3] give a figure of 
1.5 x 1028 cm for the dimensions of this region. 
The effect considered here reduces this radius by 
another factor of three, since the lifetime of the 
nuclei of higher energies is decreased by the 
photoeffect by one order of magnitude. Inasmuch 
as there are few new stars or other objects capa- 
ble of serving as powerful sources of cosmic rays 
in that region, this fact makes also probable the 
conclusion that the intergalactic component of the 
cosmic rays makes no contribution to the corre- 
sponding part of the spectrum observed on earth. 

The authors are grateful to V. L. Ginzburg and 
S. I. Syrovat-skii for discussions. 

*The authors take this opportunity to thank A. A. Korchak, 


S. B. Pikel’ner, and I. S. Shklovskii for information on the 
astrophysical data. 
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The low energy limit for the yN scattering amplitude is derived with the aid of single-nu- 


VOLUME 14, NUMBER 2 


FEBRUAK Ws 1952 


cleon invariant amplitudes. Subsequent terms in v for Q* =0 and the expression for the 
limiting value of the first derivative in Q? as Q’ — 0 can be obtained by taking into account 


the conditions of crossing symmetry. 


tf Low, Gell-Mann, and Goldberger showed 11] that 
the condition of relativistic and gauge invariance 
makes it possible to express the limiting value of 
the amplitudes for the scattering of low energy y 
quanta on spin-!/, particles and the limiting value 
of the derivative of the amplitude with respect to 
the frequency as v— 0 in terms of the charge and 
magnetic moment of the particle. This result was 
later generalized (21 to the case of elastic scatter- 
ing of y quanta by particles with other spins and 
also to the case of bremsstrahlung.) The result 
for elastic scattering also holds when only CP in- 
variance is assumed. Consideration of the single- 
nucleon terms in the dispersion relations for yN 
scattering [4-6] a1s0 leads to the limit theorem. 

(A similar result holds for bremsstrahlung.!1) 

In the present note, we derive the limit theorem 
for yN scattering on the basis of the single-nu- 
cleon terms. The requirement of crossing sym- 
metry for the invariant functions T;(v, Q’) 
(=1,..., 6) makes it possible to obtain addi- 
tional terms for the limiting values of the functions 
R,(v, 0), which characterize the yN scattering 
matrix in the center-of-mass system, and also 
the limiting values of the derivatives of the ampli- 
tudes with respect to Q? as v— 0. (For the defi- 
nition of the quantities T; and Rj; see, e.g.,!8).) 

2. The invariant functions Tj(v, Q*) are related 


to the scalar functions Rj(v, Q?) (i =1,..., 6) in 
the following way: 
SMW? V—M@ 
Ti — Ts =wi—aml”— yaaa (R3 + Ra) 
4W 4Q2W2 
ww! eae] (Ri + Re), 


_ 8mMw? 7, , 2” @ 
Te — Ts = pea |! + Se a (Re + RY 


AW 4Q2W2 
s ial: — | (Ri + Re), 


VW— MQ 


T1 +Ts = Wem | (Re — Re) 


8MW? [ 
(Ww? — M22 


16WQ? 
+ WW) Ww (Ri — R2), 


_ 8Mw? 2W (O 
Te + Ts = ae a M (W al (Rs — Ra) 
16W3Q2 


(W + Mp? (W2— M22 Aiki Re}, 


2 T iy 8W2Q2 
W2 E een! (W2— M2)? 


(Rs — Rs) — (Rs — Ra), 


M 2 sw 2 2 
et = (2— aaa) (Rs + Re) + (Rs +R), (1) 
where W is the total c.m.s. energy and v and 
Q? are two invariants characterizing the kinemat- 
ics of the process; W? — M? = 2Mp + 20)’. 

The pole terms for Tj(v, Q’) have the form [6] 


Q 2 Vv 


rT ALA ov 
A Fiat € M Q4/M2 — v2? 


2-4 2 
T;= MT, —"C EY (2) 


where we have used the system of units in which 
h =c =1 and the magnetic moment is 
w=e(1+A)/2M. 

For Q? = 0, it follows from (1) that 


(T1 — Ts)o = a” (Ra + Ra)o yo (Ri + R2) 0, 
(T: — Ta)o = ve (Rs + Ra)o + aR + Re)o, 
(T1 + Ts)o = Ad (Rs — Ra)o, (T2 + Ts)o = iG (Rs — Ra)o, 
(Ts)o = — us (Rs — Ra)o, 


(Teo = 7-12 (Rs + Re) + Ro + Rall 
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Differentiating the relations in (1) with respect 
to Q’, we obtain, in the limit Q? = 0, 
,  2W? , 4 , 
(Ts — Tso = Fee (Ro + RY0— may (Ri + Ro 


2(2W%+ M?W + Ms 
— Spe pay Re + Re 


4 W4 M 
+ 7 Fay lat — Wa] (Rt Reo 
(T2 — 19) = Fea (Ro + RY0 + apap (Rt + Roo 
3 ae la ew SS «| (Rs ste Ra)o 


4 ws 4 2 
aa la — wt | + Ra)o, 


(Tr +Ts)y = (Re — Re)o 


_ 2(W3+ WM + M?) 


M2v2 (W -+ M) (Rs ce Ra)o 


4w8 
+ TW ay Miva (Rt — Reo, 


(T2 + T4)o = ee ad Nae Ra)o 


4(Rs— Ra)o w3 NF ee 
‘is Mev? fe + M)* oY) | 
4W? (Ri— Ro) 
Pave My My” 


(Ts)o = jy | gear (Rs — Reo — (Ro — Re 


+ apa (Rs — Reo], 
(Tso = pew |— azar (Ro + Reo 
+ (2Rs +2Re + Rs + Rs)’ 


— MEV (ORs +2Rs + Rs + Ra]. (4) 


It is seen from (2) that the terms T; — T3 and 
T, + T, do not contain poles for Q’? = 0. It then 
follows from (1) that (Rj + Ry) and (Rs + Ry)o/v 
are finite when v— 0. 

Since the functions (T, ¥ T,4)) have a singularity 
of the form 


1 
_—Gemd+ Mis: 
it then follows from (1) that 
(Ret Roo _ _ fl + (1 +434 (5) 


* 
as y— 0, which is in accordance with the limit 
theorem. 

Since T; and Tg do not contain poles when 
Q? = 0, the quantity (Rs + Rg)/v should remain 
constant as v— 0. Similarly, from the condition 
that (T, + T3)} contains a pole of the second order 
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(Ti £Ts)op = —2e?/Mv?, 
and that v(T, — T,)g does not contain a pole, it 
follows that 
(R, + Re)o = — e/M, (6) 


and (Rg + R4)g — const and v(R; + R»)j —~ const as 
y= 0s 
Since 
(Ts)op = M(To)op = — & (1 + A) /2M2, 


we conclude that 
(Rs + Reo = te? (1 +A) v/2M?, (7) 


and (2R, + 2Rg + R3 + Ry)y > const as v— 0. 

We see that formulas (5)—(7) obtained from 
consideration of the pole terms (2) contain the re- 
sults of the limit theorem for Q? = 0. 

3. It is of interest to note that with the aid of 
the conditions of crossing symmetry one can ob- 
tain additional information on the low energy limit. 
It follows from crossing symmetry that, for ex- 
ample, the quantity T,; — T; should be an even 
function of v. If in the first relation of (3) we make 
the substitution 


(Ri + R2)o = —< Brave ue, 
(Re + Rao = — e+ (1+ M41 v fo? +... (8) 


and take into account the fact that W = (M? + 2M»)!” 
= M(1 + v/M) for small v, then from the condition 
that there is no linear dependence on v we obtain 
the relation 


asM — a1 = (e/M) [++ (1 +4)?]. (9) 


It follows from the requirement of crossing 
symmetry that the quantity v(T, — T,) should be 
an even function of v. 

The absence of a linear dependence of the terms 
on v leads to the relation 


aoM = (e/M) | +(1 +2)']. (10) 
From (8)—(10) we have 
(Ri + R2)o = —+(1 —i + 0 (v’), 
(Rs + Ro = xn (1—FP) 
(i i ayr(1 —*)\y +0 (v). (11) 


The functions y su T3, Ts; (T, =F Lats and Ts 
should be even functions of v. Similar considera- 
tions lead to 


(Ro — Rio = —gye 1 + (I —Fe)¥ +0 0). 


) 
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and 
[2 (Rs + Re) + Rs + Ralo 


7 m(1—T)y + O (v3), (13) 
(Rs + Re)o =a eek 
+ 2 IM —3 —2(1 +A)*1 v2 +0 (v%. (13’) 


The function (T; —T3)) is an even function of 
v. Inserting in (4) 


TRL D  o t eee 


we obtain from the condition that there is no term 
proportional to 1/v 


2Ma, — 2a, = (e?/M) [1 —2 (1 +4)?I. 


(Ri +R) =a/v +..., 


A similar condition for the even function 
WT, — Ty) leads to 


2May = — (e2/M) [3 +2 (t + A)?]. 
Then aj = —2e?/M’, and therefore 
, 2 4 
(Ri + Ra)o = — 255 +0 (1), 


(Re +Rdo = —s4q 18 +20 + N14 0(y. (14) 


The condition that the poles of the first order in 
the even functions (T; + T3)) and v(T, + T,). vanish 
leads to 
(Ri — Re)o = —$ (1 sr) + 0 (v?), 
(Re — Rio = 5g 1-3 +2(1 +4)"1 +0). (15) 


Similar conditions for the functions (T;)j and 
(Tg), require that 
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(Rs — Rojo = —“G ey + S12 +8 (1 +9) 
+(1 +A)]l v + 0 (v%), 
(Rs + 2Re + Rs + Ry = — sq (2M — 24 — 1). (16) 


It should be kept in mind that the expression for 
the limiting energy is valid for amplitudes in the 
center-of-mass system. The result obtained can 
be useful for analysis of the scattering of vy 
quanta by nucleons with the aid of the dispersion 
relation technique. 
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The interaction between a neutral vector meson and a photon is considered. The two par- 
ticles can transform into each other. In this connection the problem of diagonalization of 
the Green’s function for the vector meson and photon is examined. 


ie literature has been recently full of discus- 
sions on the existence of a hypothetical neutral 
vector meson p", endowed with strong interac- 
tions."!-41 The interaction of the p® meson with 
the conserved current of strongly interacting par- 
ticles jg 


V 40 gByjsp 


(B, is the p° meson field, g is the coupling con- 
stant) resembles strongly the interaction of a 
photon with the current of charged particles je 


V 4x eAgjen 


(Ay is the photon field, e is the electric charge). 
Since the spin and space and charge parities of the 
p° meson and photon are the same, the virtual 
transition p’ —y is possible since there exist 
strongly interacting charged particles, which con- 
tribute to both currents jg and je.* From gauge 
invariance considerations it follows that the am- 
plitude for such a transition will be of the form 


(P (R*) ~ ge), 


where k is the momentum of the meson, yp, v are 
polarization indices of the meson and photon. Since 
both jg and je are conserved it follows that the 
second term in pey never contributes and may 

be discarded. In what follows we shall take 


PRY = (5,82 — huh.) P (R?) 


PS = RSP (R?). 


The simplest diagram for P(k*) is shown in 
Fig. 1. Using the conventional way of calculating, 
one obtains from such a diagram a quadratically 
divergent expression, which violates gauge invari- 
~~ *Within the framework of Sakata’s model we may assume 
that 

ile == PYqP =F Nght + AraA, 

ip= —PYaP + Cae +BY aM 
(in this connection see reference 2). The proton enters into 
both these currents. 


ance. One must therefore discard the quadratic- 
ally divergent part of the integral, just as is done 
in calculating vacuum polarization in electrody- 
namics. (Let us note that the loop under consid- 
eration is exactly the same as the loop involved in 
photon vacuum polarization.) The remaining part 
of the integral contains a logarithmic divergence. 
In electrodynamics this divergence is absorbed 
into charge renormalization. In the present case 
we must introduce for the p-y transition a special 
constant. 


p 
P st ge rf 
p 
FIG. 1 


The existence of the p-y transition leads"! to 
the appearance of a pole at k? = m? (where m is 
the mass of the meson) in the amplitude for p-e 
(n-e) scattering, as a result of the diagrams 
shown in Fig. 2. The corresponding matrix ele- 
ment is of the form 


4 
2 — m 


__ egP (k°) 
Pe pei ie 


M~eg 


kP (k*) 


Such a pole appears also in e-e scattering as a 
consequence of more complicated diagrams. 

As a result of the p-y transition it is possible 
to emit in electron collisions the p® meson with 
an amplitude, proportional to the corresponding 
vertex part (Fig. 3), which is given by 


FIG. 3 
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ek-2P (#2) k? |y2— me = eP (m?). 


We note that the amplitude for the p-y transi- 
tion chosen by us does not contribute to the photon 
vertex part at k? = 0, and therefore has no effect 
on the emission of real photons. If that were not 
the case Ward’s identity in electrodynamics would 
be upset and the equality of the electromagnetic 
charges of the electron and the proton would no 
longer hold. ©! 

We see that the presence of the p-y transition 
leads in effect to the appearance of an interaction 
between the p’ meson and the electric current, 
with a coupling constant equal to eP (m?) ~ e’g. 
We shall now carry out a more detailed discussion 
of this problem. We introduce the following D 
functions: for the p meson DPP (Fig. 4a), for the 
photon DYY (Fig. 4b), and also a new function DPY 
for the diagram pictured in Fig. 4c. Let us note 
that the cross-hatched loops indicate the totality 
of diagrams (connected and disconnected ). 


FIG. 4 


Let us consider now electron-electron (e-e), 
electron-proton (e-p), electron-neutron (e-n), 
and proton-proton (p-p) scattering. The corre- 
sponding pole amplitudes are given by 


M,2== geD, Mie oD 
M pe = geD**+ De Mop 2 Fig = 2geD** a5 ep, 
Mee = &D** (1) 


For simplicity we shall ignore the diagonal vacuum 
polarizations PPP and PYY and take into account 
only the amplitude P?Y, which describes the total- 
ity of connected diagrams for the p-y transition. 
By summing chains of diagrams we obtain 


dies ewe (h) 7 (kom —— KAP? (8); 
D* = 1/ (2 — m? — KP? (ke), 
DP’ = P (ke) | (k® — m® — RP? (b%)). (2) 


We now introduce diagonalized propagation func- 
tions for the photon and p meson: 


Diiag = = I/k’, Diiag = 1/ (R? — m? — k*pP? (R?)). 


KOBZAREV, OKUN’, 


and POMERANCHUK 
It then follows from Eqs. (1) and (2) that 
Mee = €*Diiag + (€P)*Diiag » 
Man = &°DiGiag » 
Moe =(g + €P) (€P) Diag + e?Diiag - (3) 


Mne = gePD Fag ? 


The formulas (3) may be interpreted as follows: 
1) the photon mass vanishes, as before; 2) the 
electric charge remains unchanged; 3) the pole of 
DPP determines the renormalized mass M? of 


the p meson, where 
M? — m? — M*P? (M*) = 0 or M? = m?/ (1 — P (M%); 


4) the renormalized charge for the interaction of 
the p meson with jg is given by 


Eren = gl, 
where 
Z = U1 — P? (M?) — M?0P?/0R?}* |e me; 


5) as a result of diagonalization an interaction of 


the p meson with the current j, has been produced 


with the vertex part P(k?) and renormalized 
charge given by 


Aren = eP (M2) Z's, 


Since P(k?) contains a logarithmic divergence 
Hyren Cannot in fact be calculated but must be in- 
troduced as a new constant. 

The diagonalization here performed can be il- 
lustrated by the following example. Consider the 
Lagrangian of the p and y fields, containing the 
p-y transition and the interaction with external 
currents Jg and Je: 


Lis +B, (k? — m*) By 
+ =A, RA, — AyB Ae — ela Ay — gn By 
(Ay and B, are respectively the photon and me- 
son fields). Let us now introduce the renormal- 
ized (diagonal) fields* 
AVS AY 1B B V1 SB: 
A=A’—)B'/VI—™®, B=B' fViIF[@. 
Then the Lagrangian may be written in the form 
A, RA, +B, (2 


where 


M? = m?/(l1— 2), Bren = B2/V1—-®M, 
h = he/ V1—2?. 


It is seen that as a result of diagonalization the 
mass of the p meson and the strong interaction 
coupling constant g underwent renormalization, 


*An analogous diagonalization procedure is contained inl¢]. 


eee ee 


= M) By — gin Bu, HCA en — Te By 
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and the interaction of the p meson with the cur- 
rent Je with the constant h appeared. The ex- 
pressions obtained here for M?, grey and h co- 
incide with those obtained earlier in the case 
when P (k?) =A = const. 

The authors express their gratitude to A. D. 
Galanin, B. L. Ioffe, and K. A. Ter-Martirosyan 
for useful discussions. 


Note added in proof (July 14, 1961). The p-y transition is 
discussed to some extent in the paper by Huff [R. W. Huff, 
Phys. Rev. 112, 1021 (1958)] with which we have become 
familiar after our work was sent to press. 
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Consequences of the hypothesis that strong interactions arise as a result of the interaction 
of a neutral vector particle—the vecton—with the baryon current are considered. The prob- 
lem of the origin in such a model of isotopic invariance, and, in particular, of the appear- 
ance of a m-meson triplet is discussed. Experimental possibilities of detecting the vecton 


are examined in detail. 
INTRODUCTION 


Ly this paper we would like to make a number of 
remarks about a hypothetical neutral vector meson 
to which we shall from now on refer as the vecton 
and which we shall denote by p®. The vecton is 
not a new entity in the physics of elementary par- 
ticles. The idea that strong interactions, in anal- 
ogy to electromagnetic interactions, are due to 
the exchange of neutral vector mesons has been 
widely discussed already in the 1930’s and 1940’s 
(cf. the well-known books of Wentzel (1) and 
Pauli'?1), However, at that time such a model 
was rejected because, firstly, charged mesons 
(m+) were discovered, and secondly, within the 
framework of perturbation theory the vecton 
theory of strong interactions contradicted experi- 
ment: in particular, it was not possible to obtain 
the correct sign of the quadrupole moment of the 
deuteron.!?1 

In the late 1950’s theoreticians again turned to 
the vecton for an explanation of the electromag- 
netic properties of the nucleon (Nambu*1) and 


of spin-orbit nuclear forces (Sakurai,'4] Breit §5J), 


These authors considered the vecton together with 
other mesons, both actual and hypothetical, basing 
their work explicitly or implicitly on the idea that 
all the known mesons and baryons are of an equally 
elementary nature. In addition to these papers 
there appeared the paper of Fujii,l® in which the 
vecton was treated as the only elementary meson 
responsible for the interaction between the ele- 


mentary baryons (proton, neutron and A hyperon). 


He treated the other mesons and baryons as com- 
pound particles (the Sakata model !'-9J),* 


*The problem of the vecton in connection with the Sakata 
model was also considered by Feynman] and by Gell- 
Mann, [**] 


STRANGENESS AND ISOTOPIC INVARIANCE 


In common with Fujii [6] we assume that the 
Lagrangian for the strong interaction has the form 


Ly = JaxDay (1) 


where Bg is the vecton field, while the strong in- 
teraction current jgq is given by 


jsa = V 40g (P10, + Pian + Pastas) (2) 


In the approximation in which all the interac- 
tions with the exception of the strong interaction 
are switched off there is degeneracy between the 
three baryons. The consequences of this degener- 
acy have been examined in detail by Ohnuki et al, (121 
We know from experiment that the strong interac- 
tions of the A particle are not identical with the 
strong interactions of the nucleons (the AAzm ver- 
tex is absent, the K-meson mass exceeds the 7- 
meson mass by more than a factor of three, etc. ). 
Consequently, there must exist a mechanism re- 
sponsible for lifting the degeneracy between the A 
particle and the nucleons. 

There exist several possible mechanisms for 
lifting the degeneracy. Some of these amount to 
the supposition that the A particle has some sort 
of an additional interaction compared to the nu- 
cleons; others amount to the supposition that it is 
the nucleon which has such an additional interac- 
tion. For example, Sakurai assumed that nucleons 
interact with a triplet of hypothetical nuclear 
mesons. 

In our paper [13] we have assumed that there 
exists a neutral meson which interacts with the A 
hyperon and with the muon. This has enabled us 
to remove the degeneracy not only between A and 
n, but also between pw and e. Finally, it is pos- 
sible to assume that the reason for the splitting 
lies in the bare mass of the A hyperon, which 
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may be unequal to the bare masses of the proton 
and the neutron. The difference between the 
masses of the A hyperon and the nucleon will 
lead as a result of virtual processes to a differ- 
ence in the strong interactions of these particles 
in spite of the fact that the ‘‘initial’’ strong in- 
teraction (2) is completely identical in the two 
cases. Thus, the bare mass of the A hyperon 
can be responsible for strangeness. 

In order for strong interactions to be isotopic- 
ally invariant within the framework of the scheme 
under consideration it is necessary and sufficient 
that the bare masses of the proton and the neutron 
should be equal, since it can be easily seen that 
the Lagrangian (1) is an isotopic scalar. Thus, 
the isotopic invariance of strong interactions with 
all its ramifications (the existence of isotopic 
multiplets, the relation between the interaction 
constants of the particles composing a given mul- 
tiplet, the existence of selection rules with respect 
to isotopic spin, etc.) is a consequence of the 
symmetry of the current (2) with respect to the 
proton and the neutron and of the equality of the 
bare masses of these particles. 

Apprehensions can arise that the Lagrangian (1) 
is too symmetric (since it contains only the neutral 
current) so that, for example, it will not yield a 
splitting between the 7’ meson and the 7) meson 
(the hypothetical pseudoscalar meson of isotopic 
spin equal to zero). However, it can be easily 
seen that these apprehensions are unfounded. In 
order to do this we consider the diagrams repre- 
senting the scattering of a nucleon by an antinucleon 
(Fig. 1) where the shaded regions denote virtual p 
mesons and closed nucleon loops. Since the p 
meson is an isotopic scalar, the contributions of 
diagrams a, b, c, d (Fig. 1) are all equal; we 
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FIG, 1. a — a(pn)?, b — a(np)*, c—a(pp)’, 
d — a(nn)?, e — b(pp)?, f — b(nn)?, g—b(pp) 
(nn), h — b(mn) (pp). 


denote them by a. The contributions of diagrams 
e, f, g, h are also all equal; we denote them by b. 
The amplitudes for the different diagrams are 
shown in the caption for Fig. 1. We see that the 
pp and nn states are not diagonal; we introduce 
their linear combinations 


x® = (pp —nn)/V2, 


The sum of the amplitudes c—h can then be writ- 
ten in the form 


my = (pp +nn)/V 2. 


a((pp)?-+ (nn)?] + 6 [pp + nn]? = a [x]? + (a + 26) [a]. 


We see that 1) a splitting of the n° and 1) 
states has occurred, 2) the 7 state has the same 
amplitude as the 7 = (pn) and 7* = (np) states 
described by diagrams a and b. (We note that 
in the first approximation of perturbation theory 
b = 0 for the pseudoscalar state of the nucleon 
+ antinucleon system. ) 

The Lagrangian (1) also does not lead to any 
undesirable isotopic degeneracies in a system of 
two or several nucleons. This can be easily un- 
derstood if we note that the isotopic variables in 
the nucleon system are essentially superfluous: 
they contain no new information since in virtue 
of Pauli’s principle the isotopic state of a system 
of nucleons is completely determined by its orbital 
and spin states. As a result of the above discus- 
sion we think that the introduction in addition to 
the p® meson of three other vector mesons “‘cor- 
responding to the existence of the isotopic group’’ 
[4] is superfluous. 


CONSERVATION OF CURRENT 


It can be easily seen that the current jgq isa 
conserved quantity. This leads to a number of 
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consequences. Firstly, the interaction (1) is re- 
normalizable (cf., for example, [6]) in spite of 
the vector nature of the p® meson. Secondly, the 
AAp, nnp and ppp vertex parts renormalized tak- 
ing virtual strong interactions into account are all 
equal to one another for q? = 0 where q is the 
vecton momentum. We shall from now on give 

the name vecton charges to such vertices for 

q? = 0. 

This conclusion is completely obvious if we take 
into account the analogy between the vector current 
jsq and the electromagnetic current.* The same 
analogy also enables us to conclude that the vecton 
charges of the compound baryons (Z and =) are 
also equal to the vecton charge of the nucleon and 
the A hyperon: 


x= x = er ea = 2: 


The vecton charges of all the antibaryons are 
equal to —g. The vecton charges of the K and 7 
mesons must be equal to zero. The vecton charge 
of the nucleus must be equal to gA, where A is 
the number of nucleons in the nucleus. 


POLE DIAGRAMS 


Unfortunately, a rigorous physical interpretation 
can be given only to the vecton charge defined at 
the point q? = pv? where p is the vecton mass, and 
not at the point q? = 0 as has been done above. The 
magnitude of g(q? = 0) could be obtained from ex- 
periment only provided the contribution of the pole 
diagram of the type of Fig. 2 would not be compen- 
sated by contributions of other diagrams. Strictly 


N N 


FIG, 2 


speaking there are no reasons for the nonexistence 
of such compensation. On the other hand, we can- 
not prove that it must necessarily occur. There- 
fore, we shall draw attention to some properties 
of the pole diagram. It would be useful to deter- 
mine whether these properties manifest them- 
selves experimentally. 

1) The cross section determined by the diagram 
of Fig. 2 does not decrease as the energy of the 


*The problem of gauge invariance of the theory of heavy 
vector mesons interacting with a conserved current has been 
considered recently by V. Ogievetskii and I. Polubarinov 
(private communication), 
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colliding nucleons increases (as was the case for 
the m-meson pole diagram ), but tends to the con- 
stant limit 


6 = Ang? / p?. 


2) The angular distribution of the nucleons has 
a maximum at 0°, with do (0) dQ = 4g7E?/,', 
where E is the energy of the nucleons in the 
center of mass system. 

3) The scattering amplitude corresponding to 
the 0° angle determined by the diagram of Fig. 2 
is purely real and increases linearly with E. 

4) The diagram of Fig. 2 taken together with 
other diagrams (giving contributions to the imagi- 
nary part of the amplitude ) leads to the existence 
of strong polarization in the scattering of high en- 
ergy nucleons. Sakurai [4] has pointed out the pos- 
sible role of this diagram in the explanation of the 
spin-orbit interaction. 

We note that if the contribution of diagram 2 is 
not compensated then in the forward scattering of 
baryons the real part of the amplitude must be dif- 
ferent from zero (Re f(0) #0), while there is no 
basis for this in the case of 7 and K mesons 
(their vecton charges are equal to zero). More- 
over, in the case of baryons the real part must 
be negative: in the case of pp-scattering there 
must exist constructive interference with the Cou- 
lomb scattering. (At low energies, when the ex- 
change of 7 mesons predominates, Ref> 0, and 
the fact of the existence of nuclei is associated 
with this.) In the case of nuclei Re f (0°) must 
be proportional to A (in analogy to the fact that 
the amplitude of Coulomb scattering is proportional 
to Z). In order to observe this kind of coherent 
scattering of nucleons by nuclei we should separate 
out the small scattering angles when the momen- 
tum transferred to the nucleus is small compared 
tomy A'/3 _the reciprocal nuclear dimensions. 
In the case of scattering by nuclei-the possibility 
of compensation of the single meson diagram 
(Fig. 2) by other diagrams appears to be very 
probable due to the heavy absorption of the nucleon 
wave in the nucleus. * 

We note that also in the case of scattering by a 
nucleon we can hope that there is no compensation 
only for low values of the transferred momentum. 
It is obvious that for large values of the transferred 
momentum the diagrams involving several virtual 
mesons will be significant. The experimentally 
observed angular distribution"*! falls off with 
angle much more rapidly than would follow from 
a single meson diagram. 


*This remark is due to I. Ya. Pomeranchuk. 
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CONTRIBUTION TO THE ELECTROMAGNETIC 
FORM FACTOR OF THE NUCLEON 


The vecton can make an essential contribution 
to the electromagnetic form factor of nucleons. 
The fact that the electric radius of the proton is 
~ 4m,, while the electric radius of the neutron 
is nearly zero shows that the isovector and the 
isoscalar form factors of the nucleons are approx- 
imately equal (and compensate each other in the 
case of the neutron). This compensation seems 
strange since the isovector form factor might be 
expected to have a larger radius than the isoscalar 
form factor (the latter ‘‘begins’’ with three 7 
mesons, while the former “‘begins’’ with two, cf. 
Fig. 3). Nambu!*J noted that the p meson, if it 
exists, should increase the radius of the isoscalar 
form factor and should make the compensation 
noted above more natural. 

The contribution of the p meson to the electro- 
magnetic form factor is described by a pole dia- 
gram (Fig. 4). This diagram corresponds to the 
amplitude 


om (7) ap? 


where a is ae unknown function of q?; a (0) # 0. 
(The factor q? in the numerator is determined by 
gauge invariance; for further details cf. '14J.) 
Here, as before, we assume that the instability 
of the vecton does not appreciably affect the 
contribution of the pole diagram. If we assume 
that a (q?) ny Wk vary rapidly with increasing 
q’, then for q? > yw? the amplitude under consid- 
eration gives a contribution to the electric form 
factor of the ata which does not fall off with 
increasing q?. Possibly this explains to some 
degree the appearance in the range q ~ 0.7—0.9 
Bev of a plateau in the electric form factor of the 
proton recently discovered by Hofstadter’s 
group.!!61 

We note that from the fact that the isoscalar 
part of the anomalous magnetic moment of the 
nucleon is small it follows that the vecton pole 
diagram makes a small contribution to the anom- 
alous magnetic moment of nucleons. Therefore, 
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FIG. 3. a — isovector vertex, b — isoscalar vertex. 
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generally speaking, the magnetic form factor 
should not have a plateau analogous to the electric 
form factor. 


POSSIBILITIES OF EXPERIMENTAL DETECTION 
OF THE VECTON 


The properties of the vecton should be signifi- 
cantly different, depending on whether its mass yp 
is greater than or less than 3m,7. In the case when 
u< 3m, since the decay p — 27 is forbidden the p 
meson can decay only as a result of electromag- 
netic interactions with a lifetime of the order of 


~ 1/m.,e? ~ 10°°° — 104 sec. 


The principal decay is given by 


pie Is te 


In this case the p° meson could be treated in the 
theory of strong interactions as an ordinary stable 
particle. But from the point of view of an experi- 
menter, the p? meson would be as ‘‘good’’ a par- 
ticle as the 2° hyperon. 

Unfortunately, this possibility is apparently con- 
tradicted by the presently available experimental 
data. 

1. In the case when wp < mx —m, = 350 Mev the 
decay 

Kt >p®ta 
| 
nm + ¥ 
would be possible. The estimate made by Gomez 
et al/17] shows that data on the spectrum of the 
7’ decay exclude the possibility of the existence 
of the p? meson for p< 320 Mev. 

2. The group at the California Institute of Tech- 

nology /!7J searched for the reaction 


% PP ke 


The results of this experiment apparently exclude 
the possibility of the existence of a p° meson with 
a mass in the range 300 —430 Mev. Somewhat 
earlier a less accurate search for the same photo- 
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production reaction y+p—-pt p° carried out with 
the accelerator at Frascatti!18] led to the conclu- 
sion that the cross section for this reaction is 
o< 6x 107*! cm? for a meson of mass p< 500 Mev. 
A search for singularities in the scattering of 7 
mesons by protons on the threshold of production 
of a p° meson led to a negative result in the mass 
range uw < 370 Mev (Pontecorvo, private commu- 
nication ). 

3. In the annihilation of antiprotons p +p in ad- 
dition to other strongly interacting particles p 
mesons should be emitted decaying into 1° + y: 


ere iSl bane 


in the case when w< 3m,. Annihilation with the 
participation of a p meson should be favored by 
the fact that the corresponding statistical weight 
contains the factor 21+1=3. In sucha case the 
fraction of the annihilation energy available to the 
charged particles should turn out to be [19] less 
than %, while experimentally !2°] in the annihila- 
tion of p in a hydrogen bubble chamber the energy 
of the charged 7* mesons amounts to (64 +4) % 
of the total energy. 

4. A direct search for the p meson of yu < 3m_ 
in the annihilation p+p has apparently yielded a 
negative result.[#1] 

In view of the interest in this problem it appears 
desirable that these results be checked fur- 
ther. In this connection it is of interest to measure 
directly the number and the spectrum of the hard 
protons arising in the annihilation of antinucleons. 
In the case mK -—Mm,<u< 38m7z (350 Mev< pu 
< 420 Mev) the decay K* — p® + a* is not possible. 
However, in this case the following decay can occur 


K+ — p®? +et +49 
{ 


w+: 

and this would lead to an apparent softening of the 
spectrum of the Ke, decay. Therefore, a measure- 
ment of the spectrum of the Ke; decay can give an 
answer to the problem of the existence of the p” 
meson in this mass range. 

In the case when the mass of the p meson is 
greater than 3m7 the p meson will decay into 
three 7 mesons with a nuclear lifetime: 


ont +a +7, t. ~10% sec. 


For low values of Q = 4-—3m, the probability of 
the p — 37 decay falls off as Q*. In this case the 
instability of the » meson should be taken into ac- 
count in an essential manner in constructing a 
theory of strong interactions in accordance with 
the proposed scheme. Experimentally a p meson 
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with such a lifetime should appear as a 37 reso- 
nance. 

It can be easily seen that in this case pw cannot 
be significantly smaller than mx for otherwise 
the following decay would occur 


K+ —> p° et + 
vas bie 
m+ +n + 7°, 
The probability of the decay K* ~e* +v+p is 
equal to 


w = (G?B/40n8 M*) Q, (3) 


where M is the nucleon mass, G is the coupling 

constant for the weak interaction, Q=mK-—wp and 
B is an unknown numerical coefficient. Since de- 

cay of strange particles is usually suppressed, it 
is sensible to take fp? = 0.1—0.01. 

The decay K*— p®+e*+v, p!—n* +m +7 
would have the appearance of an anomalous T de- 
cay. On taking into account the fact that among 
2000 observed 7 decays such decays were not ob- 
served we obtain for w the upper limit w < 2.5 
x 103 sec”!. Comparing with (3) we obtain for 
B? = 0.1 the value Q < 40 Mev or p 2 450 Mev. 

At the present time no experimental data are 
known which would contradict the possibility of 
the existence of a p. meson with u 2 mK with the 
fundamental decay 


0 


p— 31. 


Such a meson should appear in the reactions of 
annihilation and of multiple production. The most 
direct answer to the problem of the existence of 
such a p meson would be given by a measurement 
of the recoil spectrum in the reactions* 


p+d—+He+p? (a),  d-+d—>Het+° | (b), 


nw + d—-p-+p-+p° (c), EGE Paral is wh dd 

In the reactions (a), (b), (c) the recoil momentum 
of He®, He‘, p+p can be measured directly. In 
the reaction (d) the momentum of the A particle 
is equal to the total momentum of the decay prod- 
ucts. If the p’ meson exists, then in the recoil 
spectrum a peak should be observed corresponding 
to the production of the p’ meson against the back- 
ground of the spectrum of the various possible 
many-particle reactions. The cross section for 
the production of the p° meson in (a), (b), (c), () 
must be of nuclear order of magnitude. We note 
that the reaction (a) gives such a maximum cor- 
responding to 4 = 310 + 10 Mev (experiments of 
the Berkeley group [22] ). However, such a mass 
apparently contradicts the nonexistence of the de- 


*The reaction (c) was proposed by N. G. Birger. 
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cay K*—-p?+7* (cf. above). A further investi- 
gation of the reaction (a) is necessary and, in par- 
ticular, a check of whether an analogous maximum 
exists in the reaction 


p+d—H* + p°. 


If such a maximum exists, then the corresponding 
meson has an isotopic spin equal to unity, and has 
no relation whatsoever to the isosinglet particle 
considered by us. V. Baier (private communica- 
tion) has drawn our attention to the fact that the 
existence of a p® meson would lead to a resonance 
in the scattering of electrons by positrons in the 
process e* +e  —yw* +p at an energy of e* +e” 
in their center-of-mass system equal to the mass 
of the p° meson. This resonance is determined 
by the diagram shown in Fig. 5. 


FIG. 5 


The authors are grateful to V. Baier, N. G. 
Birger, V. I. Gol’danskii, Ya. B. Zel’dovich, 
V. Kolkunov, I. Ya. Pomeranchuk, B. M. Ponte- 
corvo, and K. A. Ter-Martirosyan for a number 
of valuable comments. 
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A body located in a varying external field can execute periodic motion by absorbing the field 
energy and dissipating it in the viscous medium, if the magnetic susceptibility or electric 
polarizability of the body are anisotropic. The absorption coefficient has a resonant depend- 
ence on the frequency of the external field. In particular, only periodic oscillations of nuclei 
of a certain size are possible for the liquid—solid transition. 


Tue purpose of this research was to ascertain 
whether electromagnetic energy at audio frequen- 
cies (classical effect) can be absorbed, as a result 
of anisotropy of the magnetic susceptibility (or 
electric polarizability), by macroscopic bodies im- 
mersed in a liquid. Such bodies acquire in an ex- 
ternal magnetic field a magnetic (or electric) mo- 
ment of direction, in general, different than the 
field; under certain conditions this should lead to 
periodic motion of the body and to a corresponding 
absorption of energy. To be specific, we shall re- 
fer henceforth to the magnetic moment of an aniso- 
tropic nucleus of solid phase floating in a liquid. 
Let the nucleus be spherical with principal mo- 
ments of inertia Ix = ly = Iz =I, let the components 
of the magnetic susceptibility tensor be xx =xXy 

# Xz, and let the external magnetic field be F. 

We introduce two rectangular coordinate frames, 
one moving with axes xyz aligned with the princi- 
pal inertia axes of the nucleus, and one stationary 
én¢€, with the ¢ axis in the direction of the exter- 
nal field. The cosines of the angles between the 
direction of the external field and the axes of the 
moving frame will be designated y;, yo, and 3. 
They can be expressed in terms of the Euler 
angles 6, y, and 9: 


v1 =singsin®@; v2 —=cos@sin 0; ys = cos 0. (1) 


The equation describing the rotary motion of 
the nucleus has the form 


dL/dt = [MF] — fo, (2)* 


where L is the angular momentum of the nucleus, 
w is the angular velocity of rotation, Mj = y;Fj 

is the magnetic moment induced in the field F, 
and 8 is the moment of the force of resistance to 
rotation in a viscous liquid. 


*[MF] = M x F. 


We project (2) on the axes of the moving coordi- 

nate system: 
Idw,/dt = — AyF*y273 — Box, 
Idw,/dt = — Bo,. 


Idw,/dt = -AyF*y173 — Boy, 
(3) 


It is quite obvious that undamped motion of the 
nucleus is possible in the presence of an aniso- 
tropy AY =Xy.TiXx *10- 

Euler’s dynamic equations (3) must be solved 
simultaneously with Euler’s kinematic equations 


wr =U +6cosg, wy =pre— Osing, 


O23 prs += ©: (4) 


It is also useful to employ the fact that the axes 
—, n, and ¢ are stationary: 


dyi/dt = y202 — 30,3 dy2/dt = Ysw, — Y1wz; 


dys/dt = yiwy — Y20x. (5) 
To ascertain the energy absorption, we are in- 
terested in the undamped solutions of the system 
(3)—(5). The last equation of (3) has only damped 
solutions wz = C exp {-— &t/I}. Therefore, for 
sufficiently large t, we can assume 


(6) 


Multiplying the first two equations of (3) by yj, 
and yy, respectively, adding them, and using (5) 
we obtain yjwx + Y,wy = Cy exp {—At/I}. For the 
reasons indicated above, we put 


Mye= (Uy 


(7) 


The physically obvious conditions (6) and (7) sig- 
nify that the external field cannot cause the nucleus 
to rotate in either the plane perpendicular to the 
external field or in the plane xy where the sus- 
ceptibility is symmetrical. 

Substitution of (4) in (7) leads to the following 


YW, + Y20, = 0. 
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solution of the problem of periodic motion of the 
anisotropic nucleus: 


= const, @ = const, (8) 


and the nutation angle @ is a solution of the differ- 
ential equation 


16 + £6 + 2 AyF? sin 20 = 0. (9) 


Assuming that the external field is a monochro- 
matic wave F = Fy cos pt and expanding sin 20 we 
obtain 


§ +. 2x6 + w3 (1 + cos 2pt)(1 — 2 67)6 = 0, 
oe PLOT) wt =. FeAy f 21. (10) 


All the coefficients of (10) can be expressed in 
terms of the parameters of the substance and the 
radius R of the nucleus. The moment of the forces 
of resistance to the rotation of the sphere is! 

’ 8 = 8nR°A, where A is the coefficient of viscosity 
of the liquid; the anisotropy of the susceptibility 
of the nucleus is Ay = (Ay)m47R°p/3, where 
(Ax)m is the anisotropy of the specific suscepti- 
bility (polarizability) of the solid phase, p is the 
density, and the principal moment of inertia of the 
sphere is I = 87pR°/15. Then 


% = 7,5/ R28, w2 = 1,25 (Ay) mFoR®?. (11) 


Equation (10) takes account also of the nonlinear 
terms. The solution of the linear differential equa- 
tions contains constant factors determined by the 
boundary conditions. Account of the nonlinearity 
enables us to find the characteristics of the steady- 
state motion independently of the initial conditions, 
which is precisely the purpose of our investigation. 

Assuming the nonlinearity small, we rewrite 
(10) in the form 


6 + Quo + w(1 + acos2pt)o+V(t, 6) = 2%, 
V(t, 8) = — 2 @5(1 + a cos 2pt) ®. (12) 


For convenience we have introduced in (12) the 
parameter a =1. In the linear approximation we 
have 


§ + 2x6 + wy (1 + a cos 2pt) 0 = 0. (13) 


Equations similar to (12) and (13) are encoun- 
tered in various problems where the parameters 
of the system have periodically variable parame- 
ters, as in the case of parametric resonance; these 
have been treated in an extensive literature.2-8] 

We consider the existence of periodic solutions 
of (13) first, after which we take account of the 
nonlinearity [Eq. (12)]. Periodic solutions of (13) 
are not obtained for all values of the coefficients 


se sate 


k and wp, i.e., according to (11), not for all values 
of R. Let us investigate the dimensions R of 
nuclei capable of executing periodic motions in a 
field of a given frequency p. The figure, plotted 
in coordinates a and w)/p, shows the instability 
and stability regions of the solutions of the 
Mathieu equation, to which Eq. (13) reduces when 
x =0. When friction is taken into account, the in- 
stability regions shrink and shift upward, the 

shift increasing with increasing w) (for given p). 
The instability regions for x ~ 0 are shown shaded 
in the figure. 

In our problem the periodic solutions of (13) are 
determined by the intersection of the line a =1 
with the boundaries of the shaded regions. The 
number of intersections is finite, since the bounda- 
ries of the instability regions of the solutions shift 
upward with increasing w)/p. The fact that the 
abscissas of these points have a maximum 
abscissa denotes the existence of a minimum di- 
mension Ry jn Of the nucleus capable of executing 
periodic oscillations in the external field. It is 
likewise obvious that there exists a value Rmax: 
determined by the abscissa of (a)/P)min in the 
figure. Thus, periodic oscillations and absorption 
of energy from a specified external field 
F = F, cos pt by the nuclei are possible only if 
the nuclei have certain resonant dimensions 
Rp(i = 1 2P ais 1); with Rmax = Ri = Rmin- 

Mathieu equations [when a = 1 in (13)], cannot 
be solved analytically, but the determination of 
the numerical values of the coefficients w) and k, 
for which (13) has periodic solutions, is in princi- 
ple a simple although cumbersome problem.* 
After compiling such a table, it is necessary to 
calculate the resonant nuclear radii Rj for the 
specific substance [(Ax)m, A in (11)] and for 
the specific experimental conditions (amplitude 
F, and frequencies py, Py --->» of the external 
field). 

Turning now to Eq. (12), let us investigate the 
dependence of the amplitude of the nucleus oscil- 
lations at the frequency of the external field. Let 
the coefficients (11) of Eq. (12) be such that the 
periodic oscillations of the nucleus correspond to 


V 


3 w/o 


*This effort is justified if suitable experiments are set up. 
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the first instability region in the figure. Since 
small nonlinearity is assumed, we seek an ap- 
proximate solution of (12) in the form 


6 = A, sin pt +.B, cos pt. (14) 


Substituting (14) in (13) and equating the coeffi- 
cients of sin pt and cos pt to zero we obtain 


Ax( @, — p?-— a4 / 2) — = 0 A,A? 
— 2upB, + > ont = 0; 
By (a pe @ / 2) Tei = 0) B,A? 


+ 2npA, — = Bi = 0. (15) 
In (15) we have introduced the oscillation ampli- 
tude A =(A,? + B,2)!/2, 

To make the results clear, let us assume that 
the cubic terms in (15) are small and let us neglect 
the last terms in the left halves of (15).* Then the 
vanishing of the determinant of (15) leads to the 
following frequency dependence of the square of 
the oscillation amplitude: 


A? = 209” [we — p? + (0§ / 4 — 4x?2p?)*], (16) 
The nucleus will execute periodic oscillations only 
if 


Wo > 4xp, (17) 


i.e., the attenuation due to viscosity must not be 
too large.t Periodic oscillations are possible at 
external-field frequencies for which A? > 0. The 
condition A? = 0 determines the boundaries of the 
resonant frequency band. 

Thus, the solution of (13) assumes the form 


6 =A sin (pt— 6), tgd = 2xp/[w5/2+4 (5/4 — 4x%p’)*], 
A = {20° [03 — p*? + (wg / 4 — 4x2 p)*])"2, (18) 4 


The absorption coefficient y is expressed in 
terms of the density of the dissipative function 
F/V = 867/2V as 

y = 8n|F|/ pF. 

For a comparison with experimental data, it is 

necessary to average over the period of variation 


*A more exact solution of (15) and an account of the higher 
harmonics of the nucleus [in addition to (14)] can be obtained 
by successive approximations. 

tThe criterion (17) agrees poorly with the condition that 
the Reynolds number be small, i.e., at such high frequencies 
the moment of the friction forces is proportional, generally 
speaking, to the angular velocity raised to a power higher than 
the first. The subsequent calculation is therefore only qualita- 
tive. The disparity indicated occurs only for resonances at 
the overtones of the external field (parametric resonance) 
and obviously not at undertones of the field (resonance of the 
n-th kind), 

ttg = tan. 
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of the angle of revolution 6. As a result we obtain 


wt , 
Y Sia cae a: (a — et) : 
As can be seen from (19), for nuclei of given 
dimension, the dependence of the coefficient of 
absorption on the frequency of the external field 
is of resonant character. 

At each instant of time t of a real liquid-solid 
transition the nuclei have a certain distribution 
over the dimensions R. The distribution function 
N(R, t) can evidently be determined with the aid of 
the kinetic equation in the particle dimension space. 
We can then obtain (with account of the remarks 
made in the last two footnotes) the frequency de- 
pendence of the absorption coefficient and of the 
susceptibility (polarizability), suitable for direct 
comparison with experiments. 

The energy-absorption mechanism considered 
above can be used to investigate the kinetics of 
the liquid-solid transition of magnetically-isotropic 
or electrically-isotropic bodies, the number of 
which is quite large. D. N. Astrov and A. V. 
Voronel’ of the Laboratory of the Institute of 
Physico-Technical and Radio Measurements have 
observed electromagnetic absorption at acoustic 
frequencies in the melting and crystallization of 
benzene. This absorption was observed only during 
the phase transition process and not in the solid 
and liquid phases. 

The author is grateful to I. E. Dzyaloshinskii 
for valuable advice and A. V. Voronel’ for discus- 
sions. 
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We obtain an expression for the diagonal element of the transverse conductivity tensor of a 
semiconductor in a strong magnetic field, taking the interaction between the conduction elec- 
trons with one another into account. We assume the conduction electron dispersion law to be 
isotropic and quadratic. The electron-phonon scattering is considered in the Born approxi- 
mation. The general expression is studied for the case where the electrons satisfy Boltz- 
mann statistics and where the electron-electron collisions are described also in the Born 
approximation. As an example of an application of this expression we evaluate the height 


[1] 


of the resonance conductivity oscillations predicted in ~~. 


it In a previous paper by the authors [1] (in the 
following referred to as 1) we obtained an expres- 
sion for the diagonal element of the transverse 
conductivity, 0xx, of semiconductors in a strong 
magnetic field,* caused by the inelastic scattering 


of the conduction electrons by the lattice vibrations. 


We did not take then into account the electron- 
electron interaction. It is the aim of the present 
paper to take into account the influence of this in- 
teraction upon the conductivity for the case of an 
isotropic, quadratic electron spectrum. 

One shows easily that because of the conserva- 
tion of momentum during electron-electron colli- 
sions the quantity oxx is equal to zero for a sys- 
tem of mutually interacting electrons. It can be 
different from zero only owing to interaction with 
some other scatterers, for instance, phonons. In 
that case when there is a strong magnetic field 
present (0x, /Oxy <1), the role of the electron- 
electron interaction will only make itself felt in 
the renormalization of the electron-phonon scat- 
tering potential as far as the first non-vanishing 
approximation in the scattering—to which we re- 
strict ourselves—is concerned. 

To understand qualitatively the expected char- 
acter of the effects we start with a phenomenolog- 
ical consideration, generalizing a method proposed 
by Doniach"4 to the case where there is a non- 
vanishing magnetic field H. Leta vibration with 
frequency w and wave vector q propagate in an 
isotropic crystal. When we neglect the electron- 
electron interaction, the correction to the electron 
energy when this vibration is taken into account is 
of the form 


*The notation is the same as in I. 


pears ee —i(wt— * b* oi (wt—er 
U(r, t)=utu=cbe ( sh a7) 8 (1) 


The function Cq characterizes here the electron- 
phonon interaction (expressions for it for different 
cases are given, for instance, in I) and the dimen- 
sionless quantities bg determine the vibrational 
amplitude. The extra term (1) in the energy causes 
the free charges in the crystal to be rearranged 
and this leads to a violation of local neutrality and 
hence to the appearance of an additional electro- 
static potential which, taken together with (1), re- 
normalizes the electron-phonon interaction. Since 
this effect is linear in the interaction we perform 
a renormalization of the first term in (1). The re- 
sult for the second term is obtained by taking the 
complex conjugate of the first term. 

Let the renormalized interaction be of the form 


= Ug (w) Saw \ 


The change in the electron density caused by it is 
determined by solving the equation for the density 


matrix p: 


do/dt + (i/h) lo, #) =9, (2) 


where 3 =5) +0, Ky is the single-electron Hamil- 
tonian operator while the square brackets indicate 
a commutator. Putting p=p’+p’ (p° is the equi- 
librium density matrix of a system of non-inter- 
acting electrons), we find 


ph — PA 


, at bes | fOr | 
a &, — &p — ho + iv Ug(o)<T |e" | AY, 


where I’ and A stand for the totality of quantum 
numbers characterizing the single-electron states 
when there is no perturbation, ep = (IT sentry s 
y is the adiabatic parameter corresponding to the 


367 


368 


assumption of an infinitely slow switching on of the 
electron-phonon interaction (v >0, v—0). 

In the coordinate representation (o is the spin 
variable) we have 


path.) = > Pay tro), (fs o ), 
TA 


from which we get for the Fourier component of 
the electron density 


4 1 4 
Ng — Fl \ Ore Pa (T; r) = a, Vo Ka ( w) Ug; (3) 


fo 


where Vp, is the normalizing volume and 


0.0 
sana s <P fear} A>). (4) 


tN UO 


Kq (0) = hd 
TA 


However, as we noticed earlier, the renormal- 
ized potential u is the sum of the ‘‘bare’’ potential 
u and the electrostatic potential ey, which is de- 
termined from the Poisson equation 


£09", = 4nen,, (5) 
whence 
fs Ane . 
lig = [1+ Seay. Ke (— 0) Mg. (6) 


We now establish the connection between the re- 
normalization coefficient in front of Ug in (6) and 
the permittivity of the crystal. To do this we note 
that Eq. (6) is independent of the actual form of the 
interaction, and depends only on the properties of 
its space and time periodicity. In particular, one 
may assume that D = —€e€)Vu is the ‘‘bare’’ elec- 
trical field, i.e., the electrical induction vector. 

In that case E = —Viu is the total electrical field 
and the coefficient connecting them, 


4me2 


e\| (, @) = & + aap Ka (— ©) (7) 
is the longitudinal component of the permittivity 
tensor, taking time and space dispersion into 
account. 

If we do not take electron-electron interaction 
into account, the probability for an electron-phonon 
scattering is proportional to | Cq [2 The present 
calculation shows that taking this interaction into 
account is equivalent to replacing the transition 
probability | cg |* by 


Jal? {[1 
| cy P 


+[emey, Im KG (@)]} = ake 8) 


4se” 


+ 7, Re Kilo) | 


In the Boltzmann statistics case and when the 
conduction electron spectrum is quadratic and iso- 
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tropic one can easily evaluate the function (4) and 
according to Larkin [3] 
ay {eee 
W (e any) | (9) 


Re Ky (0) = 25 °/ W (7 ae a 


qr qr | 247 
Im K3 (0) 
ea ae eg hoB Se gre 
Ho f(A) 


W (x) = a ae du (10) 


0 
(n is the electron concentration and B = 1/kT) 
when there is no magnetic field. The form of these 
functions and therefore also of the expressions for 
A2 and B? in (8) depends on the relation between 
vp and w/q. When w/q >vtT 


A =1—4ne?n/ emo? = Les OF ie, (11) 


B is exponentially small and expression (8) turns 
out to be larger than its renormalized value when 
w is close to Wp. This means physically that the 
electron-phonon interaction and thus also the scat- 
tering probability increases steeply when the phonon 
frequency approaches the frequency of the natural 
vibrations of the electron system, namely the 
plasma frequency wp.* 

We note that the ratio w/q is equal to the sound 
velocity w for acoustic phonons. But as a rule 
vT > w in the Boltzmann statistics region and it 
is thus practically impossible to excite plasma 
oscillations by sound if H = 0, since the inequality 
w/q > vy cannot be realized. When w/q «v7 


A=1-+ Anne? /epmkTq? = 1 + (x/ 4)? 


and the renormalized expression (6) turns out to 
be less than the unrenormalized expression by a 
factor 1+ (K/q)* (1/k is the Debye radius). 
This is due to the effect of the screening of the 
phonon potential, which decreases the electron- 
phonon interaction and thus also the scattering 
probability. 

The magnetic field introduces additional com- 
plications in this picture. For instance, when 
H = 0 plasma effects are practically unobservable 
since the dispersion of the optical vibrations is 
small and one must select the impurity concentra- 
tion specially in order that the frequency of the 
optical vibrations turn out to be near the plasma 
frequency. In a magnetic field, the plasma spec- 
trum occupies a wide region of frequencies from 


*This phenomenon is complicated by the fact that in the 
case of a sufficiently exact resonance the electron system 
may show a reciprocal influence on the phonons, changing the 
phonon frequency 2] (see also Appendix II), 
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Wp to 2 (&=eH/me is the Larmor frequency ) 
and the equality between the plasma frequency and 
the frequency of the optical phonons is achieved 
much more simply. 

Unfortunately an application of these simple 
methods to a rigorous analysis of the role played 
by the above-mentioned effects in transport phe- 
nomena is unjustified. The point is that phonons 
with wave vectors q 2 q7 are important for such 

phenomena, yet it does not follow directly atall that 
_ for such dimensions of the spatial inhomogeneity 
these effects can be described by the self-consist- 
ent field method with some kind of single-electron 
potential. This problem is essentially a many- 
particle one and one therefore needs solve it by 
means of many-particle quantum theory methods. 

2. To construct a rigorous theory we start 
from Kubo’s formula! for ox, in a form which 
is convenient for an expansion in powers of the 
electron-phonon interaction /*1 

0 


Sa ae Ret \ evt CeT¢ \ exp | \ U (2) =| v* (t) o* (o> dt . 
ij (12) 


Here v~ is the operator of the x component of the 
total (summed over all electrons) velocity, Tc 
indicates ordering along the contour C, depicted 
in the figures by dot-dash lines, 


U (z) = exp (i#f,2z /h) U exp (— ifiz/h), 
CAP OD, (nines hl, Lo 


(13) 
(14) 


and Z is the partition function. Furthermore, 
=H, + U, where KH, =Keg + Kp, He the Hamiltonian 
of a system of mutually interacting electrons in a 
magnetic field H which, when we choose the gauge 
A= (0, Hx, 0), is of the form 

me ~ 2 f) eis e 4 
He = 5 Sy [— Pe A a, Py | 4 5 Tete] 


Pi 


(15) 


(N is the number of electrons, rj the position co- 
ordinate of the i-th electron, a? =ch/eH); U=u 
+u*, where 


(16) 


u = dy >) Cqbge 
q -é 
bg (bq ) the creation (annihilation) operator of a 
phonon in the state q; and Hp the phonon Hamil- 
tonian. 


To study the properties of the operator He we 
introduce Jacobi variables 


Beers Psp Et he rey 


py=r=(mt+rmt...+ty)/N. (17) 
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Inversely 
t= pe Pee tegiee +... ai oo aes 
ip to (18) 
One verifies easily that in the new variables 
He = Hy (t) + H2 (8), (19) 


where 3)(r) is the operator of the orbital motion 
of a free particle of charge Ne and mass Nm. The 
Hamiltonian #, commutes with py =r. In other 
words, one can split off the center-of-mass motion 
in the system of interacting electrons in a magnetic 
field, and the solution of the equation 


HV, — ELY, (20) 


is of the form 


Yr =a (1) Fr (9), (21) 


where %(r) are the orbital wave functions of a 
particle of charge Ne and mass Nm, character- 
izing ‘‘external’’ states, and F,(p) stands for all 
wave functions describing the ‘‘internal’’ states of 
the electron system. Similarly 


Ey, = E; + &. (22) 

In the new variables 
Uy = — (ih / m) 0/ 0x, (23) 
u= >) Cqbge’ >| ei a oy Cabal", (p). (24) 

; : 


i q 

We assume the electron-phonon interaction to 
be weak and restrict ourselves, as in I, to the 
second-order term in the expansion of (12) in 
powers of U. To evaluate it we apply to (12) the stand- 
ard method of disentangling exponential operator ex- 
pressions under the Tc-product sign. Inthis way it 
turns out to be possible to write (12) as asum of twelve 
terms, each of whichcorresponds toa diagram similar 
to the diagrams of Konstantinov and Perel’,(°] but 
with the difference that all electron lines in it 
(except one) are proper ones, i.e., directed along 
the contour C. Each electron line going from the 
point z, to z, corresponds to a factor 
exp [EL,(z,—2Z2)/ifii]; the only improper electron 
line corresponds to an additional factor 
exp (— BE],); each phonon line corresponds to a 
factor (Nq+1) exp[—iwgq(z;—Z2)], if 22 is ear- 
lier than z, (proper line) and to Ng exp [—iwq 
(z,;-—Z)] (Nq is the Planck function of the phonon 
frequency wq), if z; is earlier than z. (improper 
line ); each vertex corresponds to a factor 


oq (L| Be | L'> = cq <h fe | > CL fg LD: (25) 
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the terminal t to a factor differs from (30) only by the general sign and by 
LL © ag tenoel the fact that instead of the difference x—X,/ the 
SEE NE (7S Oe sence ERI 26) difference x—X)- enters in it. The sum of dia- 
and the terminal 0 to a factor grams a and b contains thus a factor 
<M |u|) see Oe (27) Xyw — Xx = (ch/ eH) gy, (31) 
Here iwLL’ = EJ,—EL’. In the final expression which is independent of the summation indices and 
we integrate over z; and z, between limits that is equal to 
follow from the form of the diagram, and we sum Ben 
over q and over all indices of the electron system. — Re) (Xp — Xa) Xa yaG (0, FO, + Om) | <p [eft] A> |? 
By virtue of the properties of the functions (22), Ae 
(25), (26), and (27) the matrix elements for transi- rate 
: p + Re >| (Xp — Xa) ; 
tions between internal states of the system enter < aE CGO aS a7) 


as independent factors and therefore all diagrams 


have the common factors x <p | xeMr| A> <h | er |W). (32) 
— N ; P setit 
- Z ce <1 | fq | m)> |2| cq? 3 os We show in the Appendix that the contribution 
Ghee to (12) from expressions of the form 
We want to sum the diagrams a to f (see fig- BE, 
ure) and the diagrams a’ to f’ which differ from Re DS, e leq’? { <thfg(m>? 
the ones illustrated in the figure by the direction agra 
of the phonon line. Using the identity . <n | eM | b <p | xe—2at | A> | N, (33) 
: : v+ti(@yt 
o%,, 1 (v + ton) = <A[x— Xa |) (29) EO em a 
(X, is the coordinate of the center of the Landau is equal to zero. The second term in (32) which 
oscillator in the state X) and using the matrix after summation over q, J, and m reduces to the 
multiplication rules we find that diagram a is form (33), can thus at once be dropped. 
equal to When diagrams c, d, e, and f are summed the 
a Ben factor (31) can also be split off. In the sum of 
Ly ee (0, FO,4° + Oni) <p’ [er |h> <A |x—Xy|\> these four diagrams it is also possible to perform 
ANG POS two summations, using the rules of matrix multi- 
x <M em“ | > Ca | x — Xu |p’) plication. If we drop terms which give a zero con- 
: tribution by virtue of (33), we get for this sum 
iets 
ah v — Bea 
= Z é i 2 
21 TFT (OF Opa FO) oe Re DX eS Shere a Fon)! eo 


x , iqr 7 adin Xe AY a? Ne —or yea ? , ; 
Spices Sas il al neni ANE PE CU Finally, the sum of the diagrams a to f is 

(we have for the sake of simplicity not written down — FD cm 2 (Nq +1) yy (X, — X) 

the factor (28) or the summation signs for summing q LM 

over q, 7, and m). The expression for diagram b xXieo © |<L| De | My [2 8 (Om — q)- (35) 
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_ The sum of the diagrams a’ to f’ is the same ex- 
_ pression, but with —wg inthe 6-function replaced 
by wq and Ngt1l by Ng. Transposing in this ex- 
pression the dummy summation indices L and M, 
adding this to (35) and taking into account the 
identity 


—BE —Bp 
Peo oy Os) (Vet 1) =e "3 (orm — Oy) Ne 


(36) 
and relation (35) we get finally 
2 2¢ 
oe say (ai) \4q q, |Cq|? NqPq (@q), (37) 


@, (0) = Z*D} |<L| De | My Pe 8 (ome — 0). (88) 
LM 


(37) is exactly the same as Eq. (8) of I. The latter 
was derived from the formula of Kubo, Hasegawa, 
and Hashitsume!®] which expresses Oy, in terms 
of the correlator of the operators of the velocity 

of the motion of the center of the Landau oscillator. 
But this formula itself was derived in [6] from an 
equation such as.(12), using a number of additional 
assumptions. The present derivation starts di- 
rectly from (12) and does therefore not depend on 
additional assumptions. 

Moreover, it will be convenient for us to change 
in the expressions for bq(w) to a second quantiza- 
tion representation and to take a Gibbs average. 

To do this, we put 


By = Be! = S\\aPrys (r, 0) ep (7, 0) 
= >) <P let| A> afaa, 69) 
TA 


where 7(r, a) =ZAaapa(T, o) is the electron 
wave function in the second quantization represen- 
tation, a,(a,) is the annihilation (creation) 
operator for an electron in the state A. Then we 
have 


®, (w) = Z-1D) exp [—B (Ex — eNi)1 6 
LM 
x (om. — ©) |<M | Bg fy, (40) 


where N is the particle number operator. Accord- 
ing to I, bq(w) can be expressed in terms of 
Kg(w), the Fourier component of the two-particle 
retarded Green’s function with pairwise equal ar- 
guments, through the formula 


®, (w) = Im Ky (o) / (1 — 2-F*). (41) 


In 3] a method was proposed to evaluate Kg(w) 
for the case H = 0; this method was generalized in 
a paper by the authors ('] for the case of a non- 
vanishing magnetic field. According to C7] 


Kq (®) = Ug (o) /[1 4 Siar Tg (0) | ’ (42) 


where Ig (w ) corresponds to the sum of all con- 
nected Matsubara diagrams (see [3] and £7), 
Taking (37) and (41) into account we get then 


LE ee Im IL, (@) 
See aap (ae) \ Path — emi Il Na 


2 
x {[1 + cipy, Re tao) + [sager, I Ma CO] 
(43) 
We see that in the general case it is not at all pos- 
sible to arrive at a simple renormalization of | cq [4 
of the form discussed in Sec. 1. However, in a num- 
ber of cases, we have with fair accuracy 


Hy (®) = Kg (o), (44) 


where Kg (w) can be expressed by the sum (4) and 
corresponds to the simplest diagram which is of 
the form of a loop of two electron lines.!1)3+1] 

When a strong magnetic field is present (a 
= hQ/2kT > 1) one can easily justify the approxi- 
mation (44) for the case where the Born parameter 
is small e*/e,ivt «1 (small effective masses 
and large values of €,) favor the satisfying of this 
inequality ). However, there are grounds for hoping 
that in reality (44) is valid when the weaker condi- 
tion e’n!/8/ekT « 1 (average energy of the Cou- 
lomb interaction between the electrons small com- 
pared to the thermal energy) is satisfied. 

If (44) is valid, 


2 2 
Ox = Sui (=) \ a9 | Ge ?NqgPq (@q) 


x {[1+ airs Re Ka (0) + [aaiar, im Ka] 
Dj (o) = Im Kg (@) / a (1 — eh), (45) 


The renormalized interaction in (45) has, indeed, 
the form (8). Our rigorous theory justifies thus 
the application of the self-consistent field method 
in this case. 

We obtained in I an expression for Im 9 (w) 
for the case H = 0 in the form of a series which 
was particularly convenient to use in the quantum 
limiting case when it converges very rapidly* 


nVu Vo 


Im K§() = x (1 —e-ho8) @4 (@) = FEE (1 — eno) 
z T 
q’, a@cth a 
x eXp (28 5 
(NQ—o)? 4; 
iy ( 4 Jexp [| — M22 | (46) 
- oe aid 9307 4q7 4 


*cth = coth, sh = sinh. 


= 
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Using similar methods we find 


2nV (ae et salty 1 a 
Re Kg (0) = Ta pon OP (Fecha) 3 e Ty a 
, [haz / 2m + o + NQ — 
[w( l92| ). 1921 %r ; 


(47) 


3. Using Eq. (45) we can in principle consider 
the effects caused by the Coulomb interaction be- 
tween carriers which were mentioned in Sec. 1. 
Here we study one such effect. In I we predicted 
theoretically peculiar resonance oscillations of 
the transverse conductivity in a magnetic field 
which are caused by the scattering of the elec- 
trons by phonons with a non-vanishing limiting 
frequency w, (optical phonons). The oscillation 
maxima are determined by the condition wy = NpQ 
(Np is an integer) and, for instance, when @ > 1 
we have near wy = 2 (Nj) =1)* 


cl 30. 1 


any: fe cl 3 (fiwe8) int 
* 2Y mhoow 


key umeay ae a ge a8’ 
cl 


where oxx is the classical value of the low-tem- 
perature transverse conductivity evaluated in I 
and 6 = (wy»—2)/w ». Expression (48), as also 
Eqs. (48) and (50) in I which are suitable for ar- 
bitrary N, give an infinite height of the oscillating 
peak for wy = No. 

Mathematically, this infinity is caused by the 
fact that when wy is exactly equal to Np the in- 
tegral over q, of the No-th term of the series 
(46) diverges at the lower limit. We did not:con- 
sider in I the mechanisms limiting this infinity. 
If, however, we take these into account, the loga- 
rithm in (48) has a finite value at wy = NyQ and 
is equal to 


(48) 


Oxx 


n(1/a6,), (49) 


where 6g «<1. The second term in the denominator 
of (45) is proportional to the square of (46) and thus 
tends to infinity as 1/q2, when q, — 0. The Cou- 
lomb interaction between the scatterers is thus 
able to limit the height of the resonance peak. 

This mechanism is, of course, not the only one, 

but the cut-off determined by it can in a number 

of cases turn out to be the most effective one; in 
the present paper we shall evaluate it. 

We restrict ourselves to one of the experimen- 
tally most interesting cases: Ny =1 (first oscil- 
lation), a =hQ/2kT > 1 (quantum limit). We 
shall here not be interested in the shape of the 
resonance line and simply evaluate ox, for 


*We note that in the corresponding Eq. (50) of I the coef- 
ficient 1/7 was omitted by mistake. 
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Q=wy. It is clear that small qz (qz «<qry) and 
q, < 1/a play a role in the resonance region. How- 
ever, in the important region of q 


2?/q? = 0G? ~ x70? <1, (50) 


and when q, ~ 1/a the first term in the denomi- 
nator in (45) can be assumed to be equal to unity. 
The interval q| « 1/a cannot play a role as long 
as the first term does not tend to zero in it. In 
actual fact, it takes on a zero value, generally 
speaking, but one can show that all contributions 
from the region of small q, are negligibly small, 
all the same. 

Moreover, in the series (46) only the term with 
N = 1 will play a role and all other terms are ex- 
ponentially small. Finally, for the interaction with 
the optical phonons 


Al Gg =A/ Gq, 


where the expression for A was givenin I. The 
problem is thus reduced to an evaluation of the 
following expression 


lCq|? = 


Ba 


ne-BA wp! qz C q, a 
Hees} Ngenor| ee : ah (8) 
0 0 


20 ‘hy, 


x exo (— PF) (1 + an(z-) (Ft) 
exp 9 qe. q) q7 
h qa qe os 
x sh? a Ij (33) exp (-2-a) : (51) 
We take further into account that apart from 
exponentially small terms 
hh (@.a*/2 sh a) = g@a?/4 sha, 
and we change to new integration variables x 
=qja"/2, y =a, /4q%: 
Senet feb (oe AR: sivg 
One = ry” GF) ie dx 
‘ e Ydy (52) 


: | y + (m0 / 16) (rea)te 2H) ° 


where ty = (2mh2/A)(tw)/2m)!”, When (xa)? «1 
the integral over y is eae to 


In ai + 2% (53) 


—! ai 


where C; = e©, C = 0.577 is Euler’s constant. Per- 
forming the integration over x we an finally 


cl aw 
Xin ON h 54 
6 fe} TEV ho’ 10,8 ln ——— a Gaye (54) 
where according to cm of I 
ol — (2ne?/3mQ*to) hwope—ho5. (55) 


Comparing (48), (49), and (54) we find 
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6. = VxC, (xR)? / 4e?, (56) 


where R = mvqc/eH. 
To elucidate when this mechanism of cut-off 

_ plays the main role we determine the cut-off, tak- 
ing the dispersion of the optical phonons into ac- 
count. Let the optical phonon frequency be 

@, = 0, (1 — a%q"), (57) 
where ay is of the order of the crystal lattice 
constant. Calculations completely similar to the 
ones we just performed give the following result 


b¢ = @ (Ay / a). (58) 


This quantity is as a rule considerably less than 
(56). 

We must finally give an estimate of the cut-off 
caused by the broadening of the energy levels due 
to collisions. Very rough estimates in a paper by 
Adams and Holstein!®! give 


On 1 {QQ (59) 


where T is a characteristic life time of the electron 


in the given state. Attempts to estimate this quan- 


tity more accurately run up against serious difficul- 


ties. From a comparison of (59) and (56) it is, how- 
ever, clear that the electron-electron interac- 

tion may in a number of cases be the main mech- 
anism restricting the height of the oscillations. 


APPENDIX I 
We show that an expression of the type 
Z-Re >} | ¢q|?Nq 
q 


—iqr; | Ly 
(A.1) 


— BE, <L | xe | M> <M | Ze 
ee VF iim + %) 
when summed with the same expressions, where 
Ng and wq are replaced by Ng+1 and —Wq gives 
zero. We put 


<L | xZe%| My <M| Ze | Ly 
v +i (0,4 + %) 


= nd (Lm + Wq) 


Re 
x Re {<L| xZe™| M> <M |e ‘| Ly} 


Im ¢L | xBe"""| M> <M |e “1 L>) 


(A.2) 
©rM ts ®q 


+P 
(P indicates the principal value). The contribution 
in (A.1) from the first term in (A.2) to the sum with 
the same expression, but with Nq and wq replaced 
by Ngt1 and — Wg is zero. To verify that, it is 


sufficient to transpose in the expression with Ng +1 
the summation indices L and M, to replace q by 
—q and to take the identity (36) into account. We 
use further the relation 


Im {<A | xe") p> <p |e" | AD} = — > ae [<A | ef" | > |? 


(A.3) 
However, by definition 
m >}8 (Or + 0) | Ch et|py Pe *=Z40§ (@), — (A.4) 
Ap 


where Z is the appropriate partition function. 
Using the representation (45) one obtains easily 
the rule for differentiating this function: 


= 8 (w) = — q,a? cth a Of (w) 


"(0° (wo + Q) + Oj (wo — Q)]. * (A.5) 


S 


Substituting (A.5) and (A.4) into (A.1) and taking 
into account that a non-vanishing contribution can 
only come from the second term in (A.2) we get 
finally the following expression for (A.1): 


a Pls B44 Icq|2Nq [cth a Oy (w — cq) 


— ®, (w — @ + 2)/2 sha 


— D, (w — oy — Q) / 2 shal. (A.6) 
Since gq, | cq |?, and wq are essentially even func- 
tions of qx this expression vanishes which con- 
cludes our proof. 


APPENDIX II 


When analyzing the causes producing the cut-off 
of the oscillations we must bear in mind still the 
two following factors which occur because of the 
interaction between the phonons and the electrons: 
damping of the phonons and renormalization of 
their frequency, thanks to which there occurs for 
them an additional, rather strong dispersion. We 
show that both these factors are unimportant for 
the present problem. 

We are interested in the case of a low electron 
concentration and a weak electron-phonon interac- 
tion. One can show that under those conditions 
when taking these effects into account it is suffi- 
cient to introduce renormalized phonon lines to 
each of which must be assigned a causal Green’s 
function which is equal to*10! 


374 Yu. 
( ee) 
| J ea(0 
iD (q, iia, As oo 
(4 
p, (0) = ye” [KL [bq + bq] My °3(o— one). (A.8) 
LM 
As a result we get instead of (37) 
ix = (6%8 / 822)(0/ eH)? \ doo \ dq gilcq|? Pq (») Pq (— &). 


=r (A.9) 
This expression corresponds to a sum of Matsubara 
diagrams with electron lines renormalized by taking 
phonons into account and with electron-phonon ver- 
tices. 

In accordance with !91 

Pg () ag era. (I 33 Ree Fe Im {Dt (q, wy) looyiotv}s (A.10) 
where Dl \(q, wn) is the temperature dependent 
Green’s function, and wy = 27NKT/h. It satisfies 
the equation (cf. (101) 


D7(q, ov) = D5 (a, oy) 


+ h* Dy (q, ov) Kq (— iy) D” (q, ow). 
According to Eq. (7b) of I, | Cq |? =2nfw,e/Voq7ec, 
enn = €5 (9) — €57(0)) “We Hees then 


20 
a OS ) q E, 


Tt (4 
= 
o'| 
(a) 


The poles of the function Dl \(q, iw) give the re- 
normalized phonon frequencies and the damping of 
the phonons due to their interaction with the elec- 
trons. In those qj and qz regions where Im Iq(w) 
is large and leads to a limiting of the oscillations, 
the second term within the curly brackets in (A.11) 
is unimportant and in that region we obtain only an 
inappreciable shift of the resonance frequency* 
(when the coupling parameter is small, €)/€g « 1) 
Far from w = NQ we obtain rather interesting sin- 
gularities of the renormalized phonon spectrum, 
but they are unimportant for the present effect. 

In conclusion we turn our attention to one inter- 


a hes 


2 £0 t 
Ec 4 ame? 
+ eaiVeq? U q 


(A.11) 


esting singularity of expression (A.9). For free 
phonons 
Py (®) = N,6 (@ + @,) + (N, + 1)8(o — ,): 


*We note that according to Born and Huang”) the elec- 
tron-electron interaction operator in an ionic crystal contains 
E (cc), the permittivity on the plateau of the dispersion curve. 


w) e—2O(4—22) do, 
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if the line is a proper one, 


(A.7) 


P, ( (@) e—hob—‘o(a:—22) dw, if the line isan improper one; 


If we substitute this expression into (A.9) the inte- 
gration over dw disappears and we get Eq. (37). 
This is because when the electrons interact with 
free phonons there corresponds to a given value 

of the momentum transfer fq a completely deter- 
mined value of energy transfer fiwq. When the 
phonon damping is taken into account there occurs 
an uncertainty in the phonon energy and momentum. 
As a result the energy and momentum transfer 
are no longer connected with one another during 
electron-phonon collisions and oxy has the form 
of an integral over all possible values of the en- 
ergy and momentum transfer (cf. [t]), 
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The probabilities for various processes are considered in an analysis of an electrical dis- 
charge in a mixture of two gases in which a negative absorption coefficient is obtained by 
selective excitation of atoms to a higher level and selective removal of atoms from a 


lower level. 


: Basov and Krokhin“!J have proposed a diagram 
that facilitates analysis of the necessary conditions 
for obtaining a negative absorption coefficient in an 
electrical discharge in a mixture of two gases.* 

The assumptions used by these authors, however, 
correspond neither to actual conditions nor to 
the relations between atomic constants for vapors 
and gases used by Butaeva and Fabrikant [2] and by 
Ablekov, Pesin and Fabelinskii."?! In [J collisions 
between atoms and molecules of two components of 
a gas mixture were used to selectively remove 
atoms from a lower level; however, atoms were 
not selectively excited to an upper level.'4] This 
technique had been proposed in 1939 and is the 
original prototype of the method used in ammonia 
masers. This case is the opposite of that consid- 
ered by Basov and Krokhin. 

Entirely different results are obtained if calcu- 
lations similar to those in |!) are used for the con- 
ditions pertaining to [2]. In particular, inequality 
(5) of L1] becomes completely different and the 
corresponding diagram contains only two regions, 

I and II; in contrast with [1] region IV, in which a 
negative absorption coefficient is impossible, no 
longer appears. It should also be noted that in [1 
the discharge conditions were such that the Max- 
wellian electron energy did not appear explicitly, 
so that the relation between @j) and i given 

in 4] does not hold. 

In “1] account is taken of collisions of the sec- 
ond kind with electrons in which atoms are trans- 
ferred from level ¢j to level €9 while collisions 
of the second kind characterized by ¢j — €, are 
neglected. The principle of detailed balancing 


shows that the probability of collisions of the sec- 


*The term ‘‘negative absorption coefficient’ corresponds 
more closely to the terminology used by Einstein than the 
presently popular term ‘‘negative temperature.’ 


ond kind increases as the distances between levels 
decrease./] Consequently the probability of ¢j 
— €; collisions of the second kind is greater than 
the probability of €; — €) transitions. Also, the 
quantity 1/7; cannot be neglected if 1/tjp is re- 
tained. For example, in the case of mercury and 
zinc 1/tjy is approximately 0 while 1/Tj, ~ 10' 
sec74 The same situation holds for the inert 
gases.[°] It is well known that spontaneous tran- 
sitions characterized by €j — €, in the optical 
frequency region generally have a strong inhibiting 
effect on the establishment of the required relation 
between the atomic populations in levels ¢€; and €,. 
2. We now derive the conditions that must be 
satisfied to obtain a negative absorption coefficient 
when the actual relations between the appropriate 
probabilities are taken into account. We first form 
the equations that describe selective removal of 
atoms from the lower level. Aside from a few 
changes our notation is essentially that used ear- \ 


lier in the theory of the gas discharge.'") Thus, 
we have 
dnt [dt = — 9 (Aix + Bz) + Mj eos + Maes (1) 


dnt [dt = — n2 (Ago + Boy + Bip) 
+ n@ (oor + Boa) + 1} (Air + B;,)» 


where n is the density of atoms or molecules; 
Aix and Ax are the probabilities for spontaneous 
transitions; Bap = NpdahVv, Bpg is the probability 
for collisions with impurity atoms or molecules 
(the impurity is the added component of the mix- 
ture); Qj, Qk, @kj are the probabilities for elec- 
tron collisions of the first kind; Bio, Bo, Bik are 
the probabilities for electronic collisions of the 
second kind. 

In writing Eqs. (1) and (2) we assume that 


Aig < Air, a < B, Bio < Bir. 


_ 
i) 
~ 
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The lifetimes are written in the form 
t; = (Aine + Bir), Te = W(Azo + Bao + Bas). (8) 


Using Eqs. (1) and (2) we obtain the condition 
for producing a negative absorption coefficient in 
the steady state: 


Ot; (Agog + Bog + Bap) + ee (oe + Boa) 


(to + Me + Baye / 25) (Az + Bin) 


esl: (4) 


Using Eq. (3) we can show that (4) is an ex- 
tended version of inequality (10) of [2] 
Using the approximations 


Biz = DzeBin, Bro OeoBin, (5) 


where bj, and byy are essentially constants ap- 
preciably greater than unity, we obtain from 
Eq. (4) 


Bap = Dip [exp {(; re Ex) / kT} "4 | Op) We Neo = bip 
Bro = 1—);, (n?/ nb) [exp{e; / kT’ ,} n;, — expte,/RT ,}] 


(6) 


(we have used the notation nj, = 1+ Aj, /Bix)- 
The > sign applies when the denominator is 
greater than zero while the < sign applies when 
the denominator is less than zero. 

The equations for the lines on the Axy/Bxo; 
Aik /Bik diagram are of the form 


Arp exp {— €,/ kT ,} nb 


ie — 1 —exp{—(e,— TY ff 
Bip Dip ne ; <i ss 
Aip Ago! Beg + 1 — Oc (4 / Ogg—t-t exp {(e; — &,) / RT ,}) (8) 
es Dep (XP {(€; — Ey) / RT} + 1 / bg) 


Equation (7) is physically meaningful only when 
nein? << exp {— @;/ kT} / dip. (9) 


The inequality (9) is certainly not always satis- 
fied in a gas discharge. In Eq. (8) the free term 


Poa 


The equations for the lines on the Axyg/Bx93 
Aik /Bik diagram are of the form 


Bir Om Bao bik CSNETY 
Ain Ago! Beo Biz eXP (8; — &)) | RT ML —1/b 9) — Bip | Ong + 4 
ch ais ae Dip EXP {(€; — &g) / RT} + Oj | Ong 


Ax a Bey Aro Pro ( no exp { a} = Ween (14) 
ce 


(15) 


The free terms in Eqs. (14) and (15) are always 
negative. 
The lines intersect when 


nei nee exp {— e;/kT.} / bin. 


In this case the diagram becomes that shown in 
Fig. b, where the shapes of the various regions 


(16) 


(Dp, | Ong) [Meg AO pg EXP {(€-—€ g)/RT 0} —(p9/ Ose) Meo PigeXPL(E;—Ep)/AT 3] 
Bran exp (2; / 7 }[Myp— Orn / Ogg) [May — (8 / n®) exp — eg / AT 
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Ako Ako 
a xo 


Baa 


a — selective removal of atoms from the lower level; 
1 — line (7), 2 — line (8); b — selective excitation of ‘atoms 
to the upper level; 1 — line (14), 2 — line (15). Region I ~ im- 
purity desirable, II — impurity necessary, III — impurity harm- 
ful, IV — effect impossible. 


is always negative, in contrast with the case con- 
sidered in'!]_ If the condition in (9) is satisfied 
the diagram will contain four regions (cf. Fig. a) 
characterized by the following features: I) an im- 
purity is not necessary, but is desirable; II) an 
impurity is necessary; III) an impurity is harmful; 
IV) it is impossible to obtain a negative absorption 
coefficient. Regions I and II vanish if the condition 
in (9) is not satisfied. 

We now consider selective excitation of atoms 
to a level €j. In this case the starting equations 
are 
dnj | dt = — ni (Aim + Bik + Bas) + 10 (0c + Boa) + Meee, 

(10) 
dnp | dt = — nk (Ako + Bro) + No%% + ni (Ain + Bee). (11) 

The condition for a negative absorption coeffi- 

cient becomes 


(9; + Bya) (Ago + Bro) + %on%ee i 
(Azz + Bzy + Bay) Lop + (Ase + Bee) (X97 + Boa) ; 


(12) 


The inequality (12) also represents an extended 
form of (10) of [2] Consequently 


(13) 


are different from those in the diagram in Ci] tf 
the excitation of impurity atoms becomes strong 
enough, the condition in (16) is violated and region 
III disappears. 

Because of (5), for a given host material trans- 
fers are possible only in regions of the diagrams 
close to the dashed line. The slope of these lines 
is determined by the quantity bxgAik /bDikAko- 

The value of diagrams of this kind is limited 
by the fact that the lines which divide the dia- 
grams into various regions are displaced sharply 
for small changes in the electron temperature. In 
particular, shifts of this kind occur when the com- 
position of the medium is changed in order to vary 
the quantity Bap. 
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The stationary state of a multi-component plasma with axial symmetry in an external axial 
magnetic field is determined in the presence of an azimuthal plasma current by neglecting 
particle collisions and taking into account the proper magnetic field of the plasma. A Max- 
wellian velocity distribution is assumed with different longitudinal and transverse tempera- 
tures. Finally, the plasma is assumed to be neutral at each point. 


ik 1950 Tamm=!J considered certain general re- 
lations for a plasma located in constant electric 
and magnetic fields by starting from a particular 
form of the particle distribution function. Ina 
number of works, }2-*] more detailed plasma con- 
figurations were considered with neglect of colli- 
sions; in particular, [3-5] the case of cylindrical 
symmetry for the azimuthal magnetic field Hy 
and longitudinal plasma current Jz were consid- 
ered. It was shown that stationary plasma states 
can exist in the self-consistent self-magnetic field. 

In the research that is described (also in the 
absence of collisions), a second case is considered 
in which the magnetic field Hz is longitudinal and 
the field J is azimuthal, and all the quantities 
are independent of t, z, gy. The particle distribu- 
tion densities, the proper magnetic fields and the 
currents of the multi-component plasma are found, 
and the external magnetic fields are determined 
for which stationary states exist. 

The problem reduces to a solution of the set 
of n kinetic equations and two Maxwell equations: 


of; qj 4: dg of; 
Orae tas Y Ue at A— aa +4 see 
4 1 9 Or le 
aa Gre Ur Sete ATA) . \ 5 = 0; (1) 


2 dea]-*2efaien — @ 


— = 5-(r2)= Ax Dai \fedv. 


Here qj, mj and fj are respectively the charge, 
mass and distribution function of particles of the 
i-th type (i=1, 2,...,n);. g and A are the scalar 
and vector potentials, respectively. 

The general solution of an equation of the form 
(1) is an arbitrary function of the first integrals of 
the equations of the characteristics: 


(3) 


Cy = mi (07 + 0s) + U9, Coz = qe + (Ge! myc) Ar. 


As a boundary condition, we require that the dis- 
tribution function fj(r, v) have the form 


*/; 
Ty m/? 
v)= Oz k Z 


n/2 oT" V 2r', 


fi (Tos 


x exp {— <= [0 + (dp —d4o)"]— 5 08 | 
st l 


for any fixed value of r =r. Here ngj and vo 
are respectively the density and velocity of the 
directed motion of paricles of the i-th type at the 
point ro; Ty and Tj are the transverse and longi- 
tudinal temperatures of the particles, expressed in 
energy units. Solving the problem for the chosen 
boundary condition, we find the distribution function 


fi v) a foi exp fe a Cu = B,mCo; == S ay mU2) > 


fo =a 


'f 
ae yy mitt, (ay ) 


xexp 3 at! e v0 — 4c (To) + a Veo (ro)) | , 


p= —iwT it, p= UT opie 
The particle density n; and the density of the 


azimuthal current of particles Poi will be equal to 


c */a 4 
= \ fidv = for ; : 
iis (m, 7 al Via 
mB? re ; Bq; \ 
a4 “re ss L F “> ete A ‘ 
exp ( 2a, a Gp — — 4 
Poi= \ Ugfidv = — ilo = Veil, 
—oo Mo 
where Voi = —B;r/ a, = wir is the mean azimuthal 


component of the velocity. Correspondingly we 
have for the mean squares of the velocity compo- 
nents; 

v= ] i micr' . 


vr =1/ moi, v2, = 1/ moi, + Brat, 
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PLASMA IN A SELF-CONSISTENT MAGNETIC FIELD 


We shall consider such states when there is 
only a magnetic field. In absence of external 
sources of the field E, it follows from the van- 
ishing of the volume charge 2qjn,; = 0 that 


—fq;'c = a = const, mip2/20, = b. = const, 


Di difos (2x my" [of V a |” = 0, (4) 


and there remains only the single Maxwell equation 
for the magnetic potential A: 


See ek cn] 


4m Deets wid 
= — 2 qifoi a) 2 Va, w,r exp (6r? +.arA). 


Transforming to the new function y = br’? + arA 
and introducing the variable p = Lr’, where L is 
defined by the relation 


LD? = aS gifos (20 / m;)"* 0 | al V ot, 
we obtain the audation* 
dp/do? + e? = 0, 
the general solution of which has the form 
ev = 2Cr exp {VG (p +Cs)} [1 + exp {VG (p +f], 


where C, and Cy, are arbitrary constants. Return- 
ing to the original variable, we find the following 
expression for the particle density nj, the current 
_ Jj and the magnetic field H: 


Qn \"? 4 x exp {V CiLr?} 
f= fon) —— = 2C = ; 
i: @ a V ai, * 4 + yexp {VCiLr*}] 
J; = Qi@ifti, 


ences tO. _ 2LVC, 1—vexp {V CiLr?} nies b 5 
Hop A= a ty exp VL} ar ®) 


é 


where y = exp (C,VC;, ). 

In these expressions the meaning of the coeffi- 
cients y and LVC, is not clear. To determine 
the coefficients we make use of the boundary con- 
ditions for the magnetic field. We denote the ex- 
ternal magnetic field by Ho; taking into account 
the relations 


f= dli= \ Ddidr = OnE Noe \ nurdrdo, 
f pt ’ 00 


where I; and Nj are respectively the total azi- 
muthal plasma current and the total number of 
particles of the i-th type per unit length of the 
plasma cylinder, we can write down the conditions 


*An equation of the same form has been obtained by F. M. 
Nekrasov in the plane case (private communication). 
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for the magnetic field H at zero and at infinity in 
the form 


This yields 
Yee ooh 


Cc 


4LVCr [1 
5 : 


For the density of particles at the center we 
have 


Qn Vp 
No: = i oz ( } 


eit 


2Cy 4m 

a V ol ‘ 

Then, by simple algebraic transformations, we 
get for y and L: 


8 MEY 
Y= “Galfor pa NoiINjVri, 


r( a 14 2 


LVG= (1 +9) (allo? (8S Numz0?,. 
Equations (5) now finally take the following form: 
my = no (1 +7)? 

exp {((1 +7) A (r)}01 +7 exp (Ul +1) A (PA), 


t{—rexpi(d+yA(Pyy _ pe 


— af - » == 2m 
J; = Qiveiti, H = —I(1+7) 1+ yexp{(1+ 7) A (r*)} r 


c 


b (P) = P (Aull? /8 > Nimo, 
ei 2b/a =m,0;C/ qi. (6) 


For analysis of the physical results, it is useful 
to obtain the set of equations: 


H (0) = 2nI/c — 2nIy/e — A’, 
H (oc) = —2nI/c — 2nIy/ce — A". 


From the equation 


we have for the self field of the plasma 


mes 1+y7 - 
c  1tyexp (t+) (?)} 


Equation (6) for the magnetic field can also be 
written in the form 


4m 4+¥ 
H= ~~ !itypep@+ns 


— 2 7 (1 44) —H*= Hp t+ He. 
If Eq. (1) is multiplied by vy and integrated over 


the velocity, we then get 


—— Of, lights eee 
- 2 
MV>i ys — oon H0gity —— Vegi MiNi = 0. 


Summing this equation for all types of particles, 
making use of the expression for the current, and 
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integrating over the coordinates, we obtain 


S\ amit, + (H +H")? 80 = (Hoo + H*)?/ 8x. (7) 


DISCUSSION OF RESULTS 


We see that thus in the absence of collisions 
there exists a stationary state of a multi-component 
plasma with an external longitudinal magnetic field. 
The presence of an azimuthal plasma current I is 
characteristic of this state. The configurations of 
the plasma, current and magnetic field depend on 
the quantity y. Actually, we see from (6) that the 
extrema for the density of particles will be at 
r=0 for y=1, and at r=0 and 


— 8x In “e |i/: 
M yi N07] 4 
a 


ars FE (1 — ¥) (4a J oP 


BOTS ol, 

The characteristic form of the curves for nj 
and H are plotted in Figs. 1 and 2 for the two cases 
y <1 and y=1. In the case when the kinetic energy 
of the particles at the center is small in comparison 
with the energy of the plasma self field Hp on the 
axis of the cylinder, the density of the plasma has 
a ‘‘well’’ at the center and the magnetic field H 
in this region can even take a direction opposite to 
the direction of the external field H,,. For y =1, 


FIG. 1. Depend- 
ence of the concen- 
tration of particles of 
the i-th type on the 
radius for y 2 1 and 
Viale 


FIG. 2. Dependence of the magnetic field H on the radius 
for two cases y 2. 1 and y<1. As 1 > ~, the field approaches 
the constant value H,.. 


the field H is always identical in direction with the 
external field, and the plasma has a maximum den- 
sity at the center. The difference in the fields at 
the center and at infinity amounts to 47I/c. Thus 
the plasma possesses a diamagnetism, which is 
especially sharply pronounced for y < 1. 

It is seen from Eq. (6) that as the current I ap- 
proaches zero the behavior of the field H depends 
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on the quantity 2npj mj Ved . If the latter is con- 
stant or approaches zero more slowly than the 
current I (y—o), then HH, —©. In this 
case the self field of the plasma is almost nil. The 
particles are in a strong external magnetic 

field and interact weakly with one another; the de- 
cay curve (with distance) of the particle concen- 
tration is arbitrary; we have in the exponent 


2 ap) 
mr? » NoitNzVri / (> N,m,v7;). 
i i “ 


In the case y — 1 or y— 0, the field H approaches © 
zero, but in this case the plasma configuration is 
spread out in space. In the last discussions, a con- 
stant number of particles N; of each type has been 
assumed. 

Equation (7) for the kinetic and magnetic pres- 
sures differs from the corresponding equation in 
the plane case only by the fact that the quantity 
H + H* appears in place of the field H. The quan- 
tity H* has the physical meaning of the field which 
is necessary in order that the particle with mass 
mj; and charge qj; rotate with the cyclotron fre- 
quency w,; about the axis of the cylinder, i.e., this 
is, as it were, that part of the field which is re- 
quired to balance the centrifugal rotation forces 
of the plasma as a whole. 

The first two equations of (4) are equivalent to 
the following conditions: 


3 shan Sere 
Vei Gi/ Mire =const-r, Dg; / Vez = const-r? 


OF 


— mon: 
MzUei/ z= const-r, —s mu7;/q; = const, 


i.e., each type of particle rotates with a mean an- 
gular velocity that is independent of the radius; for 
particles with charges differing in sign, the direc- 
tions of the angular velocities are different. The 
stationary states of the type under consideration 
exist only under the condition that the transverse 
temperatures of the particles of different types 
are inversely proportional to their masses. The 
azimuthal currents are principally connected with 
the light particles. Thus, in the case of an elec- 
tron-ion plasma, the current will be created mainly 
by the electrons. 

It can be shown that for the same absolute value 
of charge q;, for instantaneous Larmor radii of 
particles of arbitrary type rjj = mjcv, /eH, the 
condition ri. = const is satisfied at each point. 

Thus the results obtained make it possible to 
explain the behavior of the plasma upon applica- 
tion of a magnetic field, and to estimate the effect 
of diamagnetism. The application of an axial mag- 
netic field to a plasma with an isotropic tempera- 
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ture distribution produces an ordered motion of 
the particles in the azimuthal direction, which 
leads to the appearance of a temperature aniso- 
tropy, since a part of the energy of random motion 
is transformed into ordered motion in the direc- 
tion perpendicular to the field. The anisotropy 
produced can be estimated from a knowledge of 
the value of the total azimuthal current Ij and 

the total number of particles Nj; of each type. 

The states of the plasma considered admit of 
an arbitrary anisotropy in the temperature. How- 
ever, it must be expected that its value will be 
limited by the criterion of stability. 

In conclusion, the authors express their grati- 
tude to R. A. Demirkhanov for constant interest in 
the work, and to I. I. Gutkin and A. I. Morozov for 
discussions. 
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The propagation of magnetic-sound waves of finite amplitude is analyzed by taking into ac- 
count the dissipation of energy in the medium. The analysis method is based on a simplifi- 
cation of the initial magnetic hydrodynamic equations, which are valid for small initial 
perturbations and small energy dissipation. The concept of simple waves is extended to the 
case of dissipative media. The formation and ‘‘smearing out’’ of wave fronts are studied 
for different types of wave configurations. The spatial scales of the phenomena are deter- 


mined. 
1. INTRODUCTION 


Smrie waves are known to play an important 
role in magnetohydrodynamics. Among the three 
types of simple waves existing in magnetohydrody- 
namics, greatest interest is attached to magnetic- 
sound waves. These are plane waves and if their 
velocity and magnetic-field vectors are specified 
in the xy plane at the initial instant, they remain 
in the same plane in the future. The theory of 
simple waves has been studied by several authors, 
[1-5] who integrated the system of hydrodynamic 
equations in the absence of energy dissipation and 
who investigated certain features in the propaga- 
tion of fast and slow magnetic-sound waves. The 
dissipative terms of the equations of magnetohy- 
drodynamics come into play only in connection 
with special problems in the structure of station- 
ary shock waves. The most complete analysis of 
this type was made by Sirotina and Syrovat-skii.6 

It is of interest, however, to analyze questions 
in the formation and ‘‘spreading”’ of discontinui- 
ties. This can be done only by examining ‘‘non- 
stationary’’ solutions, with account of energy- 
dissipation effects. Such an analysis has not yet 
been made for magnetohydrodynamics. 

In the present paper we use an approximate 
method !"J to obtain solutions of the magnetohydro- 
dynamic equations in the form of simple waves, 
with account of the dissipative terms of the equa- 
tions. The method is based on the fact that the 
non-linearity of the medium and the energy dissi- 
pation in the medium are small. The solutions, 
which are carried to the second approximation, 
enable us to trace the spatial scales of the distor- 


tion of the simple waves for arbitrary orientation 
of the magnetic-field intensity vector H, and to 
study the mechanism of formation and ‘‘spreading’’ 
of the shock waves as well as to investigate their 
fronts. The relations obtained are applicable to 
the investigation of particular special limiting 
cases, the transition to which is very simple; the 
results agree with the data obtained previously by 
other methods. 


2. FORMULATION OF THE PROBLEM AND 
DERIVATION OF THE APPROXIMATE 
EQUATIONS 


Proceeding to an examination of the propagation 
of waves of finite amplitude in the half-plane xy, 
it is necessary in general to specify at the initial 
point (x= 0, y =0) small perturbations of the 
velocities vx and vy, of the density p, of the 
pressure P, and of the magnetic field intensity 
hy. Corresponding to these perturbations are 
accelerated and retarded magnetic-sound waves, 
which propagate without practically interacting 
with each other, owing to the difference in the 
phase velocities. In fact, in the first approxima- 
tion (for infinitesimally small perturbations of 
Vx, Vy, Pp» P, and hy ) the following equation holds 
for the rate of propagation of the accelerated and 
retarded magnetic-sound waves uy 9:51 


Poe ak H2 ? Huo 5'/2 ae H2 ‘4 Huo 7/2 
Uy2= 5) {| #3 =| 4mpo | Va | aia [4 ' Znpo Va Fe 
Here uy = VYP /po is the velocity of sound, Py is 


the pressure in the unperturbed medium, py is the 
density of the unperturbed medium, and y = Cp [oy 
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is the ratio of the specific heats at constant volume. 
Thus, the accelerated and retarded magnetic- 


_ sound waves can always be regarded separately, 


except in the particular case Hy = 0 and He 

~ Amp us, so nonlinear interactions between waves 
can manifest themselves only in the second order 
of smallness compared with nonlinear self-action 
of the waves. 

The problem consists of finding the solutions of 
the system of magnetohydrodynamic equations in 
the form of simple waves propagating in a direc- 
tion x > 0, when small perturbations of the veloc- 
ity, density, pressure, and magnetic-field intensity 
are specified in some definite manner at the initial 
point, and the radiation conditions are satisfied at 
infinity. It is actually sufficient, for example, to 
specify at the point x = 0, y = 0 the x-component 
of the velocity, vx, and assume vy, p, hy, and P 
to be specified in accordance with the formulas 
for infinitesimally small perturbations. 

Thus, considering small velocities vy and vy, 
small deviations of the density p’ and small devia- 
tions of the magnetic field intensity hy from their 


equilibrium values py and ho, and specifying the 


equation of state in the form 
P= Po + uo’p’ +p, 


we must assume that vx, Vy XK Uj,2, p’ XK po, hy 
<« Hy) and p <P, or, introducing the small param- 
eter un, 


(2) 


v v p’ hy 


pra era i Rowe oe) 


i.€., Vx, Vy» p’ and hy are of first order of small- 
ness and p is of second order. 

The bulk and shear viscosities n and ¢, the heat 
conduction x, and the magnetic viscosity B = c3 / Ato 
(cy is the velocity of light and o is the electric con- 
ductivity of the medium) are also assumed small 
quantities of the first order of smallness, i.e., 


N; a x, B aac tac (4) 


In the case of infinitesimally small perturbations, 
i.e., in the first approximation, where the equations 
have no dissipative or nonlinear terms, the follow- 
ing solution holds true 


(5) 


where F is an arbitrary function of its argument. 

It is natural to assume that in the general case, 
under the assumptions (2) — (4) made above, the 
solution of the magnetohydrodynamic equations has 
essentially the form (5), but the form of the function 
F changes slowly with distance, i.e., 


Ux, Uy, Bi hy, P = Ff (t : saree x/Uy,2), 


Ur, Uy, P's hy, P = F (ux, t — x/t1,2)- (6) 
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By introducing the new variables x’ = px and 
T'=t—x/ U;,2 into the initial system of equations, 
we neglect everywhere the small terms of order 
uw® and higher. After simple but cumbersome 
transformations, the initial system reduces to 
the following four equations: 


Ant 4 v ’ / up’ up’ v, \ 00 
Oe oe pin ee aaa 
x 1,2 U9 Tv ug Uy 5Po Uy Po aa) T 
a light ( Rel 52s \5t 
fiat Uy) Ov 
te ty 1 . ie :) 0, 
ATU SUy 4 oMt,9 . oo 
feet fog it Poll rill ondie or aad (7) 
pout? , Kain Soe OT" weirs ih. q Oi Sa 
dv, 4 p’ du, 4 Uy \ Op 
ie ak Uys U + Po ) Ov vie Po (hss per 0, (8) 
oe 4 (1 p’ ) sie 
Ox Uy 5 Po Ov 
4m po (1 0, dv, ate eu, _9¢ (9) 
Hy 419 ) ov Pe 1 oe : 
Ov, 1 ae 4 ea v, \ Oh, Ay (1 vy 2 
Ox My ghee idly oe dt ' H,po Uy 9/ Ot 


H du Oh, 


y phy ey) Lene B 
Hyt,,\Hy po) Oe "aan, ot 


eei0: 


(10) 


We have left the x unprimed throughout Eqs. (7) — 
(10). 

It is well known that in the case of simple ve- 
locity waves the density, the pressure, and the 
magnetic-field intensity are functions of one and 
the same combination of the independent variables 
x and t. In the first approximation it follows from ) 
(7) — (10) that one can assume a combination of in- 
dependent variables (t—x/u,,.) and express Vx, 
Vy, p’ and hy (and consequently also P) simply 
in terms of each other: 


, Po 


AMPolly » 
aes, Tien 


Vx Uys 

1,2 Hy 

te ae pe 
u; of, (1 —u5 | ute) 


His (11) 


In the second approximation, however, if we keep 
Vx, Vy, p’ and hy dependent on the same combina- 
tion (t —x/U4 9); we can no longer express the 
velocity, density, magnetic field intensity, and 
pressure in terms of each other by the simple 
relations (11). It is natural to assume that these 
relations must be supplemented by small second- 
order terms. These are the second-order quad- 
ratic terms, and the terms due to energy dissipa- 
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tion, which are proportional to the derivatives with 
respect to T with coefficients of order yp. Although 
Vx» Vy» p’, and hy may not have at the initial point 
a geometrically similar distribution with respect 
to T, upon propagation of the initial perturbation 
into the region x > 0 the wave distributions of the 
velocity, of the density, of the pressure, and of 

the magnetic-field intensity should all vary in 
similar fashion. 

The foregoing arguments are confirmed by an 
analysis of the structure of Eqs. (7) — (10), which 
were derived without any special assumptions re- 
garding the connections between vx, Vy, p’ and hy. 

Finally, the simplest relationships (11) should 
in the second approximation be replaced by the 
following equations, which are compatible with 
each other (apart from arbitrary constant coeffi- 
cients yet to be determined ): 


ov 
he PG Po OAs oe 
oo = ro Ux+ rae Biv 4- %1 eae (12a) 
BAL) wis 19 ie dp’ 
Oe oeragad Fe te Bip’? Sal ae , (12b) 
re 2 Po 
- An polt, » Aso, »H , 8,02 4nué dv, 
Cw ae SC Hee ee eee” Age on’ 
(12c) 
Apb leks : Jala oh? A, 5 Ohy 
ATU, 5 (4stpow, »)? (1 — uF / ui 5) Pay Amps erro tas 
(12d) 
H Po Hoo 
p’ SS J 2 2 Uy : Py Z 2 2 2 Bau, 
Uy off, (1 — Ug / 44 9) Uy gly (L — up / uy 9) 
H ou 
y 
Ya ’ (12e) 
H,a— us i] Hes) Ov 
2 2 
Uy Ht ( Uy ) , , 4tefy uo , 
tae bie at) Bras (1 2 \Bs : 
‘ polly 8 ¢ poy 1,2 : 
u H uz 0 (i 
4 x (i— . ) : = (12f) 
Polly Uy 9 


Here fj and yj are arbitrary constant coefficients, 
with yj, Y2, and y3 all proportional to yu. 

From the fact that vy, vy, p’ and hy are char- 
acteristics of a single wave process it follows that 
their x-variations should be described by identical 
equations. After substituting (12b) and (12f) into (7), 
(12a) into (8), (12d) into (9), as well as (12c) and 
(12e) in (10), and after replacing the second-order 
terms with the aid of relations (11), we can indeed 
reduce Eqs. (7) — (10) to an identical form. Simul- 
taneously, by equating pairwise the coefficients of 
the nonlinear terms and the coefficients of the sec- 
ond derivatives we determine automatically and 
uniquely the values of fj and yj. 
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It is now sufficient to solve one of the trans- 
formed equations, say the equation for the x com- 
ponent of the velocity, which has the form 


ne ne 


Ovx/0x — av,00,/0t = 60?,/dt?, (13) Wi 
its ean pat ie | 
Re L | ; 
‘ 2u5 ir ) (ut, — ub)? + Hi u? | Aspe j (14) : 
: 
ta (ce fest el) eC ase 
He y—1 x 4 
+ ate [wh & 4 uta(Gn+2)]} 
2 Ene 
x {2pott. [ (wie = Us)? +. ete us| (15) 


Assuming vx to be some definite function of t 
at the initial point, we can readily determine the 
corresponding solution of (13), since the substitu- 
tion 

Ox = ae (16) 
reduces this equation to the usual form of heat- 
conduction equation. In the next section we shall 
consider the solutions of equation (13) at different 
boundary conditions. 

However, before we proceed to the analysis of 
specific physical processes, it is appropriate to 
make the following remark concerning the preced- 
ing derivation. By supplementing relations (11) 
with derivatives with respect to T we essentially 
deviate somewhat from the analysis of simple 
waves in the strict sense of this word, for we as- 
sume along with the dependence on the arbitrary 
combination (tT =t—x/uy,.) also a dependence on 
the derivative with respect to this combination of 
independent variables, albeit with a coefficient of 
order yp, made up of dissipated coefficients. This 
deviation must actually be regarded as a general- 
ization of the concept of simple waves to include 
the case of dissipative media. 


3. INVESTIGATION OF THE PROPAGATION OF 
MAGNETIC-SOUND WAVES AND OF THE 
STRUCTURE OF SHOCK WAVES 


The case of sinusoidal boundary conditions 
(Vx =Vox Sin wt) was considered by the authors 
in detail in a solution of the acoustic problem.!71 
It is expedient here to consider only very briefly 
the final results of an analogous analysis for 
magnetic-sound waves for the purpose of com- 
paring them with results obtained in ordinary hy- 
drodynamics. We shall determine in passing the 
magnetohydrodynamic analogues of the Mach and 
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Reynolds numbers, which we need for the subse- 
quent analysis. 

The entire region of propagation of magnetic- 
sound waves (x > 0) can be subdivided into three 
sections. As the wave propagates towards the 
x > 0 direction the nonlinear effects bring about 
a distortion of the wave profile, so thatata point x,, 
defined by the relation kx, = 1/M, a quasi-discon- 
tinuity is formed. Here k = w/uj,,, is the wave 
number and M = 4 f (Uj,2, Ug) Vox /Ui,2 is the mag- 
netohydrodynamic analogue of the Mach number.* 
The function f(u, 9, uj) is the expression in the 
curly brackets of (14), and is readily seen to be 
positive for all values of H and for any orienta- 
tion of this field; its numerical value lies between 
y +1 and 3. 

A comparison of x, with the analogous param- 
eter of ordinary hydrodynamics, xj, shows that 


(17) 


1,2? 
for equal initial perturbations vox and vo. At the 
same time, by specifying a definite magnetic -field 
intensity vector, we can directly evaluate u;, and 
u, graphically, as was done for example by 
Syrovat-skii,-91 and determine the characteristic 
points x, corresponding to these velocities simply 
in the form x; = xf (uy,2/u)?. 

The occurrence of the ‘‘discontinuity’’ is ac- 
companied by a strong energy dissipation, which 
causes the quasi-discontinuous wave to be trans- 
formed in the second region (x > x;) into an ex- 
ponentially damped harmonic wave of frequency w. 
This process can be regarded as completed at the 
point x,, defined by the relation kx, = 4Re/M, 
where Re = avpx/2w6 is the magnetohydrodynamic 
analogue of the Reynolds number, and takes into ac- 
count the simultaneous influence of the bulk and 
shear viscosities, the heat conduction, and the 
magnetic viscosity of the medium. It is important 
to note that neither the characteristic points x, 
nor the amplitude of the signal at these points de- 
pend on the amplitude at the input of the system, 
Vox: We can derive for the points x, a formula 
analogous to (17), but with cubic dependence on 
the velocity ratio. 

In the third region (x > x,) the propagation 
process can be described by the linear equations 
of magnetohydrodynamics, since the waves are 
already so weak that there are no nonlinear ef- 
fects, and no reconversion of the sinusoidal wave 
into a shock wave takes place. 

Without reporting the data obtained on the struc- 
ture of the front of the shock wave, which are quite 


*In analogy with the acoustic analogue of the Mach 
number Mac = (y + 1) Vo/2Uo. 
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analogous to the earlier (7) solutions of the acoustic 
problem, we proceed directly to a determination of 
the solutions of greatest interest to magnetohydro- 
dynamics. 

Assume that at the initial point we are given 
the x component of velocity vx = Vox tanh (T/T), 
where T) > (QV oy /26)74 and T ranges from — 
to +. Then the function W, which satisfies an 
equation similar to the heat-conduction equation, 
can be written in the form 

oc y/o 


Moyea tee i. \ thadz —“— "ay, oa O 


When 7,/T’ > 1, i.e., at large magnetohydro- 
dynamic Reynolds numbers, the integral (18) is 
calculated by the saddle-point method, so that 
from the relation defining the saddle point y) and 
from the value of vx at this point [given by Eq. 
(16)] we can generally speaking find a solution in 
the form 


QV 


ox a T 
a Q, Ue Mla (19) 


ee ATi 
To 


A graphic analysis of the solution obtained (Fig. 1) 
demonstrates quite clearly how the profile of the 
initial perturbation is distorted as the wave propa- 
gates. The degree of distortion of the initial per- 
turbation is determined here by the value of the 
slope X = @v)xx/T), which increases in direct 
proportion to the distance covered by the wave 
from the entrance of the system. The ‘‘discon- 
tinuity’’ point corresponds to the distance x, 

= T)/QVox, and when x > x, the function @ be- 
comes multiple-valued, which is a physical ab- 
surdity. In this case, however, the solution (19) 

is itself not valid; the principal value of the in- 


@ 


FIG. 1. Plot of the solutions @ 
of (19). t/to = f (®) (heavy b 
curve) is the sum of tanh ® and 
a straight line with slope X: 
alSix|. <4, b= |x)|=1, 
eat Xh> 4, 


T/T, 


t/¥q 


*th = tanh. 
tArth = tanh”. 
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tegral must now be calculated as the sum of its 
values over the small portions in the vicinity of 
the points y, and yo, so that after calculating W, 
and W, and after substituting W = W, + W, in (16), 
the analysis of the form of vx after formation of 
the ‘‘discontinuity’’ must be based on the expres- 
sion 


peer cy Ee (20) 
where 

this ws , 
\¥| =) [| thede— | theae] 4 ead. (ae Lb 

0 0 


The value of | Y| is easy to calculate if it is rec- 
ognized that (T—y j,2) =+@Voxx at the saddle point, 
and if the integrals of the hyperbolic tangents are 
expanded in powers of T and only the first approx- 
imation is used. Then vy = Vox tanh (7/T’), where 
tT’ is the duration of the shock-wave front, has the 
value 1/Re when reduced to dimensionless form. 
Thus, the width Lf = u,,. Tp of the shock-wave 
front established near the point x, remains sta- 
tionary (unlike a sinusoidal front) and is given 

by the formula 


; u ‘ H2 
Ly = wav’ = 2 (uh — us)* [m+ Bol — (tin — as) gato 
H eae th 
y st me Cae el 
+ mela et (ant) 
H2 i = 
x { pots. lr + 1) a Uo 3 (ui. — ud) |} (21) 


Relation (21) goes in the limit into various particu- 
lar magnetohydrodynamic discontinuities (parallel 
shock wave, perpendicular shock wave, singular 
oblique wave, etc.), which need not be analyzed 
here, since transitions of this type have been 
studied in detail by Sirotina and Syrovat-skii.[6 
We need only point out here that the expressions 
determining the width of the front of the shock 
waves, obtained in [6] and in the present paper by 
different methods, coincide. 

Particular interest is attached to an examina- 
tion of the following boundary-value problems: 


Cys ont<0, 


Uy, OXT<+ &, (22) 


m= 1 Fe 
i.e., when the x component of the velocity is speci- 
fied at the initial point in the form of a discontinu- 
ous function with Lg = u,z,,7¢ = 0. It is natural to 
expect the dissipative processes to predominate 
here from the very outset, so that the spatial 


scales of the established stationary width of the 
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front will differ from those in the two preceding 
problems. 

Thus, let the velocity vy at the initial point be 
defined by (22). Then 


0 


“be ( exp 1% 4 ae} dy| (23) 
0 


t! 


or, after reducing the exponential expressions to 
quadratic form, we obtain (T’ = 26/avox) 


V= es exp { ai ( ede — er \ e-?* dz| : 
- + 
Th NS te ae : (24) 


The analysis of the spatial variation of vy, car- 
ried out in accordance with (16), is now more diffi- 
cult. First, for x sufficiently large to satisfy the 
condition x = T/avoyx in the region T = 2V 6x, 
the x component of the velocity is simply given by 


Uy = Uy th (t/t’). (25) 


The quantity tT’, determines as before the duration 
of the front of the shock wave and its dimensionless 
value is 1/Re. Thus, at sufficiently large distances 
from the entrance to the system, the width of the 
shock-wave front displays no dependence on x and 
remains stationary. 

Knowing the stationary duration of the front of 
the shock wave T = Tg}, we can indicate a value 
x! beyond which 7 = Tgt, namely: 


xt = 26/(a09x)?. (26) 
We determine by the same token the interval 
[0, x!] within which the stationary width of the 
front of the shock wave is established. 

It remains only to determine the variation of 
Tf in the indicated interval. This variation can 
readily be ascertained by starting from the follow- 
ing considerations. When x< T/avox and |T| is 
sufficiently large, one of the integrals in (24) can 
be neglected as having equal limits, so that we ob- 
tain vx = |Vox|. Assuming this approximation to 
be possible when the lower limits of the integrals 
in (24) are greater than unity in absolute value, 


we can express T as a function of x: 
T= 2VSXA avo Xx. (27) 


However, even at the limiting point (26), the second 
term of formula (27) is ¥2 times less the first 
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one, so. that the law of establishment of the station- 
ary width of the shock-wave front can be simply 
determined to be 


Le = Ute = 2ty,2 V bx, (28) 


i.e., the growth in the width of the front of the shock 
wave is proportional to the square root of the dis- 
tance from the entrance to the system covered by 
the wave before Lr reaches a stationary value. 

Finally, it is interesting to consider the propa- 
gation of an arbitrary unit pulse, which for sim- 
plicity can be assumed to be triangular (Fig. 2a), 
in a certain interval [0, 8B] such that the initial 
perturbation of the x component of the velocity 
remains of order p» while the area of the triangle 
Pox remains constant, i.e., 


Uv eee Ps 0<t<B, 
" 0 Fi) ee 
B 
Po \tor( l= ar. (29) 
0 


An exact analytic expression for vx, obtained 
in accordance with (16) after calculating W and 
the logarithmic derivative is, however, rather 
cumbersome. It is therefore advantageous, with- 
out writing out the expression, to plot the varia- 
tion of vx with 7 for different distances from the 
entrance to the system, obtained on the basis of 
the exact solution. 

First, for sufficiently small distances x =x 
= 68/2 (@Pox), the distortion of the pulse is such 
that its profile can be broken up into four charac- 
teristic regions (Fig. 2b), so the maximum of the 
pulse amplitude shifts to the right of the point 

= 0 and there are simultaneously formed on its 
edges gently sloping portions (regions I and LV); 
on which the profile of the pulse is described by 
the following equations:* 


1 


4 lar = f 7 ra ee 
ee) ne V dx exp {ae for Tt Z | bx, (30) 


ek ES aren Pak es)? 
0, = Van B V bx exp { 75x 


The boundaries of the first and fourth regions are 
defined as T; = —4V6x and Ty hh 2V 6x, re- 
spectively. The second region, corresponding to 
the values of t within the interval + 2V6x from 
the point tT = 0, is the region of the leading front 
of the pulse. When x = x! this region reaches a 
value 1/Re (in dimensionless units). In the third 
region the deviation of the pulse from its initial 


configuration is still insignificant when x = xt 


} for tT > 8. (31) 


*The magnetohydrodynamic Reynolds number is assumed 
to be much greater than unity, Re > 1. 
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FIG, 2. Triangular 
unit pulse at different 
distances from the en- 
trance to the system. 
a— x =0,)b—x Sx} 
= 582/2 (a Pox)? 
e—x'<x<x,=4 
Re/ 20: Pps. + 
d—x2 x,. 


Further propagation of the pulse causes the 
maximum of vx to shift in the direction tT — B 
and broadens the regions I and IV and the region 
of the leading front at the expense of the third 
region (Fig. 2c), which is reduced. As the pulse 
attenuates, its form tends to be symmetrical, so 
that the duration of the front does not remain sta- 
tionary, but increases as Tf = 2V 6x, so long as 
the concept of ts retains in general a physical 
meaning. 

At sufficiently large x, namely when x = x, 
~ Re/2aP),8~* the following relation holds for all 
four regions (Fig. 2d): 
ae exp {— (B — 1)? / 48x} / V Re V 2aPoxx /B?. (32) 
The parameter x, is quite analogous here to the 
corresponding parameter in the boundary problem 
Vx = Vox Sin wt, while the parameter x! corre- 
sponds to the analogous parameter of the bound- 
ary-value problem (22). 

The last thing to be emphasized here is that the 
pulse configuration of Fig. 2b corresponds to any 
single pulse at a definite distance from the en- 
trance to the system. 


Uy = 


4, CONCLUSION 


The system of magnetohydrodynamic equations, 
in the case of small nonlinearity and low energy 
dissipation in the medium, reduces to a system of 
like equations similar to (13). In the case of dissi- 
pative media, the simple waves are regarded here 
as waves in which the density, velocity, pressure, 
and magnetic-field intensity depend not simply on 
a definite combination of independent variables 
(r =t—x/u4,2), but also on the derivative with 
respect to this combination. An investigation of 
an equation such as (13) for one of the velocity 
components of the magnetic-sound waves vx or 
Vy> for the magnetic field intensity hy, or for 
the density p’ enables us to study the laws of 
propagation of waves with different initial forms. 
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Such an analysis of waves of various configu- 
rations has shown, first, that in the absence of a 
discontinuity at the initial point (x =0, y=0), 

a discontinuity can be formed under certain con- 
ditions at a distance x;, proportional to 1/M, 
from the entrance of the system. Second, a dis- 
continuity specified at the initial point becomes 
‘spread out’’ as Tr = 2V 6x , and attains at a dis- 
tance x! = 26/(avox)? a dimensionless width 1/Re. 
No further ‘‘smearing’’ of the front takes place 
only in the case of specially chosen functions 
(second and third boundary-value problems ), for 
which 1/Re is thus found to be the stationary 
width of the front. Third, at a distance x, ~ Re/M, 
which is independent of the value of the initial per- 
turbation, the amplitude of the wave is also inde- 
pendent of the amplitude at the entrance to the 
system, and wave propagation for x > x, can be 
described by the linear equations of magnetohy- 
drodynamics. 
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Detailed formulas are derived for the frequency and angular distributions of the scattered 
radiation. Numerical estimates indicate a quite substantial magnitude for the effect, which 
makes possible its use in determining the velocity of ‘‘zero sound”’ in He’. 


Some time ago, we investigated the problem of 
the scattering of light in liquid He®.“] One of the 
objects of this work was to examine the possibility 
of using Rayleigh scattering of light to determine 
the velocity of the so-called ‘‘zero,”’ or high-fre- 
quency, sound (wgt > 1, where T is the time be- 
tween collisions of the quasi-particles). The oc- 
currence of this form of sound was predicted by 
Landau on the basis of his theory of a Fermi 
liquid. 22.3] Calculations") showed that the scatter- 
ing of visible light is extremely small, and that 
detection of this effect would evidently lie beyond 
the bounds of experimental feasibility. However, 
since the scattering increases rapidly with fre- 
quency (~ w! or w®), it was clear, even then, that 
an increase in the frequency of the electromag- 
netic radiation might significantly improve the 
conditions for observation. 

Now, thanks to the discovery of the Mossbauer 
effect and the possibility it provides for the meas- 
urement of relatively insignificant variations in 
the energy of y quanta, one may raise the question 
of the feasibility of determining the velocity of 
zero sound in He® using Rayleigh scattering of y 
quanta. As we shall see below, this allows the ef- 
fect to be enhanced by approximately five orders 
of magnitude, as compared with visible light. 

Inasmuch as the change in the wave vector of 
the y quantum equals the wave vector of the sound 
quantum, it is the angular range for which this 
latter quantity is sufficiently small which interests 
us: 


g = 2 (w/c) sin (8/2) < po/h, (1) 


where p is the Fermi boundary momentum. Only 
in this region does the concept of sound have 
meaning. The quantity p,/fi is of the same order 
as the reciprocals of the interatomic distances. 
To fulfill condition (1), therefore, we may employ 
the formulas already derived," except that for 


the dielectric constant D we must use the expres- 
sion 1 — 4tNge’/mgw’, where Ne and me are the 
number of electrons per unit volume and their 
mass, respectively, while w is the frequency of 
the y quanta. The derivative of D with respect to 
the density of atoms, 8D/@N, clearly equals 

- 27e'/mew?, and in consequence, the coefficient of 
w* becomes simplified while the extinction coeffi- 
cient dh ceases to depend upon the frequency of 
the incident radiation (or, for a given q and Aw, 
upon the change in frequency of the y quantum ). 

It is especially desirable to obtain the entire 
dispersion curve from ordinary (wgtT «1) to zero 
sound (wgT > 1). In this case the final equation 
(23) of “4 is sufficient, since it was derived under 
the assumption that TAw > 1. 

In view of this fact, we have made several 
changes in the derivations given previously." In 
place of the form used in that paper for the colli- 
sion integral, I(n) =—6n/7, where 6n is the 
change in the distribution function, we have taken 
it in the form 


}. (2) 


: (62 \\6n 8 — 3cos \ dn cos re 
This form for the collision integral insures that 
the conservation laws for momentum and particle 
number will be fulfilled, and makes it possible to 
go over to the hydrodynamic approximation (16% 
the case wgT <1). 

We have already used this kinetic equation to 
investigate the dispersion of sound.) In addition 
it is assumed, as in“4J, that the function f(x) in- 
troduced in Landau’s theory, 21 includes not only 
the zeroth, but also the first harmonic: f = fj 
+ f, cos xy. The rest ofthe calculations corresponded 
completely to those performed in C1] 

As a result, the extinction coefficient turns out 
to be 
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2 \2 4 Fy 3 
dh = (a3) Pott hon (Ao) Fae 


x (1 + cos? 6) dAdo; 


[B04 3)+ eB eo 


=, G= igut, 


CSP ii Oe Sing ie Foe pope nen; (3) 
m* is the effective mass of an excitation in He’, A(s) = = e a = 3w? (s), 
m = e? 1 F 1) . é FE 
m? = mye (1 + Fi) B(s) =(sz+z —w (s))(1 + Gt) — 2w* (9) °F, 
In the limit qvt <1, Awt «1, we obtain 4 
sa, w(s) = In S45 E 


from Eq. (3) 


4 2 
dh == ( ie is Po” & Awn (Aw) 


TAs 


(1 ++ Fy/3)? t (gv)* 
[ Aw? — (19)? )? - [4/45 (1 + Fi/3) Awtq?o?}? 


x 
{ dQ ’ 
x + (i 4: eos? 0) 7, dAo; 


uy = v [/3 (1 + Fo) (1 + Fi/3)1, (4) 
u, is the velocity of sound in He® (see (2). It can 
readily be seen from Eq. (4) that the frequency 
distribution corresponds to two narrow Rayleigh 
satellites whose frequencies are displaced relative 
to that of the fundamental line by Aw =+ uyq. The 
absence of a central line corresponding to the en- 
tropy fluctuations is due to our having neglected 
effects of order 1 — Cp/Cy in choosing a collision 
integral of the form (2). Letting t— 0, we ob- 
tain from (4) 


Soy dive ef 
BAS m,c? 


[6 (Aw — iq) + 6 (Aw + u1q)] 


2 nom* 
wh 


hAon (Ao) 


x (1 + Fo)? 2 (1 + cos? 0) dQdAw. (5) 


In the opposite limit, qvtT > 1, we obtain two 
narrow satellites displaced from the fundamental 
line by Aw =+uUeq, where u, is the zero sound 
velocity, and a central plateau for | Aw| <qv. For 
the satellites we have 


2 
dhy — an ) 


Por” Aon (Aw) = 


TAs 


oe By 


x ay {( {(| Ao | — wag)? 
tomleos a6ees 3) PP EC + cos? 6) 32 dao (6) 
where 


while the quantity s satisfies the equation 
w (s) = [Fo + Fis?/(1 + Fi/3)1+. (7) 

In the limit as tT — © we obtain from (6) 

BE 

=) w? (s) 


4 2 
dh, = mee Ce a hon (Ao) (I Bs 


x[ sig wv (9 (1+ )— 20? (9 8A] 
x [6 (Aw — u2q) 
+6 (Aw + u2q)] = (1 + cos? 0) dQdAw. (8) 


The central plateau depends little upon 7 for 
qvT > 1. We shall give, therefore, only the ex- 
pression for the limit T~o: 

Pomn* 


ead Ge 
dha = 8 ( mc? ) “eA 


[+S —8e (F148) +e 


han (Ao) (1 + frig ise) 


+82 [r,(1+ 2) + eA] 2d + cost 6) dOddo, 
| | (9) 


where 
_ Ao Mel aH '6 Me [Ae 
b=) @=zingeecd, 8(2) =o ch 


It should be pointed out that whether one or the 
other of the limiting cases occurs depends solely 
upon the relation between qv and 1/7; i.e., upon 
the scattering angle of the light. This is clear in 
the case qvT <1, since uy~v and Aw =qu, ~ qw 
«1/rt. For qvt > 1, however, both trAw > 1 (for 
the satellites, since up ~ v, and for the edge of 
the Doppler plateau) and tAw <1 are possible. 
It can be shown with the aid of Eq. (3) that the case 
qvtT > 1, TAw <1 is in actuality not a special 
one, but is described by Eq. (9), obtained under 
the assumption that Aw ~ qv > 1/rT. 
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Let us now make some numerical estimates. 
According to the most recent specific heat meas- 
urements on He® at low temperatures [5] the ratio 
of the effective mass to the mass of the He® atom 
m*/m = 2. The remaining parameters (see !6!) 
are: p,/fi = 0.76 x 10® cm™!, and u, = 183 m/sec, 
whence F, = 6.95, Fy = 3, v = 79.5 m/sec, s = u,/v 
= 2.45, u. = 195 m/sec, and w(s) = 0.0625. 

For observation of the satellites it is essential 
that condition (1) be fulfilled. Inasmuch as we are 
dealing with small angles, this condition may be 
written in the form 


0< 01 = cpo/hw. 


For iw ~ 10 kev this yields 6, ~ 0.15 ® 9°. 
Further, the degree of ‘‘quantization’’ of the 
process is of interest. This may be established by 
comparing fAw with T. For the acoustical satel- 
lites quantum effects begin to play a part for 

angles exceeding 


02 ~ cT/hwu = 10°°T (T in degrees). 


(10) 


(11) 


It may therefore be presumed that a purely quan- 
tum situation prevails for the acoustical satellites 
at temperatures below 0.1°K and y-quantum en- 
ergies greater than 10 kev. It follows from this 
that only the Stokes satellite with hAw > T will 
be observed. 

To resolve the question of which form of sound 
will be observed it is necessary to compare qv 
with 1/7. In accordance with"! and Landau’s 
paper [3] the quantity 7, which for hAw «T has 
the form T = 2.3 X VOR TCT in degrees), must 
in the case hAw > T be replaced by 


t = 1.6 :10% (Aw), sec (Awin sec™’). (12) 


The limiting angles up to which the zero-sound 
satellite is observable are given by the relation 
Aw = u.q ~ 1/7, or 


@3 ~ 1.5: 10% c/wu. (13) 


Angles smaller than 6; correspond to zero sound. 
Substitution of numerical data shows that 63 closely 
approximates 6,, as determined by Eq. (10). (The 
order-of-magnitude agreement is quite obvious, 
but in this case there is also numerical agreement). 
As a consequence, only the zero-sound satellite 
will be observed over the whole angular range for 
which the study of acoustical satellites is feasible, 
- for the energies and temperatures under consider- 
ation. 

The amplitude of the scattering can be esti- 
mated with the aid of Eq. (18). As a result, one 
obtains 
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Fewe \ a dAw ~ 5° 10°hw0d2, em™!. (14) 
For an energy fiw = 10 kev and for angles ~ 1°, 
this yields dI, ¥ 10-“dQ cm™'. This is 10° times 
as great as the amplitude found for the optical 
region. This should clearly be regarded as a 
limiting figure. An increase in the y-quantum 
energy does not lead to enhancement of the effect, 
since, in accordance with the condition (10), it is 
necessary in this case to take proportionately 
smaller scattering angles. 

One of the characteristics of scattering in the 
zero-sound region is the central plateau. This 
corresponds to fdw < vq; i.e., its edge is ap- 
proximately half-way between the undisplaced line 
and the satellite. The intensity of the plateau is 
given by Eq. (9), and is nearly independent of Aw. 
For Aw/vq = 4, substitution of numerical values 
yields 

dhe = 2° 109d (AAw) dQ,em™!. (15) 
Over the whole plateau one finds, for hw = 10 kev 
and 6 = 1° 


dhy 
dAw 


dl = \ dAw ~ 10-7 dQ,cm7!, 

Finally, let us consider the problem of y- 
quantum scattering in liquid He’. The appropriate 
formulas have been derived by Ginzburg. 1] Set- 
ting 8D/aN = — 27e?/mew* and taking the quantum 
factor into account, we obtain for the normal 
doublet 


dhy = + (/me?)* (9/meu2) RAwn (Ao) [8 (Aw — ung) 


+6 (Aw + wiq)] = (1 + cos? 6) dQdAw, (16) 

where p is the density of the He’, m is the ) 
atomic mass, and u, is the first-sound velocity. 

The intensity of the anomalous doublet associated 

with second sound is smaller by the factor 


(Colon == Il = tata) 


The restriction (10) on the angles and the es- 
timate (11) of the quantum limit remain approxi- 
mately correct for He! as well. At temperatures 
below 1°K, therefore, one can study a purely 
quantum situation. In this case we find, from Eq. 
(16), the intensity for the Stokes satellite 


aie = \ am dAw = 4-10hw0d2,cm-. 


The intensity of the anomalous doublet below 
1°K is practically zero. 

In conclusion, we express our thanks to 
Academician L. D. Landau for his consideration 
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of this work, and to V. P. Peshkov, at whose 
initiative this calculation was undertaken. 
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The probability per unit length of path that a 10"-ev y quantum is converted into an electron 
pair as a result of a collision with a thermal photon is calculated. If the energy density of 
thermal photons in intergalactic space is taken as 0.1 ev cm~3, the probability turns out to 
be 7x 10-2’. Thus if the distance traversed is greater than 10”° cm, the attenuation of the 


y-quantum flux may be appreciable. 


‘Tuere has recently been increasing interest in 
the possibility of observing point sources of high 
energy photons." In this article, we shall con- 
sider the role of the reaction y+y—e*+e™ in 
the propagation of 10712 — 1018 -ev photons from 
sufficiently distant objects outside our galaxy. 

The cross section for the conversion of two y 
quanta into an electron pair is given by the expres- 
sion* (see (J) 


o (s) => 0 (i) {@ — v') in + 2u (#2, 


4—v 
v=V1—l1/)s, 
ro = 2.8 10-28 cm, s = (Ee/2m?) (1 — cos 9), 


where s is the square of the c.m.s. y-quantum 
energy, m is the mass of the electron, c =1, 

E and ¢ are the energies of the colliding y 
quanta in the laboratory system, 6 is the angle 
between their momenta; o(s) ~ 10°2° cm? in 
the region of s of interest to us. At present, it 
is assumed that the density of photons with mean 
energy ~1ev in intergalactic space is a to ae 
the density in our galaxy. The density of light 
energy in the galaxy is Wgal = 0.3—1ev.3! It 
is thus readily seen that if the path traversed by 
high energy photons is RZ 1026 cm, then the 
photon flux can be appreciably attenuated. Similar 
estimates indicate that the contribution to the at- 
tenuation of the photon beam as a result of inter- 
actions with nuclei or magnetic fields is much 
smaller. 


We proceed to quantitative estimates. The prob- 


ability per unit length of path that a quantum of en- 


*It is readily seen that o(s) is obtained by multiplication 
of the inverse reaction by 2v?; the factor 2 results from the 
fact that the particles in the final state are not identical and 
vy? results from the difference in the flux and statistical 
weight of these channels of the reaction. 


ergy E is converted into an electron pair ina 
collision with a thermal photon is 


co a 
p =2\ den (e) \ zo (s) dz, z= 4(1 — cos 9), 
0 0 
n(e€) is the density of thermal photons in the en- 
ergy interval de. Replacing the integration over 
z by integration over s = Eez/m?”, we find that 


pee (Sy | n (e) eq (so) de, (5) = \ so (s) ds, 
0 es 1 


Sys 6 
0 m= 


The values of y(sp) in the interval 1 <s) = 10 
are shown in the figure. For larger So 


© (sr 20°10 (5, (In 45, — 2), 3}. 
For the numerical estimate, we set 
git) = Ae i(e" — 1). 


This is a spectrum of the solar type, where ra 

= 0.5 and the photon energy is measured in elec- 
tron-volts. To consider a specific case, we shall 
assume that the energy density of thermal photons 
in the universe is 0.1 ev em~*, Then the normali- 
zation factor is A = 0.22. Shown in the table are 
the numerical values of P for different y-quantum 
energies and, as an example, the values of PR for 
an interesting star, Cygnus A (at a distance [4] 

Rc = 6.6 x 10% cm). It is seen from the table that 


4 10” p(s,) 


40 


30 
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10-7 E, ev | 0.4 | 0.5 | 1 | 5 | 10 | 50 
10?7P, cm-? | 0.05 | 5 VAY | a ifedl: actor nhyot 2 
PR. | 0.03 | 3 | AG Chas Rn | 0.5 


the maximum attenuation of the beam is e~P® for 
B= 10'7 ev: 

In principle, the effect can be used for an experi- 
mental estimate of the mean density of thermal pho- 
tons in intergalactic space. The numerical value of 
this density is of interest for a number of astro- 
physical problems (see, e.g., [5] where the photo- 
disintegration of high energy heavy nuclei in inter- 
galactic space is discussed). 

In conclusion, the author expresses his gratitude 
to V. L. Ginzburg for interesting discussions. 
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It is found that the impossibility of solving the nonlocal Tomonaga-Schwinger equations and 
the absence of analogous difficulties in the Lagrangian approach can be explained by the fact 
that these two approaches correspond to two essentially different nonlocal field theories, 
and not to two different representations of the same theory. By means of a simple repre- 
sentation found in this paper for the local S matrix in terms of retarded commutators, a 
unitary S matrix is constructed which corresponds to a nonlocal interaction. The matrix 

is completely relativistically invariant, and in the limit of local theory goes over into the 


usual S matrix. 


1. INTRODUCTION 


For a long time there has been interest in a field 
theory with a nonlocal interaction containing the 
product of field operators taken at noncoinciding 
points of space-time. Besides hopes for escape 
from the difficulties of existing field theory, and 
for the possibility of treating unrenormalizable 
interactions, there has recently been a basis for 
this interest in the expectation of experimental 
results on tests of quantum electrodynamics at 
small distances. It is not excluded that these ex- 
periments may give a negative result, i.e., that 
deviations from the predictions of existing theory 
may be detected. The introduction of a nonlocal 
interaction is evidently the simplest possibility 
for describing such deviations. 

We shall here be discussing formal nonlocal 
theory, in which one uses a ‘‘rigid’’ form-factor, 
which is a prescribed function of the differences 
of the coordinates. The form of the function can 
be fixed as an additional condition (if the experi- 
ments mentioned earlier give a negative result, 
some characteristics of the form-factor can be 
found directly from experiment). Of course such 
a theory is of a preliminary, and at best phenom- 
enological, nature. In spite of the existence of an 
extensive literature devoted to nonlocal theory, 
however, there is no definite answer to the ques- 
tion of the possibility of constructing even such 
a preliminary theory. 

There are a number of problems that arise in 
the statement of the nonlocal problem with rigid 
form-factor; the most important of them will now 
be mentioned. 


First is the problem of the freedom of the the- 
ory from mathematical contradictions.“ By this 
we mean the possibility of satisfying Bloch’s con- 
sistency condition. In this connection it must be 
noted that from the very beginning there is some 
inconsistency in the theory in question. This is 
that in a formally relativistically invariant theory 
there are inevitable motions at small distances 
with speeds larger than the speed of light. In it- 
self this is not in contradiction with experiment, 
but the important question is whether or not this 
formal inconsistency will develop into a mathe- 
matical contradiction. The next problem, in order 


of importance, bears on the macroscopically causal 
character of the theory.” The existence of signals 


faster than light unavoidably brings with it viola- 
tions of causality. The question is whether one 
can localize this violation in a small space-time 
region, and thus make it in a reasonable sense 
unobservable. A related question is that of the 
possibility of constructing a dispersion apparatus 
in nonlocal field theory. 

Next, the requirement that the S matrix be uni- 
tary is extremely important. Examples have been 
given in the literature of nonlocal theories"! in 
which this requirement was violated. 

Finally, there are arguments™ about the pos- 
sible ineffectiveness of the form-factor in higher 
orders of perturbation theory. It is necessary 
that the form-factor lead to an effective removal 
of the divergences. 

The remaining problems—renormalization, 
gauge invariance in electrodynamics, and so on 
—are not of such central significance. 
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In a series of papers, of which this is the first, 
an attempt will be made to show that the difficul- 
ties associated with the problems just listed can 
quite definitely be overcome and are not so deep 
as is generally supposed. In the present paper 
we consider the problems of consistency and uni- 
tarity, which can be studied without taking a con- 
crete form for the form-factor. 


3. THE MATHEMATICAL CONSISTENCY OF 
THE NONLOCAL THEORY 


For definiteness we shall consider the pseudo- 
scalar theory with pseudoscalar interaction; in 
the local case the interaction Hamiltonian is”) 


H = g\ d1 (() reo) @() = —L. (1) 


The corresponding interaction Lagrangian differs 
from this expression only in sign. 

Nonlocal generalizations of the theory can be 
made in two ways—by introducing the form-factor 
either in the Hamiltonian 


H = g\d(l) @ (1) wv 0) 9 0, (2) 
or in the interaction Lagrangian 
[fees $\ d (1) (9 (1’) vs (1") 9 (1") + Herm. adj. (3) 


Here-d (1) =at'd 17 di 7 r Cl sy 1", 1°) se Foie the 
form-factor, which satisfies the condition 


ER a es ae ae 0 ae 


so as to assure that the expression (2) is Hermitian, 
and which goes over into 6(1’-— 1”) 6(1’- 1”) in 
the limit of local theory. Here bold-face letters 
denote operators in the Heisenberg representation. 
In the nonlocal theory based on the Hamiltonian 
(2) we immediately encounter a violation of the 
well known condition of consistency of the 
Tomonaga-Schwinger equation 


[H# (1), H (2)] = 9, (4) 


where the points 1 and 2 are separated by a space- 
like interval. We recall that Eq. (4) is the condi- 
tion for the existence of the S matrix S(c) asa 
definite functional of the spacelike surface o. 
Starting from the equation 


i6S (o)/da (1) = # (1| 0) SC) (5) 


and equating to each other the derivatives 
6°S/60 (1) 60 (2) and 6°S/é0 (2) 60 (1), we arrive 
at the consistency condition in general form"! 


YIn the equations that follow space-time arguments are de- 
noted by numbers. 
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(6H (2 67 
(3€ (19), 9€(2|o)) = if EI _ Lo (6) 


Here and in the preceding equations % is the inter- 
action Hamiltonian density. If this quantity does not 
depend on o, we come back to the condition (4).”? 

Furthermore one can also not avoid difficulties 
in the framework of the usual one-time formalism. 
Although the corresponding solution does exist, its 
relativistic invariance is violated in a fundamental 
way. The point is that the S matrix involves re- 
tarded commutators of the type 


6(1—2)[# (1), H(2)], 


which do not have invariant meaning because the 
commutator does not vanish outside the light cone 
(the function @ is zero when point 1 is earlier than 
point 2, and unity in the opposite case). Thus a 
nonlocal theory based on the use of the Hamilto- 
nian (2) cannot be constructed at all. 

On the other hand, a direct treatment of the 
Heisenberg equations that are based on the La- 
grangian (3) does not encounter this sort of diffi- 
culties. Corresponding examples relating to the 
classical theory are well known.) In quantum 
theory the solution by perturbation theory is al- 
ways possible, and no violations of relativistic 
invariance occur in it.““! In individual cases it 
may also be possible to find exact solutions of the 
field equations, which are also free from difficul- 
ties.” 

It is important to note that although the Heisen- 
berg operators obtained with such a statement of 
the problem do not commute outside the light 
cone, this fact has no bearing on the difficulties 
under discussion, but indicates only a violation 
of microcausality. 

The situation we have presented is often inter- 
preted in the following rather unsatisfactory way. 
It is supposed that the two approaches that have 
been indicated correspond to the treatment of the 
same problem in two different representations— 
the interaction representation and the Heisenberg 


We emphasize that Eq. (6) is a direct consequence of Eq. 
(5). Therefore one can construct an infinite number of nonlocal 
Hamiltonians which satisfy the condition (6); it suffices to take 
a unitary operator S(a) and find N from Eq. (5). In this proc- 
ess, however, the causality condition is in general sharply 
violated. In the general case this condition is in no way con- 
nected with the condition of consistency. Only for the simplest 
Hamiltonian of the type (2) are the two conditions equivalent. 

»We note that difficulties also occur in the classical the- 
ory based on a Hamiltonian of the type (2) (cf. reference 6), 

“This situation occurs in the nonlocal analogue of the rel- 
ativistic model which has been considered by Smolyanskii and 
the writer! 
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representation. The presence of the difficulties in 
one representation and their absence in the other 
is explained either by a complete lack of equiva- 
lence of the representations, or by the concealed 
nature of difficulties in the second approach, 
based on the Lagrangian (3). 

We must, however, pay attention to one essen- 
tially trivial fact, in the light of which the situa- 
tion that has been described becomes completely 
clear. The point is that the nonlocal Hamiltonian 
(2) and Lagrangian (3) by no means correspond to 
the same problem. In fact, the Lagrangian (3) ac- 
tually depends on higher derivatives of the fields, 
as one readily sees on expanding the integrand in 
Eq. (3) in series around one of the argument val- 
ues. Along with this it is well known that even in 
a theory with the Lagrangian containing just the 
first derivative of the field g the corresponding 
Hamiltonian necessarily includes a contact four- 
fermion term. In the present case there are de- 
rivatives of all orders, and therefore the Hamil- 
tonian corresponding to Eq. (3) must have an ex- 
traordinarily complex structure with respect to 
both the field operators and the coupling constants 
(cf. papers by Katayama'®! and Hayashi (31). In any 
case this Hamiltonian has nothing in common with 
Eq. (2).°? The essential point is that the Hamil- 
tonian obtained from Eq. (3) automatically satis- 
fies the consistency condition (6) (it actually de- 
pends on the surface o; for details see below ). 

Thus there are two essentially different non- 
local theories. The first, based on the use of the 
Hamiltonian (2), suffers from serious difficulties 
and is condemned.to failure from the beginning.°? 
The second, based on the Lagrangian (3), is free 
from such difficulties and calls for further study 
in the light of the other problems listed in the 
Introduction. 


3. THE HEISENBERG FIELD EQUATIONS 


When we consider the second type of theory the 
question of the unitarity of the 5 matrix becomes 
most acute." We shall give some details of the 
corresponding calculations, in order on one hand 
to give an illustration of the assertions that have 
been made, and on the other, to introduce a num- 
ber of concepts needed for what follows. 


‘The interaction Hamiltonian and Lagrangian differ in sign 
only in a local theory without higher derivatives. Already in 
local renormalized theory the Hamiltonian has a complex struc- 
ture, owing to the presence of higher derivatives associated 
with the counter-terms. 

‘The relativistic Lee model relates to a theory of just this 
type (see reference 9). 


Considering for simplicity only the equation 
for the field 


(a—p*)e(1)=i(1), 


let us use the Yang-Feldman method of quantiza- 
tion. We have 


9 (1) = @ (1) —)a20(1-2D(1—2jQ, 


where (1) = Yjn(1) is a solution of the free 
equation. We require that this operator shall also 
satisfy the free commutation rules [g(1), 9(2)] 
=iD(1-— 2); by this we uniquely determine also 
the commutation rules of the operator @¢. 

Let us then introduce the extremely convenient 
quantity” 


¢ (1,0) =@(1) —) 26 ©, 2) DU—2jQ, ©) 


which coincides with gj, for 7 ~—®, with Pout 
for 0 +, and with the Heisenberg operator 
(1) when the point 1 lies on o (the symbol for 
this is 1|o). The operator y(1, 0) satisfies the 
free equation, but its commutation rules are by 
no means the free commutation rules [the actual 
commutation rules are automatically determined 
from Eq. (8)]. Therefore we separate out from 
y(1, 0) the part ~o (1, 0) that satisfies the free 
commutation rules: 


uy Gy 0) eat (Fr 0) +x(1, 0), 


where by definition x(1, -~7) = 0. Then we can 
write 


Go (1, 6) = U* (0) g (1) U ©), 


where U is a unitary operator. 

It is clear from this that the connection between 
the operators in the Heisenberg and interaction 
representations is not unitary: 


(1) =e (lo) = Ut e(UO +x0\9. ©) 


It is precisely for this reason that the Heisenberg 
operators do not commute outside the light cone. 

By means of U(a) we can construct the inter- 
action Hamiltonian® 


ele 3 
H(ls)=i gw UV» 


The quantity 6(c; 1) is equal to unity if the point 1 is 
earlier than o, and to zero in the opposite case. These cases 
differ in the sign of the normal dropped from 1 onto o. Be- 
cause of the timelike nature of this normal the definition has 
an invariant meaning, 

‘In a paper by Katayamal’] it is shown that the canonical 
formalism also leads to the same expression for the Hamilto- 
nian, if this formalism is modified so as to apply to theories 
with higher derivatives. 
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which automatically satisfies the consistency con- 
dition (6) (cf. footnote 2’). We can find the explicit 
forms of 3 and x in the form of perturbation- 
theory series by expanding Eqs. (7) and (8) in power 
series in g. In particular, in the lowest order of 
perturbation theory we have 
at (1|0) =— £(1), 

w (1, 5) = \ d2d3 (0 (o, 2) — 8 (a, 3)) D (1 —3) sue 
Here and hereafter £(1) is the interaction La- 
grangian density expressed in terms of the free 


operators 
£1) =—g\d LI (1) vv (1) 9 1), 
dl] =d(l)+ 6 (Pe Ps eee 
(10) 


The second-order term in the expansion of K, 
which is given at the end of the paper [Eq. (19)], 
depends explicitly on the surface o; when it is 
substituted in the right member of Eq. (6) it ex- 
actly compensates the nonvanishing left member 
of that condition, and so on. As for the operator 
x, it can be seen that it vanishes both in the limit 
of local theory and also in the limit 0 ~+~. 

This last fact is of importance in the solution 
of the problem of the unitarity of the S matrix. 
If the condition 


i Class 09) ==.0; (11) 


is satisfied we can write 
QDout (1) a St (1) S 


where S= U(~) plays the role of the unitary S 
matrix of the theory. It is important to empha- 
size that the field equations in themselves by no 
means guarantee that the condition (11) is satis- 
fied. In some types of field theory this condition 
is clearly violated in the fourth order of perturba- 
tion theory. Although, as Medvedev and Hayashi®] 
have shown, this defect can be eliminated by in- 
troducing a charge-symmetrical Lagrangian, the 
situation in the higher orders of perturbation 
theory remains unclear. 

Let us now return to the original equation (7) 
and formulate the principle for constructing its 
solution.“ In local theory the solution can be 
represented in the form (ef. e.g., §!%) 


e(1) = S°T (ge (1) S) = SR, (@ (1), (12) 
where 
Ri Ora i (a2 dn oy OL — 2) 6 2 — a). 
x(n — (n +) L-- LI@(1) £ VILE)... £(n+ VI 
(13) 
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is the retarded commutator integrated over the co- 
ordinates (cf. 1), 

An analysis of Eq. (7) shows that in nonlocal 
theory the retarded commutator Ryn must be re- 
placed by a quantity Rn according to the follow- 
ing rules established by Bloch!4);» 

a) One expands the complex commutator that 
appears in Eq. (13) according to the rules for 
commutators of products; one puts it in the form 
of a sum of terms, each of which is a product of 
‘‘elementary’’ commutators (or anticommutators, 
if appropriate) of operators g and wy and of 
these operators themselves. 

As an example we write out two characteristic 
terms which appear in Rs: 


g*\ d [2] d [3] d [41D (1 — 2”) {D 8" — 4”) (4’, 4”) 
x (2’, S (2”—3'), 3’) + 9 8”) @ (4 
x (3S B'— 277 8-Cr ae 4 ty (14) 


Here and in what follows 


{p (1) p (2)} = iS (1 — 2), (tp (n) Ystp (m)), 
(n’', S(n" — m)... SRL), I) = (p (n') %5S 
x(n" — m) 75... 16S (R— LM’) rsp (L’)). 


b) One multiplies each elementary commutator 
by the function @ of the difference of the corre- 
sponding arguments, the argument subtracted 
being that with the larger index. 

The respective factors for the terms written 
out in Eq. (14) are: 


8 (1 —2”) 6 (2"— 


(n, m) = 


3’) 6 (3" es 4”), 


8 (1 — 2”) 0 (2’ — 3”) 6 2” — 4’) 


This rule assures the relativistic invariance of 
the result in the sense indicated above (see Sec. 2). 

c) One divides each term that occurs in Rn by 
a certain integer k which is defined below. 

This rule is necessary to get the right local 
limit for Ry when we let fd[Z]—1, V’, 1", 1” 
In the local expression (13) all of the points 
1, 2,...n+1 are ordered in time. But the local 
limit of Bn also contains unordered points, for 
example, 3 and 4 in the second of the terms in 
Eq. (14). If we multiply this term by the sum 
6(3-—4)+6(4-—3), which is equal to unity, we 
get two ordered terms, which, as is easily seen, 
make equal contributions to Re To get the right 
limit it is necessary to set k= 2. In the first of 
the terms in Eq. (14) there are no unordered 
terms and k=1. 

In the general case one must find all pairs of 


ce 


The rule c) formulated here differs from the corresponding 
rule of Bloch in simplicity and convenience. 
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unordered points, insert for each such pair a 
sum of @ functions, and determine the number k 
as the number of terms so obtained which are dif- 
ferent from zero. For example, in a term contain- 
ing 0(1-—2) 6(2-3) 6(2-—4) 6(3—5) the unor- 
dered pairs are (3,4) and (4,5). Multiplying this 
term by [9 (3-4) + 6(4-3)][6@ (4-5) + (5-—4)], 
we get k = 3, since on being multiplied by @ (3-5) 
the quantity 9(5—4) 0(4-—3) vanishes identically. 
The main properties of a nonlocal retarded 
commutator constructed in this way—relativistic 
invariance and the correct local limit—are also 
preserved for commutators of more complex 
types, for example, Ry ( £€(1)). In the next sec- 
tion we shall use the rules that have been formu- 
lated to construct the unitary S matrix. 


4, CONSTRUCTION OF THE UNITARY S MATRIX 


It has already been stated that although the so- 
lution of the nonlocal problem based on the La- 
grangian (3) is always possible in principle, the 
question of the unitarity of the S matrix obtained 
in this way remains essentially open. The diffi- 
culties of investigating this incline one to renounce 
the dynamical principle altogether and go over to 
a direct construction of the S matrix in a form 
such that there is no doubt of its unitarity. We 
shall proceed along the line of a direct generali- 
zation of the S matrix of local theory, with the 
requirement that the equation to be found be rela- 
tivistically invariant and provide the possibility 
of an inverse transition to the limit of the original 
local expression. 

It has been shown above how one must carry 
out the corresponding generalization of the re- 
tarded commutator. Therefore the present prob- 
lem can be regarded as solved if one can succeed 
in expressing the local. S matrix in terms of re- 
tarded commutators. Such a representation of 
the § matrix is always possible. Nishijima"” 
has found recurrence relations connecting T 
products with retarded commutators. There also 
exists a direct representation of the S matrix in 
terms of retarded commutators. To derive it we 
shall start from the usual expression for the local 
S matrix 


S = Texp{i\ dl £(1)} 


and regard £& as proportional to the coupling con- 
stant g.!% 


In the general case one can multiply { by a parameter 
which plays the role of g in the subsequent calculations, and 
which must be set equal to unity after the calculations are 
completed. 
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Differentiating this relation with respect to g, 
we find 


gi /\air (¢ (1) S) = iS \di2u(1), 


where, in complete analogy with Eq. (13), the 
Heisenberg-representation Lagrangian fy can 
be expressed in the form 


\ dl @a(1) = \d1 SR (Gy = yy tie 


A=0 


Integrating the resulting equation, we find finally 


g (oe) 
S=Tzexp nee Rr ()}. (15) 
et p= 
where Ty is the antichronological ordering with 
respect to charge (which must increase from left 
to right), and X, is regarded as a function of 
the charge. 

This expression has two important properties: 
it contains only retarded commutators, and in- 
stead of time ordering there is an ordering with 
respect to charge. This enables us to make a 
direct extension of Eq. (15) to the nonlocal theory, 

g co 
S = T, exp {i\ >) &, (g)} (16) 
0 n 


=0 


where ®n is the retarded commutator of the non- 
local Lagrangians of Eq. (10), calculated according 
to the Bloch rules. 

We have still to convince ourselves that the ex- 
pression we have obtained is unitary. It is known 
that the condition for unitarity of any T exponen- 
tial is that the exponent be antihermitian. In local 
theory the operator Np is Hermitian by construc- 
tion. It is easy to see that Rn also has this prop- 
erty. In fact, a complicated commutator occurring 
in ®, can always be broken up into pairs of 
terms whose components are each other’s Her- 
mitian adjoints. These components include ele- 
mentary commutators with identical arguments, 
and therefore have a common set of @ functions 
and identical values of k. Therefore the transition 
from py to WR, does not involve a loss of the 
Hermitian property.” 

We give the expansion of Eq. (16) to third order 
in g: 

S = 1 iy — Yo ((Biy)® — Bs) — 2/0 & (By)? — BTA 

— ifyR — 282) ++ 
The retarded commutators themselves have the 
forms (the notations are the same as in Eq. (14)) 


(17) 


10 We note that, independently of this fact, we could have 
taken the Hermitian part of R, in the exponent of Eq. (16). 
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%=—eladd lye", 
eee 


+6 (1"—2/ (1, S(I7—2/, 2°) {9 (1"), 9 2")} 


+ Herm. adj. 


R, — —£\d (1) d (2) d (3) D (1” —2") g 8") 


ROM = 27) 0 (2” 23) 617-99 
FOG (oe Bete) ao) Se” 
ayes), (361-2 a6 

x (2” — 3’) {fp (1"), @ (2")}. 9 (3")} 


x (I’, S (I —2’), S (2"—3’) 3) + Herm. adj. (18) 


As can be seen particularly clearly from the 
expression for Ro, the main difference between 
® and & is that the order of the processes of 
smearing out and of ordering is changed (the 
functions @ go under the signs of integration over 
the internal coordinates). This fact is in qualita- 
tive agreement with the well known theorem of 
Takahashi and Umezawa (cf. e.g., °!) on the con- 
struction of the S matrix in a theory with higher 
derivatives. A detailed analysis of the expression 
we have obtained for the S matrix and, in particu- 
lar, a formulation of the corresponding Feynman 
rules will be given later in this series. 

We note that we would have arrived at this 
same expression for the S matrix, but by a more 
complicated way, if we had used the approach of 
Stueckelberg and Bogolyubov,>!2] and determined 
the Hermitian part of the S matrix from the con- 
dition of unitarity and the antihermitian part from 
considerations like those used in the derivation of 
Eq. (16). The axiomatic approach with the use of 
the macrocausality condition to determine the anti- 
hermitian part of the S matrix has also been used 
earlier," but the arguments in question were not 
fully developed. A paper by Stueckelberg and 
Wanders”! relating to this same group of ques- 
tions will be discussed in the next paper of this 
series, which is devoted to the problem of caus- 
ality. 

In conclusion we note that formally we can set 
up an effective Hamiltonian to correspond to the 
S matrix (16). For this purpose one must con- 
struct an S matrix with a variable upper limit, 
introducing into the integrand §,, the factor 
6(o, 1) @(o, 2)...0(o, n+1), and use the rela- 
tion (5). As the result we get to the second order 
in g 
s#(1}o)= eat’, Mo") —F laid ()o(s, 2) 

«x (2” — 1") D(I” — 2”) (1, 1") (2’, 2”) 4--6(2’ — 1’) 

x(1’, S(1” — 2’), 2”) {p(i”), @(2”)} + Herm. adj. (19) 


%, — —£\ a(1)d @ 6 (1"—2)D ("— 2) (1, 1) @, 2") 
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The method described in Sec. 3 leads to this same 
expression. We may suppose that this coincidence 
occurs in all orders of perturbation theory, and 
also the S matrix (16) itself must be equal to the 
operator U(~). We emphasize, however, that the 
identification of the S matrix of the theory based 
on the nonlocal Lagrangian with this operator is 
possible only if the condition (11) is satisfied. 
Therefore the approach based not on the dynam- 
ical principle but on the direct introduction of the 
S matrix has definite advantages, primarily from 
the point of view of the condition for unitarity. It 
is this approach that is used in our further work. 
I express my deep gratitude to I. E. Tamm 
and M. A. Markov for their interest in and atten- 
tion to this work, to V. L. Ginzburg for a number 
of stimulating comments, and to A. A. Komar, 
V. Ya. Fainberg, and E. S. Fradkin for numerous 
discussions. 
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We consider the orthogonal representation of the permutation group with an arbitrary type 
of reduction to subgroups. We introduce the matrix for transformation between represen- 
tations with different types of reduction, which to a definite extent is the analog of the 
transformation matrix between different angular momentum coupling schemes, and we 
give a method for calculating this matrix in terms of the matrix elements of the standard 
Young- Yamanouchi representation. An expression is given for the coordinate wave func- 
tion of a multishell configuration in terms of the vector-coupled coordinate wave functions 


of the individual shells. 


1. INTRODUCTION 


Ler us consider a system of n identical particles 
placed in a central field. As examples of such a 
system, we have the nucleons in a nucleus (shell 
model) or the electrons in an atom. In those 
cases where the Hamiltonian of the system does 
not include spin interactions, all its properties 

are completely determined by assigning the coor- 
dinate wave function corresponding to a given value 
of the total orbital angular momentum and con- 
structed including the spin and taking into account 
the Pauli principle (while for nucleons we must 
still also include the isotopic spin).* The splitting 
of the wave function into coordinate and spin parts 
is also often needed for a Hamiltonian of the most 
general type. Here the coordinate and spin func- 
tions must have permutation symmetry corre- 
sponding to dual Young patterns (associated rep- 


resentations y, [1,24 However, until recently the 


problem of constructing a coordinate wave func- 

tion for a configuration of several shells had not 

been solved in general form, except for those lim- 

iting cases which were treated by Jahn: 1) the par- 

ticles have the same orbital angular momentum 

(a single shell );8,4] 9) the particles have differ- 

ent orbital angular momenta, i.e., there is just 

one particle in each shell.“ mn it is pointed 

out that Elliot in his dissertation treated the case 
*We are talking about zeroth-order wave functions. By a 


coordinate function we mean a function which depends only on 
the spatial coordinates of the particles. 


where there is a single, unfilled, and several 
filled shells. However, unfortunately, these re- 
sults were not published. 

In the present paper we give a method for con- 
structing the coordinate wave function of a multi- 
shell configuration in terms of the coordinate 
wave functions of the individual shells. In a suc- 
ceeding paper we shall give the formulas for the 
fractional parentage coefficients of those configu- 
rations which make it possible to reduce the cal- 
culation of the matrix element of the energy op- 
erator and other physical quantities for a system 
of n particles to the already known matrix eze- 
ments for two particles and one particle. 

The problem of constructing functions with a 
definite permutation symmetry from the functions 
for subsystems, each of which has its own permu- 
tation symmetry, requires the study of the repre- 
sentations of the permutation group with arbitrary 
method of reduction to subgroups. In our work we 
introduce the transformation matrix which makes 
possible the transition between representations 
with different types of reduction to subgroups, and 
we give a method for calculating it. This matrix 
can be regarded as the analog of the matrix for 
transformation between different coupling schemes 
for angular momenta. 

Because the apparatus of the permutation group 
which is used in this paper is relatively little 
known to physicists, and also in order to systema- 
tize the basic definitions and notation, we felt it 
desirable to precede the presentation of our work 
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by giving the necessary information from the 
theory of the permutation group. 


2. THE STANDARD REPRESENTATION OF THE 
PERMUTATION GROUP AND THE YOUNG 
OPERATORS 


The irreducible representations of the permu- 
tation group on n symbols (Sy) are characterized 
by different symmetry schemes for the basis func- 
tions, the so-called Young patterns.”>®! To de- 
scribed them we use the notation [A] = [A @ 

.. AMM) ], where 2%) is the number of boxes in 


m 
the i-th row, AM ia@ 2. ..=a%™, and >) a) 
i=1 

=n. The number of linearly independent functions 
corresponding to a given Young pattern determines 
the dimensionality of the irreducible representa- 
tion. The latter is equal to the number of ways of 
placing the integers from 1 to n into the boxes of 
the Young pattern in such a way that, reading from 
left to right in the rows and from top to bottom in 
the columns, the numbers will be arranged in in- 
creasing order. For example, 


(1) 


A Young pattern with a definite arrangement of 
numbers in it is called a Young tableau; in the 
following we shall use the abbreviation Y.T. The 
basis functions corresponding to each Y.T. can be 
chosen so that in making the transition from the 
group Sp, to Sy_4, Sp-2 etc., the irreducible rep- 
resentation [A] automatically splits into irreduc- 
ible representations of the groups Sp_4, Sp-2, etc. 
The irreducible representation constructed in this 
fashion is said to be standard. Then each of the 
basis functions can be characterized by those ir- 
reducible representations to which it will belong 
inthe reduction Sy. Sp 4 —* Spa oe oe 9 
This corresponds to the successive removal from 
the Y.T. of the boxes with the integers n, n-1,... 
In place of the Y.T. it is convenient to charac- 
terize each of the basis functions by the Yama- 
nouchi symbol (r) which is uniquely associated 
with the Y.T;" "the symbol’ (r') ='(aj, 02,..". 0); 
where oj is the number of the row in which the in- 
teger i appears. We shall say that (r) = (o,... 
Oy) lies higher than (r) = (a,: ; ts if, for the 
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first unequal pair of o’s we have the inequality 
Oj > Gj. 

The Young tableaux (1) correspond to the 
Yamanouchi symbols 


(11122), (11212), (11221), (12112), (1212), (2) 


which have been arranged in increasing order. The 
lowest Yamanouchi symbol corresponds to the Y.T. 
with the natural ordering of the integers. The 
Yamanouchi symbols corresponding to a given 

[A] can also be written without introducing the 
Y.T. if, in forming them, we remember that the 
arrangement of integers in the pattern must be 
subjected to the rule of lattice permutation which 
states: for any integer k appearing in the Yama- 
nouchi symbol, we must satisfy the inequality n (k) 
=>n(k+1), where n(k) gives the number of times 
that one meets the integer k among the first 1 
numbers in the Yamanouchi symbol. 

It is easily verified that the five symbols (2) 
satisfy the rule for lattice permutations and that 
no other symbol for [32] will satisfy this rule. 

If we apply the permutations of the group Spy 
to the function of n numbers 4) = 9,(1) g2(2)... 
Yn(n), where the yj(i) form an orthonormal sys- 
tem,* we obtain n! linearly independent functions 
bp = Pd). These functions transform among them- 
selves under the action of permutations according 
to the so-called regular representation.™! Linear 
combinations of the functions Bp, forming a basis 
for the irreducible representation, can be obtained 
by using the normalized Young operators: 


=(F) IMO Pi war 


where f) is the dimensionality of the representa- 
tion [A]; (xr) and (s) are Yamanouchi symbols, 
and P runs through the n! permutations. The 
matrices appearing in (3) form the orthogonal 
representation of the permutation group S,. Young 
and Yamanouchi") have given formulas for the 
matrix elements of the matrix of a transposition 
of the type Pj j-; (ef. also (41) All the other per- 
mutations can always be obtained as the product 
of appropriate transpositions. 

We can form (f, )? different operators (3) for 
each [A]. Correspondingly we can form the ( oe 
functions: 


[A] (r| 8) > = olla. (4) 


However, only those functions will transform into 
one another under the action of a permutation which 
have the same second index: ! 


*The number i can, for example, denote the set of coordi- 
nates of the i-th particle. 
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P\ [A] (ris = 2 IA (¢|s)> <A @)|P LAL (r]>. (8) 
(Z) 


For fixed (s) in Eq. (4), (r) runs through f) 
values which enumerate the basis functions of the 
[A] representation. Altogether, corresponding to 
the different values of (s), there are f, inde- 
pendent bases.* In those cases where there is no 
need to distinguish identical presentations, we 
shall agree to choose for the second index the 
lowest possible value and omit it in writing the 
symbol, for example, |[A](r)). 

The Yamanouchi symbols considered above 
number the basis functions which transform ac- 
cording to the standard orthogonal Young-Yama- 
nouchi representation. However, in constructing 
the wave function of a system with definite permu- 
tation symmetry from the wave functions of sub- 
systems, each having their own permutation sym- 
metry, one needs to know the representations with 
arbitrary type of reduction into subgroups. The 
next section of the paper will be devoted to the 
study of such representations and also of the ma- 
trix for transforming between them. 


3. NON-STANDARD REPRESENTATION OF THE 
PERMUTATION GROUP AND THE TRANS- 
FORMATION MATRIX 


If in treating some standard representation of 
the group Sy we go over to a subgroup Shp,, it will 
split into irreducible representations of this sub- 
group. However, in considering the permutation of 
only the last n—n, =n, integers, a splitting into 
irreducible representations of the group Sn, can 
in general not be achieved. This is related to the 
fact that the last integers as a rule do not form 
standard Young patterns. In the figure, the shaded 
boxes refer to the last n, integers. They do not 

correspond to any standard Young pattern. In this 
case we say that the Yamanouchi symbols of the 
last n, numbers are non-standard, and in the fol- 
lowing we shall denote them by the letter p. Then 
the Yamanouchi symbol of the representation [A] 
can be written as (r) = (1r42), where r;, isa 


*This is related to the fact that each irreducible represen- 


tation appears in the resolution of the regular representation 


a number of times which is equal to its dimensionality. Con- 
sequently, in particular there follows the relation - (hy = nl 
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standard Yamanouchi symbol for the first n, 
numbers and p, is a non-standard Yamanouchi 
symbol for the last n, numbers. (In special 
cases, it may also be standard. ) 

Let us suppose that we are required to find that 
representation of the group S, which, in the tran- 
sition to the subgroup Shy, X Sn,, would split into 
the irreducible representations [A,] <x [A,]. The 
possible patterns [A,] and [A,] are determined 
from the expansion 

[A] = 2) € (Asda) (a) x Ora) (6) 
Ashe 
which can easily be established from the character 
tables or by using Littlewood’s theorem (cf. the 
Appendix). Thus 


[32] = [2] [3] + [2] [21] + [11] [21]. 


In place of the symbols (2), we shall now use 
the symbols (r,r,) to number the basis functions 
which are standard with respect to the first n,; 
and the last n, numbers, namely, 


((11) (111), (11) (112), (11) (120), ((12) (112)), ((12) (121)). 
(2a) 

To find representations which are standard with 

respect to the last n, numbers, we apply the Young 


operator col a 


to the last n, numbers of the basis 
function of the standard representation | [A](142))- 
For fp, we use the convention of choosing the sym- 
bol corresponding to the natural order of arrange- 
ment of the integers nj +1, ny+2,...,ny+M,=n 
in the Y.T., and for (s,) the lowest symbol of the 
representation [\,]. Using formulas (3) and (5) 

we get 


\{A] (tif2)> = const - wo)! | [A] (r1pe) > 
= > \[A] (ripe)> < [A] (ripe) |[A] (rir2)>. (7) 


The transformation matrix which accomplishes the 
transition from the basis functions of the standard 
representation to the basis functions of the repre- 
sentation with reduction type Sn, x Sn, is expressed 
in terms of the known matrix elements of the stand- 
ard representation: 


CIN] (ripe) [A] (ra72)> = NV By (Urol (72) [ Po | [Ao] (S2)> 
P, 


x <[A] (rps) | Pe |[A] (r1p2)>. (8) 


The symbol (r,p,) runs through all the Yamanouchi 
symbols of the pattern [A] which have for their 
first n, integers the symbol (r,); P, are the per- 
mutations of the integers n, +1, nj +2,...,n; N 
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is found from the condition of normalization of the 
function (7): 


> (<LA] (ripe) | [A] (rire)>)? = 1. 


P2 


(9) 


We note that the matrices of the representation 
according to which the functions (7) transform do 
not depend on the choice of p, and (sj). The ma- 
trix elements (8) are different from zero only for 
those (r;,), (Y,), which belong to the representa- 
tions [A,], [A,] which appear in the expansion (6). 
We express this condition symbolically in the form 
of a curly bracket: 


{Dh (A1A2)}. 


Obviously {A,(A,A,)} is equivalent to {A (AA;)}. 
This symbol is in a certain sense analogous to the 
triangular condition for the addition of angular mo- 
menta. However, there is an essential difference 
from the addition of angular momenta. Whereas in 
the addition of angular momenta we are dealing with 
the direct product of representations of one and the 
same group (the rotation group), and in its expan- 
sion there appear the Clebsch-Gordan coefficients, 
in the expansion (6) a representation of the group 
Sn is expanded in representations of the subgroup 
Sn, < Sn,- We cannot introduce Clebsch-Gordan 
coefficients in the usual sense. 

In those cases where in the expansion of (6), 
C(AAyA,) > 1, a further identification of the basis 
functions (7) is necessary. This is accomplished 
by the second index (s,), which we choose start- 
ing from the lowest and so on. Then, the functions 
| [A]( 14 (v2|S2))) distinguished only by (s,) will 
no longer be orthogonal to one another. However, 
the process of orthogonalization is easily carried 
out by considering the functions (7) as vectors in 
the orthogonal space of the standard basis (cf., for 
example, (101), The scalar product of basis func- 
tions with different (s,) is equal to 


<M] (rye2) | [A] (41 (72 | S2))>< TMT (rae) | EA] (11 (ro | S2))>. (9a) 


Pe 


For n, = 2, the matrix (8) has the simple form: 


(10) 


12 ot ml 


CTA] (ripe) | [A] (rare) > = (11) 


? 


where Pp» = (On-19n), and py corresponds to op-, 
< Oy and py to Oyn-4 =n; d is the axial distance 
between n-—1 and n inthe Y.T. corresponding to 
(r40>), and is defined as the number of single-box 
steps which are needed to move in the Y.T. from 
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the integer n-—1 to the integer n by moving from 
left to right and from top to bottom.) 

For various questions associated with the treat- 
ment of configurations consisting of several shells, 
one needs to know the representations with arbi- 
trary type of reduction to subgroups. We shall 
denote the type of reduction by Latin capitals; for 
example, (r)A, (r)B denote Yamanouchi symbols 
with reduction types A and B. The absence of 
such a notation on the Yamanouchi symbol means 
that it refers to the standard type of reduction. 
Then, if the representation [A] is reduced to the 
subgroup Sn, x Sn, x... Sn, where (nj +n, + 

. +nk =n), then for its complete characteriza- 
tion we must give, in addition to the Young patterns 
[Ay], ... [Ak], k-—2 intermediate Young patterns 
and also the method for combining the [Aj] in the 
intermediate patterns (a situation which is analo- 
gous to the addition of k angular momenta, cf. §11}), 

For example, for the case of the reduction type 
(Sn, x Sn.) < Sn3, the basis functions of the trans- 
formed representation are obtained by applying 
two Young operators to the basis function of the 
standard representation, with an intermediate 
Young pattern of the first n, + ny numbers equal 
to [Aj]. We write the Yamanouchi symbol of the 
standard representation in the form (Tr,p9p3), 
where (14P;) = (Yy.).* Then 


| [A] (rire) Arars) > = const- often!!! [A] (ripaps) > 


= > | [A] (ripeps) > < [A] (r1P2Ps) | [XN] ((rare) Asers) >- 
P2Pa (12) 


The transformation matrix is reduced to a product 
of two simpler matrices, which are obtained from 
formula (8): 


CLA] (Pops) | [4] (rare) Aaers)> 
= [Are] (71P2) | [Are] (1372)>< TA] (reps) | [4] (7127s)>- 


The transformation matrices for the transition 
to the basis of a representation with a more com- 
plicated reduction type is found in similar fashion 
by applying appropriate sets of Young operators. 
The matrices of the transformed representation 
are calculated as usual from the formula 


(13) 


<(M] (r)4| P| A] (74> = Dy <1] ()* | [1 (r)> 


Pi Ke 


x <{M] (r)| PLA] (> <0M1 (9) | EAT (74>. 


(14) 


*Since the assignment of the Yamanouchi symbol automa- 
tically determines the Young pattern, to abbreviate the writ- 
ing we shall omit the symbol for the Young pattern [A] in all 
those cases where no confusion can arise. 
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In applications it is frequently convenient to use 
the matrices for permutation operators constructed 
from ‘‘non-diagonal’’ matrix elements, in which the 
wave functions on the left and right sides have dif- 
ferent types of reduction into subgroups: 


<1] (r7)*| P| LA] (r)">. 


These matrix elements appear as the coefficients 

in the expansion of the result of the operation of 

a permutation P on a function with reduction type 

B in terms of functions with reduction type A: 
P(A (r)?> = Dy LIM (> <1)" | PITA). 

(A 

The transformation matrices (8) and (13) may be 

regarded as special cases of the matrices (15) with 

P=1. The obvious generalization of formula (14) 

is 

CMI (| PIM ("> = De KIM)" 1A) 


x C[M] (r) | P| LAI (7)> <4] (9) | 1A (1)>- 


(15) 


(16) 


(14a) 


Let us consider a special class of matrices (15), 
which we shall need in the following to find the co- 
ordinate fractional parentage coefficients of mixed 
configurations. Let us suppose that, under the ac- 
tion of the permutation P on | [A](r )By , we obtain 
a function in which the numbers are split up into 
the same groups as in |[A](r Ay . Then we can 
apply the Wigner-Eckart"*! theorem* to each of 
these groups (its extension to finite groups has 
been given by Koster"). The matrix element 
(15) can be written as an integral of the product of 
two functions. If we choose P to be the identity 
operator, then from the point of view of the permu- 
tation group this is an irreducible tensor operator 
transforming according to the completely symmet- 
ric representation [Ag] = [n]; we denote such an 
operator by T8. Since the direct product [Ag] 

x [Ai] = [Ai] (there are no multiple representa- 
tions in the expansion of the direct product ), the 
Wigner-Eckart theorem takes the form 


<{ Aa] (rz) | T2| [Re] (72> = CEM] | TF eld 9x,8,8r 77) 


i.e., the matrix element is diagonal with respect to 
[Ai ](ri) and does not depend on the Yamanouchi 
symbols. Therefore in this case equation (15) can 
be written in the form T 
—_¥This fact was brought to the author’s attention by I. B. 
Levinson. 

tThe result (17) of the Wigner-Eckart theorem is trivial, 
since it follows from the orthonormality of the basis of the 
standard representation (< [Aj]|| T®|| [Ai] > = 1). However, the 


(17) 


application of the theorem to the class of matrices (15) which 


* 
i 


: 


we are considering gives the non-trivial result that (18) is in- 
dependent of the Yamanouchi symbols and is diagonal with 
respect to [Aj]. 
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(MIP ILAT?», (18) 


where the double bar means that the expression is 
independent of the Yamanouchi symbols, while A 
and B as before denote the types of reductions into 
subgroups, and the expressions are diagonal with 
respect to the [Aj] of the individual groups of 
numbers. 

The simplest example of the matrix (18) is 


<[N] (tare) | P| [4] (ref1)> 
os \ @" ({A] (rare) | 12 345) PrssoaD({M] (rors) | 123 45) de 
ie \o ([A] (rare) | 12 345) D ([] (rors) | 345 12) dt, (19) 


Applying the Wigner-Eckart theorem individually 
to the groups of permutations of the numbers 12 
and 345, we find that the expression is diagonal 
with respect to [A,], [A,] and independent of the 
Yamanouchi symbols. 


4, CONSTRUCTION OF COORDINATE WAVE 
FUNCTIONS 


Suppose we have a configuration consisting of 
two shells 7/1252. In the absence of spin interac- 
tions, the energy levels are classified by assign- 
ing the permutation symmetry [A] of the whole 
configuration and the total orbital angular mo- 
mentum L, and, in addition, a set of quantum 
numbers characterizing the energy levels of the 
individual shells [Aj] a@iLj (where the aj distin- 
guish terms with the same [Aj] Lj). In the case 
of k shells it is necessary in addition to give 
k—2 intermediate symmetry patterns and inter- 
mediate orbital angular momenta. 

In the work of Jahn,“ for the case when all the 
orbital angular momenta of the particles are dif- 
ferent, a formula was given which makes it pos- 
sible to construct functions with symmetry [)] 
from functions with symmetries [A,] and [A,]. 
In the final expression there enters the matrix 
whose calculation was not shown (except for the 
case of n, = 2). If in place of permutations of 
the orbital angular momenta we permute the co- 
ordinates of the particles and introduce a matrix 
of type (15), then by means of computations which 
are analogous to those carried out by Jahn we ob- 
tain the following expression for the orbital wave 
function of a two-shell configuration: 


@ (0 [Aa] ala, U5? [Aa] aeL2) [A] (r)“LM) 


_ {fe mim! sr yy (fal (4 1Q| (Al (an)> @ 
Doelas ee f mre Q 


x g (U7 [Ail (1) ails, (3*{A2) (re) a2le; LM). 


(20) 


The function yg describes the vector-coupled state 
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with total angular momentum L and projection M. 
The symbols (r,), (r2) run through all the Yama- 
nouchi symbols of the patterns [A,] and [A,], and 
Q are permutations of the coordinates of the par- 

ticles between the shells. The choice of Q is not 

unique. We may choose for them any n!/n,!n,! 


permutations from the set which are conjugate with 


respect to the subgroup Shp, x Sn,- 


As an example let us consider the case of S, x Sy. 


We denote this subgroup of S, by H. It forms an 


invariant subgroup. The other elements can be ob- 
tained by multiplying the elements of H by the ele- 


ments of the group S, which do not appear in it, 
until we exhaust the whole group: 


H: 4 Pie P34 Pi2P34 
P33H: P43 P23 Pisa Pip34 
Post: P53 P39 Poa Py342 
PiaH: Pig Pipa Pas Pyp43 
PogH: Poa Pia Poas Pia32 
Py3PoaH: PisPoa Prase = Pisza = Pao 


Jahn uses the first column; we shall choose the 
permutations preserving the increasing order of 
enumeration of the particles within each shell: 


Q il P93 Po P4043 Poa3 Pi3P 24 
first shell 19. OR MO Og Te ee a 
second shell B34 “44 224 13 23 “IPD 


This choice of Q is made so that it is convenient 
for the later expansion of the wave function in 
terms of the fractional parentage coefficients, for 
which one has to split off the last particle from 
each of the shells. 

For the case of k shells one can prove the fol- 
lowing generalization of formula (20): 


® (Ue 1 Aa) ola... Ue" [dp] otpLn) ba [A] (r)46,LM) 


SED) YP IM APO TAGES 
ry... R QB 

x Qe (LP [hal (ri)... OFF da) (ry) 

< (ali. . . tplp)®b,LM), 


reg | Raw slew cal a My 
; Uhhh n! ss 


Here A is the type of reduction of the representa- 
tion [A] into subgroups, B is the method of coup- 
ling the [Aj] to form [A] and Lj to form L, 


which characterizes the structure of the function ©; 


b,, and by, are sets of intermediate symmetry pat- 
terns and intermediate angular momenta necessary 
for complete characterization of a state, QB is 
the set of permutations which interchange the co- 
ordinates of particles between the shells and is 
determined by the method of coupling, B, of the 
shells. Thus, for successive symmetrization of 
the shells 


(21) 


PD, Go RATAN 


B 
Q = Qie...k—-1, nQiae ko, k—1 se: Qio, 


where Qio...m-i,m are the permutations of ex- 
change between sets of particles of the first m—1 
shells and the m-th shell. 


APPENDIX 


THE LITTLEWOOD THEOREM FOR THE PER- 
MUTATION GROUP 


To find all the possible [A] for the transition 
from the irreducible representation [A,] x [A,] 
of the subgroup Spy ,* Sn, to the total group Spy, 
one can use Littlewood’s theorem."*! This theo- 
rem was proven by Littlewood for the group of 
linear transformations, and gives the expansion 
of the direct product of two irreducible represen- 
tations of the linear group: 


[Aa] X [Ae] = Dye (Aged) [A]. (22) 
rN 

Weyl showed that the bases of all irreducible rep- 

resentations of the linear group can be obtained 

by symmetrization of an arbitrary tensor of rank 


n according to the Young patterns with n boxes. /41 


However, the n-th rank tensor symmetrized ac- 
cording to some Young pattern can simultaneously 
also serve as the basis for an irreducible repre- 
sentation of the group of permutations of n sym- 
bols, if we fix the components of the tensor and 
carry out the symmetrization over all Young 
tableaux. The fact that the expansion of the direct 
product of representations of the linear group con- 
tains the representation symmetrized according to 
some pattern [A] shows that for the permutation 
group also the representation [A] will appear in 


the symmetrization of the product [A,] x [A,]. It 
can be shown that c(AA,A,) from Eq. (6) is equal 
to c(A,A,A) from (22), and therefore, to obtain 
the expansion (6), one can also use Littlewood’s 
theorem, which is formulated as follows: to find 
the irreducible representations contained in the 
expansion of the direct product of the representa- 
tions [Ay} = (AP af? sd eandilAs) =iLAavae eee 
we must successively add to the pattern [A,], in 
all possible ways, {” boxes with indices a, i? 
boxes with indices ~B, etc., in such order that in 
the standard Young patterns which are formed 
the added indices satisfy the following two con- 
ditions: 1) there shall be no two identical indices 
in one column; 2) if we enumerate all the added 
indices from right to left successively through 


the rows, we obtain a lattice permutation of the 
f Aft) A» \ 
expression a * 6 ., 1.e., among any m 


first terms the number of times we encounter @ 
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is no less than the number of times that we encounter £, etc. As an example: [21] x [21]: 


2S. FS CER, oe, Coe... 
Ha Eat oe ee es ayes 
ia Gl cs ae card 


Collecting like terms, we finally get 
[21] x [21] = [42] + [411] + [33] + 2 [321] + [3111] 
+ [222] + [2211]. (23) 


In conclusion, I thank I. B. Levinson for useful 
advice and discussion and V. G. Neudachin for in- 
terest in the work and discussion of the results. 


1B. L. Van Der Waerden, Die Gruppentheore- 
tische Methode in der Quantenmechanik, Berlin, 
Springer, 1932. 

27. D. Landau and E. M. Lifshitz, Quantum 
Mechanics, Non-relativsitic Theory, Pergamon 
Press, 1958. 

3H. A. Jahn, Proc. Roy. Soc. (London) A205, 
192 (1951). 

4H. A. Jahn and H. van Wieringen, Proc. Roy. 
Soc. (London) A209, 502 (1951). 

5H. A. Jahn, Phys. Rev. 96, 989 (1954). 

6 Elliott, Hope, and Jahn, Phil. Trans. Roy. Soc. 
A246, 241 (1953). 

'Tyutsis, Levinson, and Vanagas, Matematiche- 
skii Apparat Teorii Momenta Kolichestva Dvizhe- 


niya (Mathematical Apparatus of the Theory of 
Angular Momentum ), Press of the Academy of 
Sciences, Lithuanian S.S.R., (1960). 

8D. E. Rutherford, Substitutional Analysis, 
Edinburgh, 1948. 

9T, Yamanouchi, Proc. Phys.-Math. Soc. Japan 
19, 436 (1937). 

107. I, Smirnov, Kurs Vysshei Matematiki, 
(Course of Higher Mathematics), vol. 3, Chapter 
1, Gostekhizdat, 1957. 

117, B. Levinson and V. V. Vanagas, Optika i 
Spektroskopiya (Optics and Spectroscopy) 2, 10 
(1957). 

12G. F. Koster, Phys. Rev. 109, 227 (1958). 

13D, E. Littlewood, The Theory of Group Char- 
acters, Oxford, 1940, Chapter VI, page 94. 

144, Weyl, The Classical Groups, Princeton 
University Press, 1946. 


Translated by M. Hamermesh 
101 


4 


SOVIET PHYSICS JETP VOLUME 


CONTRIBUTION TO THE THEORY OF HIGHLY COMPRESSED MATTER, II 


A. A. ABRIKOSOV 


Institute for Physics Problems, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor March 13, 1961 
J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 569-582 


We investigate the interaction between electrons and ions in highly compressed matter. The 
possibility of superconductivity is discussed. We find the spectrum and the damping of the 
electron excitations of highly compressed hydrogen. 


We: have studied earlier!!] a number of proper- 
ties of highly compressed matter. In particular, 
we showed that the nuclei form a crystalline lattice 
at high density; we found the long-wavelength lat- 
tice vibrations spectrum. The present paper is 
mainly devoted to a study of the spectrum of elec- 
tron excitations in highly compressed matter. 


1. ELECTRON GREEN’S FUNCTION IN A CRYS- 
TAL. ROLE OF THE STATIC LATTICE FIELD 


It is well known (see 74) that it is necessary to 
find the poles of the Fourier transform of the appro- 
priate Green’s function 


Gap (x —x'; tt’) = —iXT (Qa, t) HER’, #)>, 


to obtain the excitation spectrum in an isotropic 
system; in (1.1) Do is the Heisenberg operator 
and <...) indicates averaging over the ground 
state. In the case under consideration the system 
is not isotropic, but possesses translational sym- 
metry. Because of this we derive anew Lehmann’s 
formula!?] applicable to such a system. We as- 
sume that the number of electrons is given, but at 
the same time we shall use a Hamiltonian H—pN 
where uy is the value of the energy on the Fermi 
surface. The electron energy is then calculated 
from the level wu. 

Introducing as usual [3,2] summation over inter- 
mediate states we find for t >t’* 


(1.1) 


G (x, x’; t—t’) = —i >) <@oyp (x, 2) n> <Djrpt (x’, t’) Dod 


— i dK Dorp (x) Dn> <Dmrth* (x) Oy) 


x exp {—i(Em — E,) (¢ —t’)} (1.2a) 


and for t < t’ 


*We use units in which fi = 1. We have omitted for the sake 
of simplicity the spin indices. 
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G(x, x5 £—t') = iD) Dop* (x) On <Dintp (x) D> 

x exp {i(Em — E,) (t — t’)}, (1.2b) 


where the summation is over all possible states of 
the system, Ey — Ep are the corresponding exci- 
tation energies (for a Hamiltonian H- uN ), and 
~(x) are the Schrodinger operators. 

Because of the translational symmetry, the ma- 
trix elements of the kind (@f% (x) ®,,) must pos- 
sess the properties of the Bloch wave functions of 
an electron in a periodic field, i.e., it must be pos- 
sible to write them in the form 


Der (x) Dn > = Vex, (X), 


<DoY* (x) On> = V-He**OnK (X), (1.3) 


where k is the quasi-momentum and up, and vy, 
are periodic functions of the coordinates. The in- 
dex m, enumerating the excited states, corre- 
sponds to the collection of the numbers n and kK. 

From (1.2) and (1.3) we get for the Fourier com- 
ponent of G with respect to t—-t’ 


G (e; xX, x’) 


= >» enon | 
k,n 


Ont (X) oe (x’) 
e+, (k) —i6 


Un, (X) Uny (X’) 


|, 
(1.4) 


where én(K) = Enk—Ep. The values of k in this 
sum are restricted to the basis cell in the recipro- 
cal lattice. If we recollect the well-known commu- 
tation properties of the Schrodinger operators, we 
see easily that the functions un_ and vy_ satisfy 
the following conditions 


1 , , a , Me r , 
Dy CHR *) {tbate (X) Uae (X’) FE Ont (X) Unk (x) = 6K — XY), 
n,k 


= mS CK {On (X')Uink (x) + Unk (x) Unk (x’)} = '0. tee 
n,k 
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We can expand the functions upk(x) and vyk(x), 
which are periodic functions ofthe coordinates, in 
Fourier series 


Unk (x) == > Unk (K) ete Ong (x) = | Unk (K) ene = (1.6) 
K K 


where the summation over K is over all periods of 
the reciprocal lattice. Substituting (1.6) into (1.4) 
and performing the Fourier transformation with 
respect to X and xX’ we get 


G(e;k+K, k’+K’) = G(e; K, K; k) (2x)? 8 (k — k’), 

[4a (K) tine (K) @nk (K) One (K’) 

\“e—E, (kK) +66 é + E, (k) — i | ° 
(1.7) 


G(e; K, K’; k) = >, 


The spectrum of the electron excitation is ac- 
cording to (1.7), as also in the case of an isotropic 
Fermi system, determined by the poles of the 
Green’s function, and these poles are independent 
of K and K’. It will therefore be convenient for 
us to consider henceforth the diagonal element, 
i.e., G(e; K,K; k) and introduce instead of the 
quasi-momentum k the momentum p:p=k+K. 
Such a function corresponds completely to the 
usual Green’s function in an isotropic medium 
G(é, p). 

The function G(«, p) has in the first approxi- 
mation the form !?1 


4 
e— § (p) + ddsign€(p) ’ 
where é(p) = p?/2m — p3/2m, 6— +0 (for p 
near to pp the function é ~ u(p—Po) where u 
=p,)/m). In the following we consider the change 
in this function under the influence of the interac- 
tion of the electrons with one another and with the 
ions in the lattice. We shall as usual write G in 
the form (€-—& + Ay—2z )~! and study the irreduc- 
ible diagrams which give a contribution to the 
‘‘self-energy part’’ 2. 

Before doing this, we consider the interaction 
of the electrons with the static lattice field. The 
diagrams for the G-function depicted in Fig. 1 
are responsible for this interaction. We denote 
by a cross the vertex 


Q(e, p; &, p + K) = —4nZe? (N/V) K®, 


where K is a reciprocal lattice vector. We first 
get rid of the vertices with K= 0. We replace the 
Coulomb interaction law by e~°'/r. The contri- 
bution to G(e, p) which is introduced by the lat- 
tice vertices with K = 0 can be expressed by 
means of the self-energy part 2 (1) = —4nZe*N/a?Vv. 


G0 (e, p) = (1.8) 


(1.9) 


‘One sees easily that this part is exactly compen- 


sated by the diagram of Fig. 2, which arises from 


wae —xX——X— KX XK 
a b A 
FIG. 1. 
FIG, 2 


the electron-electron interaction (the wavy line 
corresponds here to a Coulomb vertex 47e*/k’, 
where k is the momentum transfer). Indeed, the 
latter gives the self-energy part 


Ame? . .. Bpde Ane? N, 4ne2 _ N 
a? i\G(e, p) er (230)* ar rae Ve seen. Ly: 


Xay=— 


Both these and other diagrams can thus be dropped. 

At first sight it seems that as soon as we get 
rid of the vertices with K = 0, the corrections to 
G(p, €) from the interaction with the static lat- 
tice field will be at least of second order. How- 
ever, in actual fact this is not always correct. We 
consider the simplest diagram of Fig. 1b assuming 
that the changes in momentum at the vertices com- 
pensate one another. We then get the following ad- 
ditional term in 2 

N\2 4 1 
B= (daze) Dy KEEPS KF EDN 
(1.10) 

We are interested in the vicinity of the pole of G, 
in other words, in the point € = é(p), and the re- 
gion near the Fermi surface, i.e., |&| <« p3/2m, 
where pp is the limiting Fermi momentum, will be 
the most important one. One sees easily that for 
several values of the momentum p one (or sev- 
eral) of the differences &(p) — §(p—K) becomes 
very small and the corresponding term in 2 very 
large.* 

The equations é (p) = £(p—K) determine sur- 
faces in momentum space (the boundaries of the 
Brillouin zones). It is clear that near such bound- 
aries Eq. (1.10) is no longer suitable. It is well 
known that intersections of the Fermi surface and 
the Brillouin zone boundaries make this surface 
more complicated, and in particular lead to the 
formation of open surfaces. If we assume that 
highly compressed matter has a body centered 
lattice (see (11) the smallest distance to the 
boundary is equal to V2n/a, where a is the cube 
edge, or V2m (2V/N)~!/ = 3.52 (N/V). If we 


*This fact is well known from the theory of an electron in 
a weak periodic field (seel4). 
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compare this with the Fermi momentum py 

= (372ZN/V)*/3 = 3.09 (ZN/V)*/, it is clear that 
for hydrogen the whole of the Fermi surface can 
be contained within the basis cell of the reciprocal 
lattice. The position is, however, already different 
for helium (po = 3.89 (N/V)!). This conclusion 
remains valid also in the case where highly com- 
pressed matter has a face-centered cubic lattice. 

One can show that in the case where the inter- 
section takes place, in the regions near the inter- 
sections [at distances on the order of poe?/ u 
(where u =p,/m)] the radius vector of the Fermi 
surface changes by an amount of the same order, 
and the velocity on the Fermi surface changes even 
by an amount of the order of p)/m. ; 

In the following we shall restrict ourselves for 
the sake of simplicity to a study of the electron 
spectrum of compressed hydrogen. Since there are 
no dangerous intersections the correction to 2 
from the static lattice field will be a quantity of 
second order. We shall neglect such quantities in 
the following. 


2. INTERACTION BETWEEN THE ELECTRONS 


For what follows it is necessary to study the 
interaction between the electrons. The main char- 
acteristic of this interaction is the so-called vertex 
part I, in which all Feynman diagrams with four 
electron ends occur. Apart from the free Green’s 
functions (1.8), the elements of such diagrams are 
the elementary vertices, due both to direct inter- 
action of the electrons with one another and to 
their interaction with phonons. 

The vertex corresponding to the electron Cou- 
lomb interaction is equal to 9; = 4me2/k? and will 


be depicted by a wavy line in the diagrams (Fig. 3a). 


<>< 


FIG. 3 


The electron-phonon vertex depends on the choice 
of the phonon field operators. If we take as the 
phonon operators (NM/V)!/u(x, t), where u is 
the ion displacement and M the ion mass, we can 
easily obtain an expression for the elementary 
electron-phonon vertex by expanding the electron- 
ion interaction operator; it turns out to be equal 
to 


Ya(@, p; e+ ,p+k+ Kj o, k) 


= 4ne*iV N /VM (k + K),/(k + K)?, (2.1) 
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where k lies within the confines of the basis cell 
of the reciprocal lattice.* In this expression the 
fact is manifest that the electrons possess not 
momentum, but quasi-momentum, which is con- 
served only accurate to an arbitrary reciprocal 
lattice period K. - 

The simplest diagram for I due to the electron- 
phonon interaction is illustrated in Fig. 3b and is 
equal to 


Poo (&p, D3 €g +0, q+k+K; e,+0,p+k+K’; €, q) 
= 4ne*o%Dap (0, k) (k + K)a (e+ K’)p/ (ic + K(k + KY, 
(2.2) 


where w= V47e?N/MV and Dgg(w, k) is the 
Fourier component of the phonon Green’s function 
(it corresponds to the dotted line) given by the 
equation 


Dag (Ri — Rr, t — t’) 
= —i (NM/V) <T (ua (Rz, £) up (Rr, t'))> 


4 yy \ RO (k, o) exp {i [k (Rz — Rx) —o(¢—?)]}. 
Kk to 
(2.3) 


Here {...) indicates an average over the ground 
state; Rj are the ion coordinates; the summation 
over k in the last formula is confined to the basis 
cell of the reciprocal lattice. ‘ 

From the definition of the D-function we can 


easily obtain the relation 


0, (k, s) 0p (k, s) 


w? — w? (k, s) + id ’ (2.4) 


Dap (k, ©) = >} 
where w(k, s) and v(k, s) are the natural fre- 
quency and polarization vector of the s-th branch 
of the phonon spectrum, while ; 


A >) Gen (Ki, S04 (Kies) sal. 


In the case when the momentum transferred is 
not very small, we can restrict ourselves in first 
approximation to the simplest diagrams of Fig. 3a 
and b: 


To (Ep, P; &q +; q ‘ 

+k-+K; & +o, p +k +K’; &, q) 

= (4ne* /(k + K)?*) [8x + Dap (k) 

x (K +k), (K’ + k),/(k + K’)?]. 
However, since the Coulomb forces have a long 
range, such a vertex part has a singularity for 
small momentum transfers. This singularity 


occurs according to Eq. (2.5) only in those [ for 
which at least one of the K vanishes. The most 


(2.5) 


*We recall that the whole of this consideration is only ap- 
plicable to hydrogen, so that we assume everywhere that Z=1. 
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important case is the one when K = K’ = 0 for 
when K =~ 0 and K’ = 0 the vertex is smaller by 
at least a factor k/Kyin ~ k/po. We consider 
therefore only the case K = K’ = 0, k «py. To 
describe this vertex correctly we must take terms 
of higher order into account. 

One sees easily that the main role will be 
played by the corrections to I’) corresponding to 
the diagrams of Fig. 4. In each such diagram the 
increase in the power of e* is compensated by a 
corresponding power of the large quantity 17k 
The basic element of such diagrams is the loop 
formed by electron lines. Such a loop corre- 
sponds to the expression* 


TH (w, k) = 21| 5 5; Ge (P, ©) Go (P +k, & +0) 


___ pom 0) o + uk -+ idsigno | 
— oe ie srp ln es iscien oe) ‘ 
where 6—+0. 


Summing all diagrams which do not contain pho- 
non lines (Fig. 4a) we get 


Ane?/(k? +- 4xe7I1). 


(2.6) 


(2.7) 


In the case w < uk this formula gives Ane?/(k?+k?), 


where « is the reciprocal of the Debye radius and 
is equal to 


(2.8) 


Oo V A pome?/m. 


The summation of the loops is simply equivalent to 
taking the Debye screening into account. 

We now turn to the diagrams containing a phonon 
line. It was shown in “!J that the lattice vibration 
spectrum in the region of the small momenta consists 
of three acoustical branches, one of which corre- 
sponds to longitudinal vibrations while the other 
two correspond to the transverse vibrations (apart 
from small terms of the order of e?/u). Since the 
electrons interact only with the longitudinal pho- 
nons [one sees this easily from Eqs. (2.2) and 
(2.4); see also the last footnote | the expression 
kokgk™ Dag, k) will in the case w « uk simply 
correspond to 


*If the loop 7 arises after a phonon line, it may depend on 
k + K. However, in that case, according to Eq. (2.1), there 
occurs in the corresponding electron-phonon vertex a factor 
K, /K? instead of ka/k?, and this leads to a decrease of the 
_ diagram by the factor k/K~k/po. 


ia oie ~<o 


1/(w? — w3 (b) + i8), (2.9) 


where w] is the frequency of the longitudinal pho- 
nons, which was found in!1] 


w, = wo [R2/(R? + x?) 1". (2.10) 


We obtained Eq. (2.10) with account of the Debye 
screening. All electron loops strung along the D- 
line are thus already taken into account in Eqs. 
(2.9) and (2.10) when w « uk. If w2 uk, Eq. (2.9) 
is no longer valid. However, as in (2.7), the whole 
of the difference consists in that one must substi- 
tute the more general expression 47e"II for x’. 

If we perform this substitution formally in kq. 
(2.10) for wz and substitute this into (2.9) we ob- 
tain the complete D-function also for the case w 
2 uk. 

There remains now for us to sum all diagrams 
of Figs. 4b,c,d. One sees easily that these dia- 
grams differ from the diagram of Fig. 3b by the 
replacement of both electron-phonon vertices by 
more general expressions which take screening 
into account. The summation of the necessary 
diagrams causes each electron-phonon vertex to 
be simply multiplied by k?/(k? + 47eIl). The total 
expression for TI has thus for small transfers k 
and w the form 


Ame? } 
I (k, @) = e+ 4nerl it 


Substituting Eq. (2.10) for w 7 and taking the 
substitution x? — 47e?II into account we find finally 


Anew? 
(@® — w}) k® + 4re*T1@? + #6 


T'(k, ©) = (2.11) 


Let us consider the limiting cases. When 
<«< uk this expression becomes 


4me2w? 


R (iaeube herein ee! (2.12) 
When k—0 (in the following cj = wo/k) 
T —> 4e?/x? when uk>> o> ck, 

[ —> 4e?w?/wok? when o< ck. (2.13) 


The last formula is not completely exact. If we 
take into account corrections from ‘““‘transverse’”’ 
terms in the D-function it is clear that it is valid 
only if w >ctk (ct is the velocity of the trans- 
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verse phonons which is of the order of v e?/ucy). 
When w « ck we have I ~ 4me2x~? (cy /cl)?. 
Equation (2.12) at w =w ,(k) has a pole corre- 
sponding to longitudinal phonons (in actual fact 
there are also poles from the transverse phonons, 
but they occur with small coefficients of the order 
of e?/u). 

When w > uk we have II — —Nk?/Vmw? and 
neglecting the term wrk? as compared to 47e7Ilw? 
(~ w%k?M/m ) in the denominator of (2.11) we get 

4me? wo 
R? (w? — 4e2N | mV +18) * 
The pole in Ty, at wp = v47e2N/mV_ corresponds 
to plasma oscillations. The dispersion of these 
oscillations arises from the next term in the ex- 
pansion in Eq. (2.6) 


To =P (@ Suk) = (2.14) 


Tl = —NR?/Vinw? — 


Taking this last term into account we get for the 
pole 


pokt/5r2m 4, 


wp = op (0) +S wR’. (2.15) 


From (2.14) we find the following limiting formula 


T — —mVw?/NR?, Op > © > uk. (2.16) 


3. SUPERCONDUCTIVITY 


We consider now whether superconductivity is 
possible in highly compressed matter. To solve 
this problem we apply the simple and clear method 
of Cooper,!*! by means of which the possibility of 
the formation of bound electron pairs was first 
demonstrated. According to Cooper the equation 
for the wave function ofa bound electron pair can 
be written in the momentum representation in the 
form 


(28 (p)—E)ap+7- Dd) Uppy = 0. 


|p’| > Po 
We substitute for the effective interaction Upp 


(3.1) 


’ the 


electron-electron vertex part IT (pype; psp) in which 


Pp = SP2= DP. Pye Pe a Ps i Se CpeE(DP) neg 4 
=&(p’), ie, K=p—p’, w=é(p) — &(p’). 

In the integral term in Eq. (3.1) the domain of 
integration over d*p is divided into two. In the 
first region |p—p’| <« pp and in the second region 
|p—p’|~ pp. Since the region |p—p’|< x makes 
a relatively small contribution, we can assume in 
the first region that |p—p’| >>« and use Eq. (2.5) 
with K = K’ = 0, which in the present case gives 


[E (p) — € (p’) }? 
[& (p) —& (p’)]? — 


4me 


Vow = per 


’ P—pP'|<Po. 

(3.2) 
This potential can approximately be written in the 
form (kK «<|p—p’| « po) 
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Pisa ‘ae /(p—p’? for |€(p)—§ (Pp) | > oo (3.3) 


0 for |&(p)—& (p’)|<@o 


When we substitute this potential into the second 
term of Eq. (3.1) we must bear in mind that the 
coefficients ap’ need not depend on the direction 
of p’. We can thus integrate over the angle be- 
tween p and p’. Taking it into account that we 
shall in the following be interested in the values 
|p| ~ |p’ | © pp we obtain in that case 


Ame? Po dl 
oe (Inge +a) 7 Daw 
0 p 


|E(p) — E(p’)|> oo, §(—) > 0, (3.4) 
where c, is a constant of the order of unity. 

We now consider the integral over the second 
region |p—p’| ~ pp. 

It is now necessary to take into account the 
contribution of all phonon branches to the D-func- 
tion (and also the vertices with K, K’ = 0). Ac- 
cording to Eqs. (2.5), the phonon term in T has 
then in the region |é(p) — & (p’) | < w) the same 
order of magnitude as the electron term, while in 
the region | (p) — & (p’) | > wy it is appreciably 
less than the electron term (see CiJ)_ Bearing in 
mind that the interaction potential depends in the 
region |p—p’|~ py) weakly on the angle between 
p and p’ we can approximately write it in the 
form 


Ame, /p2, |B (Pp) —E (p') | Sao 


1 (p) — & (p’) | >> @o 


Here, C, and c3 are constants of the order of unity, 
and c3 > 0. ‘As to the constant Cc», its sign depends 
on the relation between the two terms in (2.5) in 
the region k ~ pp, which can be found only by 
evaluating the phonon spectrum in the short- 
wavelength region. 

When we substitute the potential. (3.5) into the 
integral term of Eq. (3.1) we get two terms. The 
term which contains a summation over the region 
|é(p) — & (p’)| > wo is similar to expression 
(3.4) and contributes to the constant c, which 
combines with In (p)/k ). 

After all transformations Eq. (3.1) becomes of 
the form 


(2E(~)-E)a +A > 


IE (p)—E (p’) |<» 
E (p’)>0 


Digs | (3.5) 


Ame*cs | pi, 


XAy+By >» (3.6) 


fE (P)—E (pI >a 
E(p’)>0 


ay = 0, 


where 


A = 4ne%,/p2, B= (4me*/p®) (In (po/x) +c). 
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In the various regions of ~(p) we have 


(2& (p) — E) ag = —Aa — BB, §& (p) < oo, 
(2§ (p) 7 £) Opa aad, (a ae B), E (p) = Mo, (3.7) 
where 
a= on Bay Dy aw. 
0<E (p’) << E(p’) >We 


We find from these equations ap and after that 
a and fp. As a result we get the following equations 
for @ and B 


1 pe 4 pe 
a(1+ > =e Ain =) +8: + ay Bin =0, 
fi pe a 4 Do Dol} 
aoe Bin “+e(1t+52Bin=|—0, 


where 2A = —E is the pair binding energy. 
Assuming that (p3/7u) B In (pou/wy) « 1 we 
find the following equation to determine A 


1yPo ayy a = 0. 


2 nu 


l+—> (3.8) 


As we have already noted earlier the sign of the 
constant A can be either positive or negative. The 
question, whether or not this equation has a solu- 
tion, i.e., whether or not there are bound pairs, 
thus remains an open one. We are thus led to 
the conclusion that the possibility of the appear- 
ance of superconductivity is determined by the 
properties of the short-wavelength phonons, and 
the problem posed here can therefore not be solved 
without completely determining the phonon spec- 
trum. We can only state on the basis of Eq. (3.8) 
that if superconductivity occurs the order of mag- 
nitude of the quantity A is given by the relation 


A ~ @ exp (— mu /e*). 


This means that superconductivity is an exponen- 
tially small effect and that the magnitude of the 
gap decreases under compression (u = Po p)/m 
=m~*(3rN/V)!). 


4, ELECTRON SPECTRUM 


We now consider how the interaction of the 
electrons with one another and with the phonons 
influences the electron excitation spectrum. We 
shall evaluate all quantities in the first non-van- 
ishing order in e*. We shall then neglect super- 
conducting effects, i.e., we shall assume the dis- 
tance from the Fermi boundary to be large com- 
pared to A. We have illustrated in Fig. 5 the 
first-order diagrams for the self-energy part, 
where the electron line corresponds to the com- 
plete G-function (it was shown in Sec. 1 that one 
need not take into account the diagram of Fig. 2). 
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FIG. 5 


The expression for Z can thus be written in the 
form* 


a d 
(p, e) = i\ oF ae 


: (4.1) 


PoE ADie Pry fa m8). rp Aes pas 


where I corresponds to expression (2.5). When 
small values of the momentum p,—p are important 
in the integral one must take into account diagrams 
of the next order. One sees easily that it is suffi- 
cient in that case to take into account the diagrams 
of Fig. 6, i.e., take for I’ in Eq. (4.1) expression 
(1.9). Since we are interested in the excitation 
spectrum we shall in the following only be inter- 
ested in the vicinity of the pole of G, i.e., we shall 


put € = —(p). 
a b 
Pa pee 
c d 
FIG. 6 


We first split off from I the simple Coulomb 
term I, = 47e?/(p, —p)?. We denote the corre- 
sponding part of = by Z,. One sees easily that 
the values €, = &(p;,) ~ pou are important in the 
integral in (4.1). We can thus neglect the term 
= (p,, €,) in the denominator of the integrand. In- 
tegrating,t we get 


r ap, Ane? 
2(.°)=—\ oar GmP 
|P1|< Po 
piee® = P+ Po 
ay a pot ~ 2p " reva G2) 


The first term within the bracket corresponds to 
the value 2, at p = py and must be included in up. 
The second term in (4.2) has for |p—pyl «K Do 
the form 


*Non-diagonal components G(E; k; K, K’) may occur un- 
der the integral sign in (4,1) together with the corresponding 
term in I, but we can neglect them since these components 
themselves are at least of first order in e?/u. 

tThe first-order diagram given in Fig. 5a with G= G° is 
important here. The integral (4,1) contains for such a dia- 
gram a factor ei: 7 where t > + 0, Thanks to this, the con- 
tour of the integral over €, is closed in the upper half-plane. 
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D, = (eE/nu) In (2pou/E). (4.3) 


We shall see below that X(p, €) -Au<«é. We 
can therefore in the integrand in (4.1) replace the 
Green’s function by the free one. We get thus 


Be Tek d. 
Z(p, ©) — 3, (, ©) = i\ ahs 


e)] 


IT (Pi 


4 
&, — € (px) + i6 sign & (pi) - 


a &,— 8) 


(4.4) 


YT, (Pi—P, & 
We perform several transformations in this integral 
(see the paper by Migdal [6]), mstead of €, and 

cos (pp;) we introduce new integration variables 
€,-€ =w and |p,—p|=k. The integral is then 
transformed to 


foe) pk 
B— Dia piss | Ade | padps 
0 |p—k| 
x (doit ¢ o) —T,(A)] : 
ch ; ry’ e + @ — E (pi) + é6 sign & (pr) ° 
(4.5) 
We now write IT -—T, as the sum of three terms 
i Qo= lt, +7; +0, (4.6) 
where 
Tee 4ne2 Ame? II 
i Re + 4ne? Tl’ 
ze Ame*w? hk? 
[(@? — @2) 2 + Ane? Mo? + 18) [2 + 4ne? 1] ” 
Pi wapes poled e (4.7) 


(@? — 2) k + 4rve? To? + i6 * 


Correspondingly, we also break up 2 —2Z, into 
three parts: 2 —2,=2,+2 3+ 2Z,y. 

We shall see that values of k « pp) are impor- 
tant in the integrals for Z» and 23. We can thus 
simplify the integral in (4.5). We shall assume 
that |p-—p )| <« pp and introduce a new variable 


€=u(p,;—Ppo). The integrals for 2» and 23 then 
become of the form 

co E+uk foe) , 
Zn = oa ye \ de | ds \ doln(o, &) ~~ ae. 


It is important here that [', and I’; decrease at 
large w as 1/w*. We can thus integrate over é, 
before integrating over w. Integrating we get 


co 


; — o—uk 
Zn = apy \ dk \ dT’, (o, b) In| S=2—O— wk 
0 —oo 
ss bee E—e+uk 
+ (27)8u \ kak dwI, (w, k) sign (e + 0). 
0 E—e—uk 


We are interested in the pole of the G-function, 
i.e., the case € = &. The first term of the fore- 
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going equation then tends to zero. This follows 
from the fact that I, and I's; are even functions 
w [see (4.7) and Eq. (2.6) for II], while 

In | (w + uk)/(w—uk) | is an odd function. There 
remains thus from the integration over &, only 
the residue around the pole. Taking into account 
the fact that I, and Is are even, we find 


le|/u uk foe) lg] 


| \ kde \do+ \ kde \ dol, 


lel/u 0 
kdk TT, (o, R). 


signs 
(200) 3u 


be 
(4.8) 


We consider 2, first. Since the general case is 
difficult we study two limiting cases: |«| <« ux and 
|< | >> ux, where « is the reciprocal of the Debye 
radius. In the case € «< ux we can in Eq. (4.8) for 
2» substitute Il for w<k. This follows from the 
fact that when k 2 k the frequency w << uk, while 
for k «x the quantity T, does no longer depend 
on Il (47e*Il ~ x2). When w < uk we have, up to 
terms of the order w/uk, 47e*II ~ x”. If we sub- 
stitute this value into the integral we find 


hone leas asm 

signs , me? 
~ Qnjra \\do 
w/u 


PPL) 


x, = Re die = 


(4.9) 


To find the imaginary part of 2, we must take 
into account the next term of the expansion of II 
in terms of w/uk. According to (2.6) 47e7II 
~ k*(1+imr|w|/2uk). Substituting this into the 
equation for I, we obtain 

Ae 4nex?to ne? e|e| 


te] co 
\ do \ Que) tou * 
0 w/u (4.10) 


signs 
- (20)? u 


im = 


We see easily that in the opposite limiting case 
|e | > «ku the region k~ k, w ~ ux is important in 
the integral (4.8) for 5. Because of this we must 
consider the upper limit of the integral over w to 
be infinite. After that we change the order of in- 
tegration over w and k. If we introduce new vari- 
ables z = w/uk and y =k/k one can easily inte- 
grate over y and we get 


2, = —  e* x (bi + ifs) sign e, (4.11) 


where 6; and f, are dimensionless constants 
which are respectively equal to the real and the 
imaginary part of the integral 


(a (1—zthe + Bz)" 


0 


By + iBe (4,12)* 


*th = tanh. 
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(we take here the value of the radical with the 


‘positive imaginary part). 


¢ 


4 
a 
% 


tie 


We now turn to 23. We can also here distin- 
guish two limiting cases: | «| <« wy and |€| > w. 
According to (4.8) we can in the first case substi- 
tute 


Ame*as, k* 


LY. — 
8 = @2 + Ane? Ho? + 16){42 + Are? I] 


The real part of 23 is obtained if we take the prin- 
cipal value of the integral over k, which corre- 
sponds to the region py 2k 2k. Bearing in mind 
that w < | €| « wy « uk we can replace 47e"II by 
x", Apart from logarithmic terms, we then find* 


Re 2, = — (e?/mu) © In (po/x). (4.13) 


The imaginary part of 23 occurs because of the 
residue of the pole arising from the first bracket 
in the denominator of I’; and also because of the 
imaginary correction to II in the second bracket 
in the denominator of T's. The pole corresponds 
to the point k? = x*w"/w% (we note that in that 
point k ~ w/c, > w/u). The residue from this 
pole gives 


(Im Zs), = —e?e?/6uw 9. (4.14) 


One sees easily that the second term of Im 23 
exactly compensates the contribution from Im 2» 
in this region: 


(Im Xs)2 = mee | e| / 16u. (4.15) 


In the second limiting case | «| > wy we must 
use the complete expression (4.7) for ['3. Since 
the integration over w and k is mainly over the 
region w ~ wo, k ~ k we may perform the substi- 
tution 47e*Il ~ x* when evaluating the real part of 
23. Moreover, we can in first approximation put 
the limit of the integration over w equal to infin- 
ity. If after this we interchange the order of inte- 
gration over w and k, we get 


co uk fee) co 
ey du \ ide) dw, 


since k ~ kK. One sees easily that the principal 


value of fi dw vanishes. This leads to the follow- 


ing Merosting result. If we combine the real 
parts of the different terms of = of the form 
(4.4), (4.9), and (4.13) with e« ~ &, it turns out that 
in the case € K w, all logarithmic terms cancel 


one another. On the other hand, when ¢€ > w 


*Knowledge of the short-wavelength part of the phonon 
spectrum is required to attain high accuracy. This applies to 
Eqs. (4,16) and (4.17). 
tWe shall show later that 2, does not contain such terms, 


HIGHLY COMPRESSED MATTER. II 415 


we have Re 23 ~ 0 and there thus remains in 

Re = the term (e”/mu) € In(p)/k). One can ob- 
serve the appearance of a logarithmic term if one 
calculates Re 23, including logarithmic terms, for 
the case |€| ~ wo. We get then 


lel © F 
__ signe Anew, k? 
Rete ape \ ‘a y a [(o® — 2)? + 420?][ A? + 2] 
0 
; e| 2 
sign ge 


Combining all logarithmic terms in 2 we find 
e2 
rab os 
We now turn to the imaginary part of 23 for 
|e | > wo. It arises from the residue in [3 which 


only occurs when the condition w < wy is satisfied. 
We find thus 


= In (4.16) 


ot ee)) In Po ; 


& — Wo x 


2722 
Im Dis = — QnpPu 


sign e | 
) 


This integral does in actual fact not diverge, since 
the pole in k can notlie above pp, i.e., K2w?/(w? — 
<«K p? . Restricting ourselves to the order of the log- 
arithmic terms we get 


Im Zs = —(e?w,/2u) sign e In (po/%). (4.17) 


As far as additional terms in Im 23 due to the 
imaginary part of II are concerned, one sees 
easily that they are of relative order wy/uk « 1 
in comparison with (4.17). 

There now only remains the last term, 24. We 
have chosen the function 2, especially in such a 
way that it vanishes when k « pp. Only values 
k ~ pp will therefore be important in the integral. 
We can write in this region I’, in the form [see 


(2.5)] 
spe 1g! [v(s, k) k |? 1 
Ca sd ties ( Boot (,k)+i5 ~~ @? + 16 ) 


i (4.18) 


The momentum k can then take on any value, and 
we must substitute in v (kK) and w(k) the value of 
this vector, which is reduced to the basis cell of 
the reciprocal lattice by the subtraction of the ap- 
propriate vector K. The integral for 2, can be 
written in a form similar to (4.6), but we must 
take into account that expression (4.18) is aniso- 
tropic and that we must therefore still integrate 
over dg in (4.5). Since for an exact calculation 


- ie 
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we need to know w(s, kK) and v(s, kK) in the short- 


wavelength region k ~ py, we can only estimate its 
order of magnitude. 

In the region k ~ py the integral over p, in 
(4.5) is taken between the limits 0 and ~ 2p). The 
situation here corresponds exactly to the case 
considered by Migdal.( 8] One sees easily that the 
principal value of the integral over &, gives a 
correction to pw (~ we2/ u), and the part obtained 
from the residue of the pole can be written in the 


form 
—2DPo € 
oar \a? ( dk \ dws (w, k). 
0 


In the case |€| «K wo the imaginary part of that 


E(p) [1 + (e?/ mu) (In (2p0/%) — 1)], 
E (p) [4 + (e?/ mu) In (2pou / E (p))], 
& (p) (4 + (e2m / mp) In ((p + po) /| p— pol)], 


-€ (p) (1 + eo / mu), 
& (p) 4 


{= 


u 


e2 | 53 / 60", 


1/5 Boum sign E, 


The constants a, and a, depend here on the pa- 
rameters of the short-wavelength part of the pho- 
non spectrum, while the constant B is expressed 
in terms of the integral (4.12). The change in the 
‘‘velocity on the Fermi surface’’ which is given 
by Eq. (4.19) corresponds in the region wy « & 
< ux to the equation of Gell-Mann!" for the elec- 
tronic specific heat. 

In conclusion the author uses this opportunity 
to express his gratitude to Academician L. D. Lan- 
dau for numerous discussions of this paper. 
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integral vanishes and the real part is of the order 
e’c¢/u. When € > w, there are both a real and an 
imaginary part. Both are of the order e’w )/u. 
We have thus determined all terms which make 
up the self-energy part 2. The pole of the G- 
function is obtained from the solution of the equa- 
tion e-—&+Au—-—2Z=0, ie., €=E+U(E=E) 
— Au. It is well known [2] that the real and the 
imaginary parts of the pole of the G-function de- 
termine the energy of the excitations and their 
damping: 


e (p) = &(p) +Re = — An, 


Combining all results obtained in the foregoing we 
get 


Y= —Im 2%. 


E< 
O<E<xu 
wu<E<upo 
E~ upo 
E<@ 


Wo <E< ux. 
5 > ku 


(4.19) 
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Compton scattering on protons near the threshold for the production of n° and «* mesons, 
and photoproduction of m® mesons near the 1*-meson threshold, are examined phenomeno- 


logically. It is shown that if one takes into account the fact that near threshold the mesons 
are produced predominatly in the s-state one will obtain a peculiar energy dependence for 


the cross sections for elastic yp scattering and for photoproduction of neutral mesons. 
Analytic expressions are obtained for the total and differential cross sections for the 
Compton process and for 7 photoproduction near the thresholds. Some numerical esti- 
mates of the effects to be expected are also given. 


” As is known, the unitarity of the full scattering 
matrix leads to a characteristic influence of one 
process on another in the threshold region.[1-31 
In this connection Compton scattering is of par- 
ticular interest; since the cross section for this 
process is comparatively small the effects due to 
the production of new particles with a large rest 
mass are particularly noticeable. Capps and Hol- 
laday [2] were the first to discover an anomaly in 
the total Compton effect cross section at the first 
threshold, by expanding the cross section near 
threshold in powers of the final state momentum. 
By utilizing dispersion relations, Lapidus and Chou 
Kuang-chao [4] obtained the characteristic thresh- 
old energy dependence for the cross section for 
Compton scattering and for photoproduction of 
neutral mesons. In the present work we investi- 
gate local threshold effects for these processes 
by the method of Baz’, [?4 generalized to include 
photons. 

2. Let us investigate the energy dependence of 
the Compton effect on protons near the threshold 


for photoproduction of 7* mesons (Et = 150 Mev). 


Let the z axis be taken along the direction of the 
momentum of the incident photon. In that case the 
z component of the angular momentum operator 
of the photon has the values +1, corresponding to 
right and left circular polarization, and the basic 
states of the photon + nucleon system are those 
in which the nucleon and photon spins are parallel 
or antiparallel. 

For the two polarization cases the electric vec- 
tor E is of the form"*! 
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En, q= — ete, Pals Fa, a pe: 
co t+1/, 
Proa= >) V 2x (2+ 1) >) Con i, 12 Yes 1, £72) 
1 j=l—/2 
m=" 
(Qik) (st —1) 3 Crm, (j, 1£%es 1EYe— mm) 
m=—"/s 
«Xray tee ES AyD) Cay G, PEs 1 


m=—'/, 


+ fy —m, m)| Xr, s44-m| Sa (1) 


where e,, x, are the spin functions of the photon 
and nucleon respectively, kp) is the wave vector of 
the relative photon—nucleon motion, Xjy, is the 
vector spherical harmonic for I = 1; C71 (j, M; 
M-m, m) is the Clebsch-Gordan coefficient, and 
sii = exp { 21d} } and Sf = exp { 2167; } are the 
elements of the scattering matrix for magnetic 
and electric multipoles. 

Near threshold the mesons are produced in the 
s state. The total angular momentum in the final 
state is I= 4 since the spin of the meson is zero. 
The parity of the final state is (—). The total 
angular momentum of the initial state is composed 
of the angular momentum of the photon / and the 
spin of the nucleon 3, so that we must have the 
equality 1+4=I1=%(-). It therefore follows 
that the photoproduction is due to electric dipole 
radiation in the state in which the photon and nu- 
cleon spin are antiparallel. Then, following Baz’, 
[3,6] one may assume that 
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SE, =| S28, [exp (2i6%} (1 —a,kR), at E=E;, and o@(6, E; ) is the cross section for | 
A Compton scattering of photons fully polarized anti- | 
Sij =| Sty [exp (2i877}, (11, jt): parallel to the proton spin. 
Sais?) exp (210 (2) For 6=0° it worne out pal ’ 
6<(0, E) = dc (0, Et) — (ko/4n) V02 (0, Et) 


Analogously, if Dz stands for the matrix element in(202 2010); Eo Et 
for the photoproduction of 7’ mesons, then near the X opn(| & |) ae e ; be (9) 
threshold for the production of 7* mesons the con- sei Ney Utara | 
servation of angular momentum and parity leads to. i-e-, 8(0)=0. For other angles it is not possible 
the conclusion that to obtain a similar exact formula because of the in-_ 
: finite number of interference terms. If, on the 
Hie a ERR De) seca other hand, we limit ourselves to the dipole approx- 


(0) . 
Dy =| Dr’ \exp {18} (1-0). (3) imation and take into account that the phase shifts 
In Eqs. (2) and (3) Sij & | Si; | exp { 2163; } and are small (67; ~ e*k,/M ~ 0.001) so that sin 51} 
pj” = | Dj” | exp {i6y} are the values of S;, and = 6]; and cos 6]; =1, then we find for the elastic 
Dj at the threshold’ Et (k = 0, where k is the mo- scattering cross section through an arbitrary angle 
° + 

mentum vector of the relative 7 -meson-nucleon Gc (8, E) = Ge (0, Et) Ho of (| |) / 4st 
motion); 6jj and 6] are real phase shifts respec- . 
tively for the scattering of photons of various mul- { + [| SF |+ =(3 cos? § — 1) | SYP |+ = cos 6 [2] Sr IH S31) 
tipolarities and scattering of 7 mesons in J state | 


—= (1-+c0s 6)%], E> Et: 


(at k=0). The coefficients a, and a, are deter- x , , 
mined, in accordance with Baz’ and Okun’,{® by [— 7 Bcos? @ — 1) | SIE | (OH — 6%.) + cos 6[2 1S9™| (517, — OM) 
; Pare 1 cOM)(sE amy) E + 
PSG (2.8 aD, cig Harta) 2, (4) ( eS, Sy, = Oe, ain con 0 Cae | eae ee eae 
(10) 


where mj appears in the matrix element for direct 

photoelectric production of 7* mesons in s states: 

M, = (KR)!m}, and m? is analogous to mj but in 

. 664 1 

pe wert emen for internucleon charge ex- SEV aE eee Ts [IS}* |—4], E> Et. 

ge’’ of m mesons in s states. on BEY 

From a knowledge of the energy dependence of 

Sjj one can calculate the energy dependence of the 
cross section for Compton scattering near the 


The energy dependence of the total cross section 
for the Compton process is given by 


(11) 


All the analysis above refers to the case of un- 
polarized particles. It is relevant, however, that 
threshold for 1* production: only the photon-mucleon combinalion wath aoig 

Q 7 eee parallel spins contributes to the singularity. It is 
6.(0,£) =9,(0, Ey) — ReakRFGa, (5) therefore possible to generalize the formulas to 
V6m wr (2, r V2[r the case of arbitrary polarization. Thus in the 
GE == © Sim | xX Kaa == =a ee Xi Xr e 6 
7 ake te 3 is 1a : | 10] Hf (6) case of Eq. (8) we get 


If one chooses the unit vector n in the direction of o.(0, E, 8°, 5°) =oc(8, Et, &°, S)— (Ry/4nt) (1 — E862) 
Fy and the unit vector m in the direction of ern VEO E) 6 \#)) cos (8) sin (287, —o (8), E>ER 
then ol, Lt) dpn( cos (285, — oC G))sa ee ee Ee 


Fy=e% | Fain = &@ Vo8(0, Et) n, (12) 


Ga. = exp (216, )| Gai |m = (1/2ko) | St,” |exp (2i5y,) m, (7) where £° (ck, fy, 67) is the polarization vector of 
the incident proton, &° (£9, &8, &§) is the Stokes 
parameter of the incident electromagnetic radia- 
tion; é8 is the degree of circular polarization of 


and if we denote the angle between n and m by 
B(@), we will get 


Oe (9, E) = 0¢(0, Ey) — (holder) V 08 (0, Ey) the incident photon. The same factor has to be 
X on (||) cos B (8) i (205, = (0) toe; (8) introduced in all other formulas as well. For ; 
cos (28, —a(8)), E<E; totally polarized particles with antiparallel spins 
(e8r8 = —1) the singularity in the cross section 
where Oph ( pei} ee Bard ste |a,|k|R/k? coincides is twice as large as in the unpolarized case, and 
with the cross section for direct photoelectric pro- for parallel spins (e$co = 1) the singularity dis- 
duction of positive mesons above threshold Ef ; appears. 
o¢(6, Ef) is the Compton cross section at the 8. The energy dependence of the Compton scat- 


threshold E¢ , @(6@) is the phase of the amplitude tering cross section near the threshold for photo- 


INVESTIGATION OF THRESHOLD ANOMALIES 


production of neutral mesons ( Ef = 145 Mev) can 
be formally obtained from the previous equations 

if it is remembered that Sj]; satisfies at the thresh- 
old E} the condition | sf; | =1. [3] Therefore every- 
where in Eqs. (8) — (12) all threshold quantities 
should be evaluated at 145 Mev (i.e., Ej should 

be replaced by E?) and |S}; | should be set equal 

to unity. For example, tiated of Eq. (10) we get 
for the yp-scattering cross section near the thresh- 
old for r° production the following expression 


de (0, E) = o¢ (0, Et) — (1/4x) 054! 2’ |) 
0, Bae Ee 
x | — [4 (Bcos? 9 — 1) (6, ory +h 1 cos 6 [2 (on —o") 


a) ee ee oraz) E<Et 
(13) 
where all 67; stand for the real Seat shifts of 
Eo ppton scattering at the threshold Ef (k= 0G 
and oph(|k’|) = 27a|k’ | R/k coincides with the 
eross section for the poproRrac neon of 7’ mesons 
above the threshold Be 
relative-motion vector. 
4. The differential cross section for photopro- 
duction of 7° mesons near the threshold Ef may 
be written with the help of Eq. (3) as follows 


opsl®, E) =F. | Sys yi pege DiP (005 0) 1? = opul0s Er) 
1=0 


+ (oF — 


eal Ean) (ee tOy be aM) 


cos (6s —1(8)), E<Et 
or, if we introduce the known phase shifts 6, and 
63 for s-wave scattering in states with isotopic 
spin vs and vA respectively, 
o°,(9, E) = 02,0, Et) — (2ky / 6x) V 08,(6,£t) spn (||) 
[—(M / m—1) sin (6, — 7 (8)) + (M/m +4) sin (63 — 1 (8))I, 


x 
[—- (M | m — 1) cos (8: — x (8)) + (M/ m + 1) cos (63 — ¥ (6))], 
alt (15) 
BAe, 


Here M is the nucleon and m the meson mass; 
y(@) is the phase of the amplitude 


fo,(0, Ee) = ef V ob(8, Et) 


at the threshold E;, and we have used the abbre- 
viation 


oon (|&|)= 2m | DY” | a2| &| R/ko- (16) 


For the total cross section for the production of 
neutral mesons near the threshold for positive 
mesons we get 
E>Et 


te | orn (I k}), t 
E<E, 


OnE) = On(Er) —} 6 (17) 
5. The formulas (8) — (13) and (15) are valid as 
long as kR « 1, k’R <1, i-e., k,k’ « 1/R, where 


k’ is the 7°-meson-nucleon 
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R = fi/mc = 1.4 x 1078 cm is the range of the 
meson-nucleon interaction. The width of the 
threshold singularities is of the same order. It 
is reasonable to make the estimates at k and k’ 
= 0.124 x 10!3 em-!, which corresponds to a dis- 
tance away from the threshold of E— Et = k?/2u 
= 2.5 Mev (this should make it possible to resolve 
the singularities in the Compton effect cross sec- 
tion near the thresholds for the production of 1° 
and 7* mesons [u=mM/(m+M)]. 
Let us investigate the behavior of the Compton 

scattering cross section near the threshold Ee ; 
as given by Eq. (10). If we take the phase shifts 
O1j from Gell-Mann, Goldberger, and Thirring /*J 
we get 
Gc (0, E) = oe (0, Et) + (1/42) opn ((k |) 

0.00021 + 0.000014 cos 9, 

0,00047 — 0,00041 cos § + 0.00057 cos® 9, 


E>Ey t, 
E<E 
i.e., at all angles the cross section increases on 
both sides of the threshold (the singularity is in 
the form of a cusp, cf. [4]), 

This is also the form of the singularity in the 
total Compton effect cross section according to 
Eq. (11). The size of the anomaly is determined 
by the cross section for meson photoproduction. 

It can be obtained, according to the calculations 

by Feld, by making use of perturbation theory 
(which is quite reliable near threshold) with a 
small correction for the finiteness of the nucleon 
mass and the possibility of meson charge exchange 
scattering in the field of the nucleon:{"] 


Sp{| |) = 40 | 6 2 59 = 40 | 0)? 252/ ky pb; 
C — Cr = ice, 
t; =0.105, t= —0,127k’R — for 7 mesons 
C=1, ¢; = 0.057 RR — for 7* mesons. 


Taking the threshold values of the Compton 
cross section from Capps, 81 we find that 2.5 Mev 
away from the threshold the relative increase in 
the cross section at individual angles amounts to 
10 — 30% above threshold and 30 — 50% below 
threshold. 

Since the cross section for s-wave production 
of neutral mesons is approximately 100 times 
smaller than the corresponding cross section for 
charged mesons [see Eq. (19)], it follows that 
the singularity in the omen process cross sec- 
tion at the threshold Ey will amount to a irae 
of a percent. The total cross section for 1 photo- 
production decreases by 1 — 2% at 25 Mev above 
the threshold Ef. 

In conclusion I would like to express my deep 


(18) 


(19) 


gratitude to Professors V. I. Gol’danskii and Ya. 


A. Smorodinskii for directing this research and 
to A. I. Baz’ for valuable remarks. 
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In a plasma in which the magnetic energy is comparable with the electron rest energy (i.e., 
the electron cyclotron frequency is of the same order as the plasma frequency), the reso- 
nance frequency of magnetic sound (as a function of the concentration) passes through a 
maximum in a constant magnetic field. Near the peak, the magnetoacoustic resonance can 
be produced and observed under nonlinear conditions (for a changing concentration) and 


can be used for ionization of the plasma. 


In previous researches on magnetoacoustic reso- 
nance ina plasma,!!-3] it was assumed that the 
plasma frequency w, was large in comparison 
with the cyclotron frequencies we and w j. Under 
such conditions, the resonant frequency of mag- 
netic sound is seen to be essentially dependent on 
the concentration. Under the same conditions, the 
observation and use of magnetoacoustic resonance 
becomes more difficult. The opinion [4] has already 
been voiced that the detailed character of the reso- 
nance can be shown to be practically unattainable 
because of the action of the same phenomenon on 
the plasma concentration. It is impossible to 
agree with this, in principle, since there can be 
no doubt of the complete possibility of observing 
magnetoacoustic resonance under strictly con- 
trolled linear conditions, in which the resonance 
fields have low amplitude and the concentration 
of the plasma is formed and maintained by other 
independent means of action. However, magneto- 
acoustic resonance has been observed experimen- 
tally under nonlinear conditions, |?! when the cre- 
ation of the plasma and the resonance action on it 
were carried out by the same variable field. More- 
over, it seemed that the ionization process also 
continues very effectively under conditions of 
magnetoacoustic resonance"; this ionization is 
associated by its very nature with a continuous 
change of the concentration. 

In order to account for the possibility of reso- 
nance phenomena of the magnetoacoustic type in 
a plasma with a time-dependent concentration, 
we assume the limitation made earlier: 


oo} 
and consider the case in which the plasma fre- 
quency is of the order of or less than the electron 


cyclotron frequency. This case exists either in a 
rarefied plasma (where the plasma frequency is 


low) or in very strong magnetic fields (where the 
cyclotron frequency is high). 

A plasma in which the cyclotron frequency is 
high in comparison with the collision frequency is 
known as magnetized (in relation to the collisions ). 
If the cyclotron frequency is higher than the plasma 
frequency, then the electrostatic oscillations are 
magnetized; it is customary to call such a plasma 
oscillation magnetized. We note that the ratio 


— 2 2 
w? / @2 = 4unme* / H 


is of the order of the ratio of the electron rest en- 
ergy to its magnetic energy. Thus, a plasma is 
magnetized in oscillation if its magnetic energy 
is larger than the rest energy of the electrons. 

We consider first a rarefied plasma in which 
the number of electrons per unit length is small. 
Then, in accord with [3], the resonance frequency 
of the magnetic sound in the case of purely radial 
propagation is close to the lower hybrid fre- 
quency.{61 The formula developed in'3J for the 
lower hybrid frequency is valid only in the case 
when the plasma frequency is high in comparison 
with the cyclotron frequencies. By equating the 
coefficient ag, to zero in the general dispersion 
equation [Eq. (52) of [3]j , we easily obtain a gen- 
eral expression for the lower hybrid frequency in 
the form 


2 
@p + 0,@, 


2 Ory 
Wy + 0% 


(1) 


Oh = OMe 


If we assume we > Wiwe, we then get the approx- 
imate formula given in [3] 

The general behavior of the lower hybrid fre- 
quency as a function of the density was also pointed 
out by Korper U7] For we <K wjWe, the lower hybrid 
frequency approaches the ion cyclotron frequency, 
and for w% > wjwe, the geometric mean of the elec- 


tron and ion cyclotron frequencies. However, it is 
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See 


$logyy 7 
A 


important to note that there exists a wide interme- 
diate region we > we >> WjWe in which the approxi- 
mate expression for the lower hybrid frequency 
has the form 


(2) 


Here the lower hybrid frequency is proportional to 
the plasma frequency, i.e., to the square root of the 
concentration. For a small number of electrons per 
unit length, the resonant frequency of magnetic 
sound must behave in the same way. The heavier 
the ions, the greater the width of this region. 

For a given magnetic field (we =const) ina 
dense plasma, the resonant frequency of magnetic 
sound decreases, and, in a rarefied plasma, in- 
creases with the concentration. It must pass 
through a maximum in the intermediate region. 
Near the maximum, the concentration dependence 
of the resonant frequency should be weak and, with 
account of the finite width of the resonance, the 
resonance can be observed in a wide range of con- 
centrations in the case of a sufficiently broad 
maximum. 

In order to represent the concentration depend- 
ence of the resonant frequency in general form for 
a constant magnetic field, it is convenient to intro- 
duce dimensionless variables in a somewhat differ- 
ent way from what was done in !?], Preserving the 
definition of the dimensionless frequency 


2 2 
Oh XZ WW;/ We. 


(3) 


Q = w?/w;w,, 
the square of the Alfvén index of refraction 


(4) 


A = w3/w,0, 
and the ratio of the cyclotron frequencies 


(5) 


B ao w,/W;, 
we introduce new dimensionless parameters: 


R= Rie / om. = Kirt, tg 0 = kylks. May 


Here w is the resonant, wy the plasma, we and 
wj the electron and ion cyclotron angular frequen- 
cies, k; and ky are the radial and longitudinal 
wave numbers; fe and fj are the cyclotron radii 
for the velocity of light, r= c/w. The angle 0 
lies between 0 and 7/2. 

Mie Fig tenia) 
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Dependence of 0 on A for B = 1840 
(hydrogen), R = 10° and 10* for different 
values of cot 6: a — cot? 6 =0, b—cot* 4 
= 107°, c — cot? 6 = 10°” (the curves in 
drawing c are plotted in an ordinate scale 
reduced by a factor of 10). 


Expanding the dispersion equation in powers of 
Q, we reduce it to the form 
Q> — §,Q* + b6,Q? — 6,0? + 6,Q — b, = 0; 
bg = 3A +B +2R (1 + ctg? 6), 
b, = A® + 3AB + B?— [2A +B+R (1 + cig? OF, 
b, = (A +B) [A +R (1 +ctg? 0)? —AB(A +R), 
6b,=AR(A+R+BRectg’? 6(1 +ctg 9)], 


by = AR® ctg? 6 (1 + ctg? 6). (7) * 


If we neglect all the coefficients except b, and b,, 
then we obtain the approximate formula (for cot? 6 
<«1) 

O= (14+ pegete?0)/(F +1 +7), (8) 
which is identical with the ‘‘long cylinder approxi- 
mation.’-3] This approximation gives the root for 
Q closest to unity if the parameters A and R are 
large and AR(A+R)/B > 1. 

In dimensionless form, the concentration de- 
pendence of the resonant frequency for a constant 
magnetic field is represented as the dependence 
of 2 on A for constant R. Under ordinary ex- 
perimental conditions, the long-cylinder approxi- 
mation is shown to be sufficiently accurate. In 
this approximation, for 6 = 7/2 (ks = 0, i.e., 
purely radial oscillations ), the maximum lies at 
A=4VBR and the maximum value of the dimen- 
sionless frequency is 


Qm = V BR /(2B + V BR). (9) 


For kg; ~ 0 the expressions for the location and 
height of the maximum are obtained very crudely 
and we shall not write them down. As is seen 
from the graphs, the position of the maximum is 
shifted slightly, but the height of it increases 
sharply: resonance becomes possible at frequen- 
cies above the hybrid.{3] 

The phenomenon under consideration of the 
maximum of the resonance frequency of the mag- 
netic sound as a function of concentration for a 
constant magnetic field is of great value for in- 
terpretation of experiments on the magneto- 
acoustic resonance under nonlinear conditions./*1 
Far from the maximum, resonance is possible 


*ctg = cot. 
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only for strictly fixed concentration of the plasma. 
In the region close to the maximum, the magneto- 
acoustic resonance can occur and be observed 
even for variable concentration. In particular, 
the ionization with the help of magnetic sound |*1 
should effectively take place precisely in the re- 
gion of concentration close to the condition of 
maximum. Experiments whose detailed descrip- 
tion will be published later confirm the existence 
of a maximum and the remaining qualitative con- 
clusions of the theory. 


1p, A. Frank-Kamenetskii, J. Tech. Phys. 30, 
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Cross sections for processes of the type +e —-1 +7 


0 D+p—At+yu*, and uw t+p—aA 


+p are calculated by taking into account the form factors for weak V-A coupling. 


1. INTRODUCTION 


js rather large number of recent papers [1-6] is 
devoted to processes that can occur when high en- 
ergy neutrinos are absorbed. The most complete 
listing of such processes appears in Pontecorvo’s 
article.'1] Lee and Yang [3] have analyzed experi- 
ments which could yield various information of in- 
terest for the theory of weak interactions. A num- 
ber of authors!*»®Jhave studied the possibility of a 
practical experimental arrangement. 

Since such an experiment will be possible in the 
comparatively near future, it is expedient to calcu- 
late the cross sections for various processes which 
occur when a neutrino is absorbed. Such a compu- 
tation has been performed for a number of reac- 
tions, namely for elastic neutrino-electron scat- 
tering (v +e” —p+e7 and vy +e7 —p +e7) [18] 
and for the reactions )+p—n+t+e* and y+n—p 
wer, L875 

In the present article cross sections are calcu- 
lated for processes leading to the formation of two 
particles which occur when a neutrino is absorbed 
by an electron, a proton, or a neutron. Besides 
those indicated above, the following reactions are 
possible (their thresholds, in the laboratory sys- 
tem, are given in parentheses ) 


vtes>v+p,v+e—>v +p (10,9 Bev); (1) 
v te > +2° (74Bev), v +e —> K- +7° (387 Bev), 


v te —K~ + K® (963 Bev), v +e — K® +n” (398 Bev); 


(2) 
vtp—on+p* (113Mev), v-+n—>p + p7 (110Mev), 
vy +p—>A +e (195Mev), v-+p—>A + p* (319Mev), 

(3) 
v + p— 2° + e* (289Mev), v + p—> D° + n* (420Mev), 
v +n— 2 +e (295 Mev), v + n— 27 + p* (426 Mev). 


In each of the reactions of (2) or (3), only two 
particles take part in the strong interactions. 
Their presence leads to the appearance of weak- 
interaction form factors, which essentially enter 


in all the formulas. Since strong interactions 
are absent in case (1), form factors of this kind 
do not arise. 

Processes (1) and (2) will be examined further 
in Sec. 2, and processes (3) and further in Sec. 3. 
The reaction vy +n—2Z* + e-(y7) is not included 
among the latter since it is forbidden in the Feyn- 
man—Gell-Mann scheme £"! section 4 deals with 
processes whichare the inverse of (3) inthe sense 
that the » meson is absorbed by the nucleon and 
the neutrino arises in the final state. Processes 
of this kind involving the absorption of an electron 
have been discussed earlier.[% 101 

It will be assumed everywhere that the weak in- 
teraction includes only the V and A variants. It 
should not be forgotten that all processes in (2) 
and (3) occurring with the participation of elec- 
trons, as well as the second reaction in (1), can 
take place only if the electron and u-meson neu- 
trinos are identical (keeping in mind that the in- 
cident neutrinos are generated in 7. and Ky» 
decay ). 


2. PROCESSES OCCURRING WHEN NEUTRINOS 
ARE ABSORBED BY ELECTRONS 


Among the inelastic processes that occur when 
neutrinos interact with electrons, the reactions (1) 
have the lowest threshold. These reactions have 
been discussed earlier by, for example, Blokhin- 
tsev.-11] Their cross sections are given by the 
expressions (the index I refers to the reaction 
involving v, II to that with v) 

oy = (@/a)é (1 — me/é?)?, 

Sry = (G?/3x) 8? (1 — m2/8?)? (1 + m2/28?), (4) 
where &* = (p, + Pe)” = 2mgW, is the square of 
the total energy in the center-of-mass system and 
G = 1.41 x 1074* erg-cm? is the Feynman-Gell- 
Mann constant. At a neutrino energy Wy = 20 Bev 
we have oy = 7x 10-4! cm? and oy = 3 x 10°“*cmes 
At large energies (Wy, is expressed in Bev), oy 
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=1.6X 10°4'W,,cm? and oq = of /3, just as for the 
elastic scattering of a neutrino by an electron. 
Especially interesting is the reaction 


OR Gre Ae 


(5) 


In the Feynman—Gell-Mann scheme! the weak 
interaction responsible for this process has the 
same structure as the interaction between charged 
m@ mesons and the electromagnetic field. For this 


reason the total cross section for reaction (5) 
2G2 k8 


an gf) 


(6) 


oy 


ik = *( 62/4 _ eee is the 7-meson momentum in 
the center-of-mass system ] contains F ( $7), which 
is the continuation of the electromagnetic form fac- 


tor of the meson into the region of timelike values 


of the argument. The determinationof F(&?) isa 
very interesting physical problem. Unfortunately 
the threshold of reaction (5) is very high. 

When W, = 100 Bev we have o =3.3 x 10 “x 
Fr’ ( g?) em’. It must be remembered that since 
62 >0, F(&7) can be several times greater than 
unity. According to Frazer and Fulco,/!21 for ex- 
ample, F ( 6%) ~ 2 when W, = 100 Bev. In the 
laboratory system both mesons travel forwards 
with practically equal energy. In the center-of- 
mass system the angular distribution assumes the 
form sin? $dQ, where ¥ is the angle between the 
directions of incident and emerging particles; this 
is the result of neglecting the mass of the electron. 

The same interaction as in process (5) can give 
rise to a completely analogous reaction, v + e7 
— K~ +K®. Its cross section is determined from 
formula (6) with the additional isotopic factor as 
here F( 6”) is the continuation of the electric 
form factor of the K meson. The processes v 
+e-—K~ +79 and » +e —K° +7 are due to 
another interaction, responsible for one that causes 
lepton decays of hyperons and K mesons and has 
no electromagnetic analog. Here again formula (6) 
is correct with the added factor ¥,, but 


fe = (84 — 26%( mi, + m2) + (mje — ma )YI2 8, 


and F( 2) coincides with the form factor that de- 
termines the Kg3 decay. Whereas F? (0) =1 for 
D+e7>—7- +79 and K~ +K", F*(0) ~ %9 in the 
case of +e —K~ +7" (see, for example, 

and fi), 

All these processes are no less interesting than 
reaction (5), but their thresholds lie fantastically 
high. Still higher are the thresholds for the forma- 
tion of baryon pairs in the collision between p and 
e-. The reaction » +e —n+p, for example, 
begins at W, = 3450 Bev. 
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Processes involving the absorption of neutrinos 
or antineutrinos by nucleons [enumerated in (3)] 
are more accessible for experimental investigation. 
A typical process of this kind is the reaction 


yp Arp, (7) 
whose matrix element, as is known, has the form 
(GIV 2) (Gta (1 + Vs) Op) (Ua {Ya (fr — Bis) 

+ Gap (Pp — Pa)alfe + Bes) 


+ (Pp — Pada (fs + 83¥s)} Up) (8) 


[the metric (1, —1, —1, —1) is used, Ys = iVgV17273; 
and 0q6 = (Yap -— YBYa )/2]. The form factors fj 
and g; (i=1,2,3) are functions of the invariant 


(9) 


where Wy, is the kinetic energy of the A hyperon 
in the laboratory system. The quantity Q? is 
uniquely associated with the emission angle of the 
A and can vary within the limits 


(282-1 (— (62 — m2)(82 — m3 — m2) + 2m? m2 


Q? = (pp — pra)? = (ma — Mp)? —2mpW,, 


— (8? — me) (8*—ma, — mp 


— 4m m? Jy <Q? < (28?) * {— (8? — mi)(8? —mi, — m*) 


4 22 m2 + (8? — m?)[(8? — my — m2)? — 4h me }"*}, 
(10) 
where again &? = (p, + pp)” = mp + 2mpWy is the 
square of the total energy in the center-of-mass 
system. At higher energies, when (¢@ oe m)/mi, 


> 1, (10) is simplified and assumes the form 


— 6 (1 — m2/8*)(1 — m/e) << <0. 

The expression for the antineutrino capture 
cross section at a given Q’ is rather cumbersome 
and is given in the Appendix [formulas (A.1) to 
(A.3)]. Since the form factors are, apparently, 
small for large |Q?|, in the limit Wy > mp the 
expression simplifies to 
do = (2n)-*G?d (— Q?) | fa ? +] & 

+ (—@) (| fe P +\ ge |)I. 


In the case of the processes ) +p—n+tyu*(e*) 
and v+n—~p+yp(e ) the form factors f; and go 
go to zero as a result of isotopic invariance. The 
dependence of f,; and f, on Q? in the Feynman— 
Gell-Mann scheme is moreover well known from 
experiments on the scattering of fast electrons, 15] 
and equals (up and up are the anomalous mag- 
netic moments of the neutron and proton) 


(11) 


(12) 


fAwe(Q, fate o(gy= +550 (M 
© (Q@) = (1 — @a%/12)*, a=0810%em. (13) 
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0, 10°98 cm? 
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Dependence of cross sections for the reactions y+ p>n 
+ pt andv+n->p+p-on the incident neutrino energy. The 
solid curves correspond to the possibility of case a) from for- 
mula (14), the dotted to case b). 


At the present time it is impossible to say any- 
thing definite about the dependence of the form fac- 
tors g, and gs on Q?. It is only known that g,(0) 
=—1.2. In/3-5] it was assumed that, like f, and 
f., g1 = —1.2 6(Q*), and cross sections for the 
processes 7) +p—n+e™* and v+n—-p+e° at 
various (anti) neutrino energies were calculated 
in this approximation. In both processes the 
‘‘pseudoscalar’’ form factor g3 yields a negligibly 
small contribution. In the reactions ) +p—n+yp* 
and y+n—p+uy', however, the contribution from 
g3 is substantial. Goldberger and Treiman, |16] 
using dispersion techniques, found that m ,g3(—mj,) 
= 8 g,(0) when Q? = —mij, and that g3(Q?) 
~1/(—Q? +m?) at small Q?. Such a dependence 
of g3 on Q’ cannot, strictly speaking, be extended 
to — Q? > i, but it can be adopted as an estimate. 
An alternate possibility is the weaker dependence 
g3 ~ €(Q?) for small Q?. 

The figure shows the total cross sections for 
the reactions )+p—-n+y* andvt+n—ptp 
as a function of incident (anti) neutrino energy 
W,- Relations (13) are adopted for the vector form 
factors. [Although f, falls off, apparently, more 
slowly than 6(Q”) when —Q? is of the order of 
8 x 1078— 2 x 1077 cm™, the correction necessitated 
by this fact would not be very great at these ener- 
gies.] Two possibilities are considered for g, and 


83: 

a) mgs (Q?) = 8g; (Q%), gi (Q?) = —1.20 (Q’); 

b) mgs (Q?) = 8g, (0) (m2 + m?)/(—Q + m?), 
gi (Q*) = —1,29 (Q’). 


Cases a) and b) are shown in the figure by the 
solid and dotted lines respectively. When Wy, ex- 
ceeds 500 Mev, the curve for case b) practically 


(14) 


am deaVis Mas He Pere tat 


coincides with the cross section for the reaction 
that leads to the formation of e instead of p. A 
similar agreement occurs for the curve of case a) 
only beyond 4 Bev. The difference is principally 
due to the component proportional to g3mi,, which 
in case a) is large for all ar and in case b) is 
large only for small Q?. The interference terms 
are insignificant since g3m, is multiplied by m w 
which is small in comparison with the other energy 
quantities in (A.3). Analogously, the differential 
cross sections of electron and y-meson reactions 
in case a) differ essentially in the term g31 ‘(Qe 
oS A ee mi,)/2 in (A.3). Therefore, if indeed 
Mys3 >> gy, then by investigating experimentally 
the quantity 


SS a ae 


Gini (0 On) 
we can determine with good accuracy the depend- 
ence of g3 on Q?. Here, of course, expression 
(15) must not depend on &?. 

It is, no doubt, impossible to regard the hy- 
potheses (14) as proved. There is no basis for 
assuming, for example, that f, and g,; have the 
same order of magnitude for all Q?. It can be 
noted that the cross sections for the processes 
v+p—-nt+e* andv+n—pte differ only in 
the sign of the term containing f,g,. If for some 
Q? one of these form factors is much smaller than 
the other, the cross sections in this region must 
coincide. Otherwise they will differ considerably. 

Reactions (3), which involve the formation of 
strange particles, are also very interesting to 
study. When evaluating the order of magnitude 
of the cross sections it is possible to neglect in 
(A.3) or (12) the form factors fy, go, f3, and gs 
and consider that f, = —g, = const when — Q? 
rs mi and that f,; = g; = 0 when —Q? > mz, £10,14] 
In this approximation the cross sections for the 
processes 


v + pA +p (e+), v+p— D° + p+ (e4), 
v+n—> = + p+ (et) 
tend in the limit of W, — © to the value 4 x 107* 
iss ?cm?. If we assume that lf, 2 ~ %,), which is 
similar to what apparently occurs in the decay A 
us 6 at Ps Or ax 10“°cm?. When Wy, =1 Bev 
the cross sections for the production of A and 2 
hyperons reach 0.7 and 0.6 of the limiting value. 


4, THE PROCESS p +p—A+v 


d(—Q’) —d(—Q’) 


Considerable information about the weak inter- 
actions of strange particles can be obtained by 
studying the process 


SOME PROCESSES INVOLVING 


Oe ete y, (16) 


as well as the completely analogous reactions p™ 
+p—2D%+p and wp +n—2Z +v. A similar proc- 
ess involving the participation of an electron has 
been previously examined by one of the authors.(10] 
Great experimental difficulties are associated with 
the observation of this process, principally because 
of the fact that A hyperons are hard to detect 
against the large background.* As was observed 
several years ago by L. B. Okun’, however, proc- 
ess (16) is more favorable in this respect. The 
fact is that the threshold for the photoproduction 
of m in the collision between a p meson and nu- 
cleon, 166 Mev, exceeds the 82 Mev threshold for 
reaction (16). The thresholds for all other proc- 
esses capable of leading to the formation of 7 
mesons in a p-p interaction lie still higher. Thus 
in the energy region between the thresholds the A 
hyperon can be observed through the decay into a 
m- meson (A—p+m7_). This is impossible in the 
case of electrons, since the thresholds lie in the 
reverse order due to the smallness of Me. 

The expression for the matrix element of re- 
action (16) is analogous to that for (8), and the 
limits for variations of Q’ [determined from Eq. 
(9) ] are given by formula (10) if we make the ex- 
changes mp~— ma and & — &4, where gt 
= (py + Pp)? = (mp + my)? + 2mpWy and Wy is 
the kinetic energy of the » meson in the laboratory 
system. 

The expression for the cross section of process 
(16) (if the beam of uy mesons is unpolarized) is 
given by formulas (A.4) — (A.3) of the Appendix. 

In the case of pure V-A coupling it will assume 
the form 


2 2 
oi — mM 


fid(— @) 


[(6? — m2 — m2)? —4m2 my | %| 


(17) 


7 


where v,, is the velocity of the » meson in the 
laboratory system. If f, is considered to be a 
constant, the total cross section is 
2 
pe hy a ety 


eke 


(18) 


Again assuming fj ~ Y,,, we find that for the cross 
section at the photoproduction threshold (Wy = 166 
Mev) oy = 0.7 x 1074! cm?. 


*B. Pontecorvo has indicated the interesting possibility 


of discovering A particles produced in the reaction e— +p 
+ A+ vp. All 2° mesons formed in the interaction of the beam 
of electrons with the target decay in the target. The 7° 


_ mesons can appear in the space behind the target only as a 


result of the decay of a strange particle. Registering a 7° 
meson is thus equivalent to observing a AN 
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Real 4 mesons generated in 1,2 or Ky. decay 
are always polarized. In this case the cross sec- 
tion for process (16) is given by the more compli- 
cated expression of (A.3) — (A.8), which for pure 
V-A coupling has the form 


ds = doy (1 — Ev,), 


where ¢ is the polarization vector of the 4 meson, 
definable as the average value of the spin in its rest 
system. According to (19), in pure V-A coupling 
azimuthal asymmetry of A hyperon emission does 
not arise, and the polarization of the » meson 
leads only to the suppression or strengthening of 
the process according to whether the meson spin 
is directed forwards or backwards. We also point 
out that in the case of V-A coupling the A hyperon 
is completely polarized in a direction opposite to 
its own momentum in the center-of-mass system, 
independently of the polarization of the 4 meson. 
If the meson spin is not parallel to its momentum 
and f, = —g;, or if the contribution of other form 
factors is substantial, then, as follows from (A.4) 
and (A.7), azimuthal asymmetry of the type pag) 
arises in A-particle emission. When time parity 
is not conserved, an asymmetry of the type 
PA [p,,6 ] would also be added. 

If ¢ is expressed in terms of the p and 7 
meson momenta in the laboratory system, do/doy 
is according to (A.5) equal to 


= 2m2(E,— E,)/ (m= — m2) Ey, (20) 


where E, and E, are the total energies of the 
mesons in the laboratory system. Since 


[E,, (m2 + m2) — p, (m2 — m?)] / 2m, SE, 
< [E,, (m2 + m*) + p, (me, — m2)) | 2m 
(p, = VE2—m? ), in (20) x varies within the limits 


TAM CG Sh og Bs m2 | > x > 2m?! (E, + p,)? + m2]. 
(22) 

When E, = 300 Mev, for example, and when 
74 Mev = Wy = Ey-My = 187 Mev, these limits 
are equal to 1.63 and 0.07, and when Eq > M7, 
2=yx2= 0. When studying reaction (16) the upper 
limit of x decreases, since the left inequality in 
(21) must be replaced by Ey = (m4 —mp —mj,)/ 
2Mp = 188 Mev. 

The authors thank L. B. Okun’ and B. Ponte- 
corvo for discussing the possibility of observing 
the reactions considered in Sec. 4. 


(21) 


APPENDIX 


A. The differential cross section for the reac- 
tion ) +p—~A+yp° can be written as 


428 Yasl. AZIMOV: and \V. 
ee ee) 
ds = (@— m3 (A.1) 


where A is a function of the invariants ¢? 
= (Pp + py), Q? = (pp — pa)®, and A? = (pp—py)’, 
of which only two are independent, since 
CNS GQ =e Mier 3 “+ m2. 
The quantity A(&?, Q?, A?) is expressed in 
terms of the form factors £; (Q*) and gj( @*) in- 
troduced into (8): 
ea er ok ote) qo ++ m? + m2) 
+| fh +i P (6? — me) (8? — me — me) 
+ I fe P + | ge [1 £@ (8? — m2) (A? — m3) 
attends) (At — may — ne [Gn mi) (6* —/A*) 
sere (Qs m2) (m2 re OF} 
+2 Re fg) (mk — mi) [Q? (6? — A?) + m2 (mi — m*)] 
+2 U fs? +] gs 2] m2 (— & + m)(— G+ mi + m) 
+ mpmy (— @ +m) (2 [| gi P —1 AP 
+ (2Q@ + mj) [| ge? —| fe PI— m2 Ul gs 2 —| fs 71} 
ee hoe me att) | 
x 2 Re [fig; (m, — m,) — gif, (m, +m,) 
+ (feof, + 2283) + m2] 
+ 2 Re (/:f, + £18.) Mm, LQ’ (Oe ow i ile.) 
++ mi (* — mk — m?)] 
st 2 Re (fify — 218) my 1 (Q? — mars. me) 
+ m2 (A° — m2 — m?)] +2 Re (ff, + 8183) m2m, 
x (— AP + mk) +2 Re (ify — B13) m2m, (8? — m2). 
(A.3) 
After renaming the indices, formulas (A.1) — 
(A.3) are of course correct for all the processes 
of antineutrino absorption in (3), and it is possible 
to neglect the contribution from f3; and g3 in reac- 
tions involving formation of e because of the small- 
ness of Me. In the case of the process yp +p—n 
+u*(e*) the form factors f3 and g, reduce to zero. 
The cross section for the analogous process involv- 
ing the absorption of a neutrino [vy +n—p+y(e’)] 
is also described by formulas (A.1) — (A.3) if we 
reverse the sign of g; and gz. 
B. For the reaction uw +p—A+v with a po- 
larized beam of u mesons, the cross section in 
the laboratory system equals 


ieee d (— Q’) (dg / 2x) 


8x |v) (62 — m2 — m?®) [(62 — m2 — m2? — 


x {A1 — 2m,Bp,5 — 2m,C PAS, + Ampm,D Pa ne 4) 


(A.2) 


— 4mm |’? 


where ¢ is the azimuthal angle of the vector pq, 
¢ is the depolarization vector of the meson, and 
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¢, is its component orthogonal to the momentum 
(Cp eGi= Pul SPy)/pi)- 

If «4 mesons are produced in the decay of 1~ 
mesons, they will be completely polarized along 
their own momentum in the 7 rest system. In the 
laboratory system 


2m,,P,, Wp 
.=— = > sls Wy aie: t = x [mx + m,)* + 2m,.W,], 
mm (m,, i my) (A. 5) 


where W, and Wu are the kinetic energies of the 
mesons. 

The expression for A; coincides with (A.3) if 
we substitute 

A?» 8i= (Pp + Py)® = (mp + m,)? + 2mpW,, 
62 > Ai = mh tm im, — 8; — 

The quantities B, C, and D are given by the 
formulas 
(Sim — im) (G5 +O 

(8, — mi, — 


m2) — 2m? (wi + m: — @) 


2 
m,,)? —4m2m 


Cc, 
(A.6) 
Bi =| fi — gi? (Gi — ma) +2 Re fa2go (ma — mp)(8i — mi) 

+ Ul fo? +[ ee [PIl(— Ar + m3)(— @ — mk, + m2) 

+H me (mi + me — Q*)]— > Ul fa P + | ge [PI re (rh 

+ mp — @) + mpma {2 |] a1? —| A PI 

+ (20) — my lf ae? life Fl aes aa 

+2 Re [f:gz (ta — mp) — gale (ma + mp)] (81 — mg) 

— Re (fof, + 205) (Q (dx — mh) + me (m3 — m2)] 

+ Re (fifa + 8182) mp (81 — Q — 2m + mp) 

+ Re (ifs — 2182) ma (Ai — 2Q@ — 2m, + mi + me) 

+ Re (fifs + £185) 1p (— At + mi + m,) 

+ Re (fifs — 8183) ma (— Ay + mi — m,), (A.7) 
C is obtained from (A.7) by reversing the sign of 
81, f3, and g3 and by the substitution my, ~~ mp 
and &{<— Aj; 
D = Im [(Af, — &185) (m, 


— (feof; + 8283) Q?). 


D is different from zero only when time parity is 
not conserved, since otherwise all the form 
factors are real. 

In a gt let us observe that if it is possible 
to neglect mi, in (A.3), (A-7), and (A.6), 


B= B,— 


pitt 5 


—m,) + (haf, — 8183) (m, + m,) 


(A.8) 


(gi — mp) By + (Ai — mi) C = Ax (A.9) 
so that in (A.4) 
Ay — 2m,Bp,$ = A, (1 — v,6). (A.10) 


Note added in proof (July 13, 1961), Analogously to the 


situation occurring in the annihilation of an electron-positron 
pair (recently noted by Baier and Sokolov [27] ), there is a reso- 
nance in the reaction v+e->v + p-, connected with the pos- 
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sibility of a process going via an intermediate 7— meson. 
Near resonance the cross section is described by the formula 
m, ) mt 


1b} 2 
o= 16m)? (in, = 2 it 29 
Pe) ead m;, )? (62m)? + (Fm,,) 


where ) is the Compton length of the 7 meson and I is the 
probability of its decay. The height of the peak is 1.3 x 107“ 
mb, but unfortunately its width is insignificantly small: 
DP=3x10-* ev. 

The same formula is correct for the cross section of the 
process y+e +p +e with the additional small factor 


(m, /m,)? [i (m,/m,)? | eat! plot Oe 
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The possibility of determining the electromagnetic form factor of the m° meson in the 


9+ y is discussed. 


process e’-+e—T 
OKs may hope that it will soon be possible to 
perform experiments using head-on electron and 
positron beams from the accelerator. In this con- 
nection it is interesting to note that the electro- 
magnetic form factor of the m° meson can be 
measured with the help of the reaction 


et+te +n +y. (1) 


Below we shall consider the dependence of this 
process on the form factor of the 7’? meson. Rec- 
ognizing the fact that the effective Hamiltonian for 
the interaction of the pseudoscalar 7’ meson with 
electromagnetic fields must be invariant under 
spatial translations and rotations, we write it in 
the form 


H; = \\\ dix dty d'2F ((x—2)*, (y—2), 


x 
x (x — I) Pateo EO Oe (2), (2) 
where ®, and Aq are the field of the pseudo- 
scalar 1’ meson and the electromagnetic field, 
and €qBpgq is the completely antisymmetric unit 
tensor of fourth rank. 

Restricting ourselves to lowest order pertur- 
bation theory for the electromagnetic interaction 
between the electron and the positron, we can 
draw the Feynman graph for process (1) as shown 
in Fig. 1. The matrix element corresponding to 
this graph has the form 


<q, R|S| Ps Pp? 


e 1 = 
~~ On? V toh. Espoa(Y (—P,) T 4 (P.) ep 


UP, aD al. Peate Po) 


x F ((p, + p,)?, 0, m2.) 8(pp + Pe—q—R), (3) 


where pp, Pe, k and q are the four- monipnty of 
the positron, electron, photon, and 7° meson, ep 
is the polarization vector of the photon, 


FIG. 1 


F(ki, ki, kj) is the Fourier transform of the 
function F in (2) in momentum space and is, by 
definition, the electromagnetic form factor of the 
a? meson. 

The total cross section for process (1) is 


2 4 (1—x)8 (1 + 2y) 
s(E) =f gy ae F?(—E?, 0, m2,), (4) 


where E is the total energy in the center of mass 
system, x = m?)/E’, y =m4,/E’, and m0 and me 
are the masses of the 7° meson and the electron. 
We see from (4) that the measurement of o(E) 
yields information on the electromagnetic form 
factor of the 7’ meson. 

In order to estimate the magnitude of o(E), 
we replace F? ( = 87 oi m>0 ) in (4) by 
F?(0, 0, m20), which is connected with the life- 


time of the 7’ meson, 7, through the relation 
F? (0, 0, m2.) = 8x/ m3,r. (5) 


Taking t = (2.3 + 0.8) x 1078 sec,{!] we find 
from (4) 


o (E) =f (E)o, 
the function f(E) is shown in Fig. 2. 


10-35 cm? P ( 6) 


oh Bae | 


FIG. 2. Dependence of the 
function f(E) on the energy 


of the electron-positron pair. 
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It is also interesting to note that the above- 
mentioned experiment yields some information on 
the contribution of the intermediate 37 state to 
the form factor of the 7° meson. 

Using the standard technique of dispersion re- 
lations, we can easily show (see, for example,{?] ) 
that 

nl ad 


an V mG0 Eupeat Ty * 6KgkF (K?, 0, mz.) 


= edrytt\ dtze-ilk+ K)z/2 <q | “ (1.(5) Oe 2) | o> 
(7) 


where Ip (z/2) is the current of strongly inter- 
acting particles. To simplify the formulas, we 
write further 


Pea ite) er Cv); (8) 


where v = —K’. Using (7), it is easily shown that 
F(v) is an analytic function in the v plane with a 
cut from 4m2 9 to ~. The dispersion relation for 
F(v) is then written in the form 


fe? v C Im F (v’) F 

Roper 0) Hee 8) 
amo 
where Im F(v’) is given by 

eee 
Qn V G0 p-Bes 
= (2n)* oy, <a! Lo (0) | > <n| Lp (0) |0> 8* (K — Pa), 
: (10) 


vy, e,Kgk, lm F(K?, 0, m*,) 


where n = 27, 37,... We shall restrict our dis- 
cussion to the two intermediate states n = 27 and 
3T. 

The contribution from the intermediate 27 
state can be determined from the knowledge of: 1) 
the structure of the nucleon (the vertex function 
<2n | I, (0) |0>) and 2) the photoproduction of 
the pion on a nucleon ( the vertex function 
<q | Ip (0) |20>). It can then be expected that we 
obtain an estimate of the contribution of the inter- 
mediate 3m state by subtracting the contribution 
of the intermediate 27 state from F(v). Since 
the problems 1) and 2) have not yet been solved 
with sufficient accuracy, we are unable to make 
this estimate. We shall only discuss what conclu- 
sions can be drawn from a measurement of F(v) 
in this situation. 


It is seen at once from (9) that for small 
v(v<« 4m2o) 


F (v) ~F (0) + av, (11) 


where a is some contsant. For larger p(v< 4m*0), 


when the contributions from the intermediate 27 
and 37m states are both in resonance and have 
about the same resonance energy, we have 


F (vy) ~F (0) +6v/(vo — 9), (12) 


where b is a constant and vy is the square of the 
resonance energy of the intermediate 27 state. If 
the experiment indicates that the form factor of 
the 7’ meson has the form (12), we conclude that 
either the intermediate 37 state gives a negligible 
contribution to the form factor or its contribution 
is appreciable but its resonance energy is about 
equal to the resonance energy of the 2m state. ifs 
on the other hand, the experiment shows that F(v) 
has a form which is very different from (12), this 
will mean that the intermediate 37 state gives a 
large contribution and either has no resonance 
character or, if it does have one, then the reso- 
nance energy is far away from yp. 

The authors thank Prof. M. A. Markov, who 
directed their attention to this problem, and also 
Chou Kuang-chao and the participants of Prof. 
Markov’s seminar for discussions. 


1 Glasser, Seeman, and Stiller, Proc. of the 
1960 Ann. Int. Conf. on High Energy Phys. at the 
University of Rochester, p. 30 (1960). 

2s M. Berman and D. A. Geffen, Nuovo cimento 
18, 1192 (1960). 
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An equation describing the scattering of low energy neutral pseudoscalar mesons is investi- 
gated. A general solution of the equation is derived, similar to that obtained by Castillejo, 
Dalitz, and Dyson/!2] for the Low equation. Two different types of asymptotic behavior of 
the solutions at high energies are possible. If the amplitude decreases as (In E)~! at high 
energies, the solution corresponds to the renormalizable perturbation theory. In the second 
case, when the amplitude decreases as E™‘, the solution does not correspond to perturba- 
tion theory. In a certain sense it can be connected with the nonrenormalizable Lagrangian 

[ (8¢/8xXy)(8~/2Xy)]*. This second solution possesses some interesting properties. In par- 
ticular, it becomes degenerate when the interaction is switched off. 


1.INTRODUCTION 


Acremprs have been made in recent years to 
construct a theory of strong interactions in the low- 
energy region by starting from the analytic proper- 
ties of the scattering amplitudes in the form pro- 
posed by Mandelstam "!1 and from the unitarity 
conditions. 

The arguments were based on the premise that 
the phenomena in the low-energy region admit of 
description in closed form. Mathematically this 
hypothesis reduces to the assumption that the be- 
havior of an analytic function is determined in a 
small region by the near-lying singularities (21 

The restriction to the low-energy region en- 
ables us to write down an approximate unitarity 
condition in which only two-particle intermediate 
states are taken into account. This approximate 
unitarity condition, together with the spectral 
representation, makes it possible to write down!1,31 
a closed system of nonlinear integral equations 
for the scattering amplitude as a function of two 
variables. 

In view of the complexity of such equations, 
still another approximation is made by repre- 
senting the scattering amplitude in the form of a 
small number of first terms of its expansion and 
Legendre polynomials. Chew and Mandelstam [4] 
have obtained in this manner a closed system of 
nonlinear integral equations for the lower partial 
waves of the pion-pion scattering. Subsequently 
analogous equations were obtained for several 
other processes (see [5,6] and others ). In the 


analysis of the anti-Hermitian part of the ampli- 
tude in the cross integral, these authors use ana- 
lytic continuations in the Legendre polynomials 
into the region |cos @| >1. But the use of only 
the first terms of the Legendre series leads to 
large errors,-'-*] which are particularly large at 
high-energy crossing processes. The integrals 

of the higher partial waves are found to be diverg- 
ent, and the solutions of the equations are unstable 
against small perturbations in the region of high 
energies. Analytic continuation in Legendre poly- 
nomials, in particular, led to contradictions [10] 
when attempts were made to determine the param- 
eters of the resonance of the p-phase of mz scat- 
tering from the 7N scattering and from the nu- 
cleon structure, and also to the impossibility of 
obtaining a stable solution of m7 scattering equa- 
tions with large p-wave.l!1] 

Thus, the use of analytic continuation in Le- 
gendre polynomials leads in final analysis to a 
contradiction of the original assumption that the 
low-energy region is closed. The foregoing diffi- 
culties can raise doubts concerning the possibility 
of constructing a closed theory of strong interac- 
tions at lower energies. In our opinion, however, 
there are still not enough grounds for such pessi- 
mism. It is quite possible that the foregoing dif- 
ficulties can be overcome by a somewhat different 
approach, proposed in [8,9] | to the derivation of 
equations for the partial waves. In this deduction 
no use is made of analytic continuations in Le- 
gendre polynomials, and the equations for the 
partial waves differ from the Chew-Mandelstam 
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equations in the structure of the crossing integrals. 


These integrals have, in particular, better con- 
vergence at high energies. 

The aforementioned program may make it pos- 
sible to describe the phenomena at low energies 
without internal contradictions. For this purpose, 
naturally, it is necessary to solve numerically the 
equations for partial waves of different processes, 
and above all for the pion-pion scattering. The 
latter were obtained by Hsien Ting-ch’an, Ho Tso- 
hsin, and Zoellner, and in simpler form under the 
assumption that the d and f waves are negligibly 
small compared with the s and p waves, as was 
done in!®], In the derivation of these equations, 
only rigorously proved dispersion relations for 
forward scattering were used. 

To solve these equations numerically it is nec- 
essary to have an idea of at least some general 
properties of the solutions of equations of this 
type. However, an analytic investigation of the 
equations derived in [lisa complicated matter. 
We therefore consider first the neutral analogue 
of the system of equations obtained in [8], This 
analysis will lead to several important conse- 
quences, which must be taken into consideration 
in the analytic investigation and numerical solution 
of such equations. 


2. EQUATION AND BEHAVIOR OF SOLUTION AT 
HIGH ENERGIES 


In the case considered here, the scattering am- 
plitude A is a scalar function of three ordinary 
invariant arguments 

s=4(v+1), 
t = — 2v(1 —c), 


u= —2v(1 +0), 
(2-1) 


where v = q?2/,2 and c =cos 6; q and @ are the 
momentum and scattering angle in the center-of- 
mass system. By virtue of the crossing symme- 
try, A is symmetrical under commutation of any 
pair of arguments (2.1). Consequently its Legendre 
series contains only even 1. In accordance with 
our program,(°9] we identify the forward scatter- 
ing amplitude with the s-wave 


A(v, ¢) = Ao(v) = A(). 


Using the symmetry of the amplitude with re- 
spect to commutation of s and u, and taking into 
account the fact that 


(2.2) 


A(v) = lim A(v + is), 
e>+0 
we obtain 


A(—v—)D=A (y). (2.3) 
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The unitarity condition for the s-wave can be 
written in the form 


ImA(v) =K(w)| AW), v>05 


K (v) =V v/v + 1). (2.4) 


This formula is accurate only up to the threshold 
of the first inelastic process at v = 3. We shall as- 
sume, however, that (2.4) is valid for all positive v, 
presupposing that this assumption hardly influences 
the solution at small v. Formula (2.4) limits the 
function A(v), and consequently in writing the dis- 
persion relation it is sufficient to employ one sub- 
straction, which we perform at the symmetrical 


point vy = — Ua We obtain 
iz? v+¥et Im A(v’) 1 4 ; 
Aw =a 424 \ ae wok t oe’. (2.5) 


0 
From (2.5) it is seen that the assumption 
limIm A (v) =C>0 


v—>0O0 


leads to a logarithmic growth of the real part, and 
consequently, to a contradiction. Consequently 
A(*) =0, and we can therefore write the equation 
for A(v) without subtraction: 


A (v) -10 ma w){o + sayar} (2.6) 


0 


From (2.6) it also follows that 


co 


20 mA). 4» 
0 


(2-7) 


Thus, Eq. (2.6) without subtraction is mathematic- 
ally equivalent to Eq. (2.5) with subtraction. It 
follows therefore that the arbitrariness in the so- 
lution, connected with the parameter 4, is not a 
consequence of the subtraction. 


3. SOLUTION OF THE EQUATION 


We first introduce a new variable 


o = (2v + 1)?, A (v) = B (@). (3,1) 
Equations (2.4) and (2.6) assume the form 
Im B(o) =k(o)|B(o)% o> hs 
& ‘ (352) 
k (wo) = (Vo — I/(Vo + II" = K &v) 
and 
Bo) ==\ Im BOY do’. (3.3) 


1 
Equation (3.3) is solved by the method of 
Castillejo, Dalitz, and Dyson./!21 We consider for 
this purpose the function B (z) in the complex 
plane z =w +iy. The function B (z) has the fol- 
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lowing properties: 1) it is analytic in the plane z 
with cut [1, ~), and 
B (2) =B(z), Im B (w + i0) =k (w)| B (w + 0) f 
2) itis a generalized R-function, i.e., 

Im B (2) aie Im z, 


h(@) = 5) eto) [PPE dao, 


consequently B(w) has zeros nowhere except on 
the real axis and at an infinitely remote point; 
3) when w = 1 we have B(w) >0; 4) it can have 
any number of isolated zeros on the segment of 
(Ty). 

Let us consider the function 


Gye ar aay (3.4) 


H(z) has the following properties: 1) it is analytic 
and in complex plane with cut [1, ©), whereupon 
H*(z) =H(z*) and Im H(w +i0) =—K(w) on 
the cut; 2) it is a generalized R-function and con- 
sequently has no zeros if Im z # 0; 3) it has no 
poles anywhere except at (1, ©), where any num- 
ber of isolated poles of first order is possible 
(this follows from 2), since higher-order poles 
do not have the properties of the R-function); 
4) it has no zeros on the real axis. 

We can therefore write the following general 
expression for H(z): 


k(@’) dw’ 
o’ (w’ —z) 


(3.5) 


gt eet a\ — cz — 2R (2), 


where 


Rj => ——" 


—_———., Sa eh 
= @, (@y =2) nas 


(3.6) 


Let us verify the property 2). 
have 


From (3.5) we 


im. A) = Im’? (Vv @eo +> Ree = 2B, 


with 


n (2) = | OS > 0. 


4 ( k(") do’ 
a 
It follows therefore that 

Ri > 0, (3.7) 


Let us verify now property 4). When w <1 
H(w) is a monotonically decreasing function and 
in order for it not to have any zeros on this inter- 
val it is therefore sufficient to have 


1/A DSI (l)/n +e +R ()), 


Gaze A) 


(3.8) 


where 
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ae 


I (w) = Hibs = 


=n —2V QV) — Fe (Fa), 


eos (3.9) 


(yrs 
v4’ 
and Qo(x) = yy, In[(x +1)/(x-—1)] is the Legendre 
function of the second kind. 

As a result we obtain a solution of (3.3) in the 
form 


B (w) = A/[1l — AI (@)/a — Acw — AwR (w)). (3.10) 


Here R(w) is determined from (3.6) while the 
constants y, c, and Ry satisfy the conditions (3.7) 
and (3.8). The limitation (2.7) is a consequence of 
these conditions. 


4, COMPARISON WITH PERTURBATION THEORY 


Let us establish the correspondence between 
(3.10) and the results of perturbation theory. As- 
suming A to be small and expanding the denomi- 
nator of (3.10), we obtain 


A(y) =4 +21 [Qv + 1%] + Mew + MoR (w) +0 (04). 

(4.1) 
The first two terms of (4.1) correspond to the dia- 
gram of first and second orders of perturbation 
theory, based on the Lagrangian 


Line = (Axt/3) hep*. (4.2) 


The fourth term corresponds to the pole contribu- 
tions of the diagrams corresponding to the second 
order of perturbation theory for a Lagrangian of the 
eral form (see in this connection Dyson’s 
paper 


LY = mal £nPn (x) g (x), (4.3) 
where the fields @y describe unstable particles 
with masses My > 2. The correspondence between 
Zn, A, Mp, Wyn, and Ry can be readily established 
in perturbation theory. 

The third term can be set in correspondence 
with the non-renormalized Lagrangian 


5 fe) hu) 2 g* 
L®, — (ae oe) = 
int = | Ox, 10%, Seek 


where f = 2md%c. Naturally, the correspondence 
with the Lagrangian (4.4) is arbitrary to a higher 
degree, since we cannot construct a consistent 
perturbation theory for such a Lagrangian. How- 
ever, as shown by one of us (A.E.), such a cor- 
respondence can be established in the nonrelativ- 
istic theory. 

We defer the discussion of this interesting fact 
and confine ourselves at the present time to an 


(4.4) 
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analysis of the terms of (4.1) corresponding to the 
Lagrangian (4.2). 
Calculating the s-wave, we obtain from (4.2) 


WV 
Axe. (Y) = ho $EADL OW) +205 (4.5) 


where the amplitude is renormalized at the point x 
y=0, i.e., Ay = Ap.t.(0) and 


a et = Sn Sug ety hie a 
A®, = 6 —2VxQ (Vx) 7s Ole) 


Mgt 02)(. 4. 

2— Qi (Fs) - (4.6) 
Expressions (4.5) and (4.6) must be compared with 
the first terms of (4.1), which can be written in the 
new normalization in the form (4.5), with 


ae 2 Vx Oc We nars Q (T=) (4.7) 


Vx 
Let us compare the second-order terms in (4.6) 
and (4.7). Near the threshold we obtain: a) from 
perturbation theory 


A® pay 8 52 19 248 13 | ‘A 
pate ist * a, is. es 


b) from the solution of the integral equation 


PA) Se elk Wg oe Sam Ye 
Ave. = 3% is ~ 35 


At the threshold of the first inelastic process we 
get for v=3 


A®, (3) = —3.521, AP, (3) = — 3.323. 


We see therefore that in the region of low ener- 
gies the solution of the integral equation corre- 
sponds with good accuracy to the perturbation- 
theory results. The error in the second-order 
term amounts at v =3 only to 6 percent. This 
agreement confirms the hypothesis that the low- 
energy region can be described in closed form. 


5. RESONANT BRANCH OF SOLUTION 


It follows from (3.10) that as v — ~ the solution 
admits of two different asymptotic approximations: 


A(v) =n /2Inv, (5.1) 


corresponding to the absence of non-renormaliz- 
able interactions, and 


A(v)=—1/cv’, (5-2) 


which corresponds to the non-renormalizable 
Lagrangian (4.4). These asymptotic expansions do 
not depend on the part of the R-function corre- 
sponding to the unstable particles. We shall hence- 
forth confine ourselves for simplicity to the case 
when there are no unstable particles or, what is 
equivalent, to the case when the phase does not 
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vanish when 0 <v< «. Then the solution does 
not admit of resonance in the case (5.1), and is 
resonant in the case of (5.2) and for small A at 
the point 


wm h (Qe) ty = 2 VaR. 


If A and f are of the same order of magnitude, the 
resonance is in the low-energy region. 

The resonant solution for small ) can be writ- 
ten in the form 


(5.3) 


2 reels 
Aw =4/[I-Ra1— 3K O00 | 
ny 2v + 5 ee 
+4 /[i+ac ikea y6(—1—v)]. 
(5.4) 


In the limit, as A — 0, the imaginary part of A(v) 
is approximated by the 6-functions: 


ImA (v) = + ad(v, +4) (5 (Vv —v,) —8(v +¥, + I}, 
; (5.5) 


and the real part is approximated by the pole terms 


Re A(x (v4 sal : { ‘ 


v,-—-¥ 'v,+v+14 


} ». (556) 

Thus, for fixed vy, the width of the resonance 
tends to zero in proportion to A, and at A= 0 we 
obtain a non-zero solution. The scattering phase 
changes abruptly from 0 to 7 at the resonance 
point vy, the position of which is arbitrary. Thus, 
the solution is degenerate when A = 0. 

We note that in this case the d-wave A, will be 
proportional to the first degree of Xd. It is ex- 
pressed, however, in terms of a crossing integral 
with large denominator and is consequently small. 
Thus, for example, when vy = 3 and 0<v< 6, 
the numerical estimates yield 


5 As (v) / Ao (Vv) SO %- 


It is quite probable that the solutions for the 
charged case also have an arbitrariness of the 
type (3.10). It can be shown that the solutions of 
the charged system should decrease at infinity. 
In addition to the logarithmic branch, correspond- 
ing to renormalized perturbation theory, branches 
can exist in which the decrease at infinity is faster. 
When the interactions are turned off, these branches 
should lead to discontinuous phases, similar to what 
was described above. 

Let us make a few remarks on the possibility 
of obtaining the solutions (3.10) by the “‘N/D 
method’’ of Chew and Mandelstam (see (41), 

The form of the integral representation for the 
function D depends essentially on the asymptotic 
form of the phase as vy + ©. This representation 
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is determined with accuracy to a polynomial of 
degree n, [14,15] where 
n = [8(0) —8(oo)] /x. 

The choice of representation in the form (V.12) 
of [4] corresponds to n= 0. By the same token, 
Chew and Mandelstam have earlier excluded the 
possibility ofan odd number of resonances in the 
partial waves. Therefore the equations such as 
(V.11) and (V.12) of [4] cannot describe solutions 
of the form (5.4). Resonant solutions such as 
(5.4) call for the use of a second subtraction in 
(V.12). 

We note that a similar conclusion was reached 
by Taylor in his latest paper.'161 

We note also that in our opinion the equations 
of the ‘‘N/D method,”’ such as (V.11) and (V.12), 
cannot ensure crossing symmetry of the real part 
of the amplitude. 


6. DISCUSSION OF RESULTS 


Let us make first one formal remark. Solu- 
tions (5.1) and (5.2) recall in many respects the 
model expressions for the Green’s functions in 
the renormalizable and non-renormalizable theo- 
ries proposed in 117,18) | 

Solution (5.1) is analogous to the expression for 
the photon Green’s function. This solution satis- 
fies the spectral representation without subtraction, 
[i.e., Eq. (2.6)]. However, if we attempt the ex- 
pansion in powers of A under the sign of the spec- 
tral integral, we obtain after integration logarith- 
mically divergent integrals in each order in A. On 
the other hand, if we carry out one subtraction in 
the spectral representation, i.e., if we go over to 
(2.5), these divergences do not arise. 

The solution (5.2) corresponds in this sense to 
the non-renormalizable theory. If we expand the 
integrand in (2.6) in powers of A and f, we obtain 
integrals whose degree of divergence increases 
with the power of f. These divergences cannot be 
removed by any finite number of subtractions. The 
solution (5.2) has thus no correspondence with per- 
turbation theory. There are no grounds, however, 
for discarding this solution and for confining our- 
selves to solutions of type (5.1), which actually are 
analytic continuations of perturbation theory to 
the region of not small values of A. Solutions such 
as (5.2) are degenerate when the interaction is 
turned off. As was noted by Bogolyubov,!!%1 solu- 
tions of this type are of great interest in many 
problems of statistical physics. We see now that 
such solutions can also turn out to be important 
in the theory of elementary particles. It is known 
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that the 33-resonance in mN-scattering is suffi- 
ciently narrow. A similar conclusion is reached 
also from preliminary estimates of p-resonance 
in m7 scattering. However, it is very difficult to 
obtain a narrow 33-resonance./%21] Even greater 
difficulties arise when attempts are made to ob- 
tain a narrow p-resonance in m7 scattering.'?2,23] 
Solutions such as (5.2) lead to narrow resonances 
in a natural manner. 

On the basis of the explicit form of the solution 
(3.10), we can draw the following important con- 
clusion. 

The integral equations obtained from the dis- 
persion relations, from unitarity conditions, and 
from crossing symmetry do not lead to an ambigu- 
ous description of the scattering processes. In 
order to determine the solution completely, it is 
necessary to specify an (infinite! ) set of param- 
eters. 

This fact is not surprising. The dispersion 
relations reflect only the very general properties 
of the theory, such as causality and relativistic 
invariance, and do not give any details on the 
specific interaction mechanism. In this sense, 
the situation in relativistic dispersion theory cor- 
responds fully to the situation in the nonrelativ- 
istic models (see, for example, [13]) 

Thus, in order to obtain a theory from the in- 
tegral dispersion equations, it is necessary to 
specify many other properties of the solutions 
of these equations. For example, in the neutral 
case under consideration, it is sufficient to spe- 
cify the value of the amplitude at the threshold of 
the process, to state the asymptotic behavior at 
infinity, and to stipulate that the scattering phase 
not vanish. Similar limitations can be imposed 
by introducing fixed subtraction constants. The 
threshold value is specified by the first subtrac- 
tion. Specification of the second subtraction con- 
stant (i.e., the derivative of the amplitude at the 
threshold) is equivalent, in the absence of phase 
zeros, to fixing the asymptotic behavior. This 
method of fixing the solution is the most conven- 
ient in numerical solution of the integral equa- 
tions. 

We can now speculate somewhat on the physical 
meaning of the parameters defining the solutions. 

We can, first, establish a correspondence be- 
tween these parameters and Lagrangians of the 
type (4.2), (4.3), and (4.4). It may turn out here 
that an important role is played in pion physics 
by interactions which are not renormalizable in 
perturbation theory (see [24] in this connection ). 
In other words, the dispersion approach may de- 
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cide, through comparison with experiment, the 
existence of non-renormalizable strong interac- 
tions. 

Second, it can be assumed that the parameters 
under consideration take into account the influence 
of inelastic processes on the elastic processes in 
the low-energy region. We arrive thereby at the 
possibility of a phenomenological account of in- 
elastic processes in the two-particle approxima- 
tion scheme. 

In conclusion we note that analysis shows the 
essential properties of the neutral model, to which 
this section was devoted, to be possessed also by 
the scattering of charged pions. The results of an 
investigation of a real charged case will be re- 
ported in future articles. 

The authors consider it their pleasant duty to 
thank N. N. Bogolyubov, D. I. Blokhintsev, and 
A. A. Logunov for useful discussions. 
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Radiative corrections to pion decays are calculated. The spectra of real photons emitted to- 
gether with » mesons and electrons are different in shape. The ratio of the decay proba- 
bilities, therefore, depends on the common cut-off parameter for the photon spectrum in 
both channels. The contribution of radiation effects to the total decay probability (decay with 
emission of any photon) is 3.93%. This correction is primarily determined by the ratio of 
the photon emission probabilities from the electron and the » meson. Expressions for the 
lepton and photon spectra in 7 decays are given. 


Raputive corrections in weak interactions have should play a similar role in the case of the two 


been the subject of many papers [1-9] It was shown 
in this work that the form of these corrections is 
different in different processes. In B decay, 
where there are two charged particles of the same 
helicity in the final state, one finds integrals 
which diverge at the upper limit owing to the in- 
teraction between these particles (together with 
the effect of their proper masses). In p, decay, 

on the other hand, in which the charged particles 
also have the same helicity but one is absorbed in 
the beginning and the other created in the end of 
the process, the corresponding integrals compen- 
sate each other* and the corrections can be calcu- 
lated. 

The divergence in the first case is apparently 
connected with general difficulties of the four- 
fermion interaction. However, in the second case 
we should expect that the major part of the effect 
is due to the emission of real photons with com- 
paratively low energies, so that the magnitude of 
the correction is, for the most part, simply deter- 
mined by the probability for such a decay. It is 
natural that the emission of quanta will have a 
comparatively large effect on the angular and 
energy distribution of the reaction products, but 
will affect the magnitude of the total probability 
only weakly. Thus, in the py —e decay, the Michel 
parameter, which determines the spectrum of the 
electrons, is changed by 5% owing to the radiative 
corrections, whereas the lifetime of the » meson 
changes only by 0.5%. The radiative corrections 


*If the graphs are drawn such that the decay is described 
as the transformation of one charged particle into another 
(u into e, p into e), the divergent integral occurs when the 
helicity of the charged particle changes. 


possible types of pion decay. 

Recent investigations of the pion decay!1011] 
have shown that the experimental value of the 
ratio of the electron and the muon decay proba- 
bilities of the 7 meson is close to the value pre- 
dicted by the Feynman-Gell-Mann theory. The 
theoretical value is, without radiative correc- 
tions, 121 
PW a Toea Gtette Digh t ae (1) 


= = =2 15282103"; 
Ro (Wav do (m5 — mi)? mi 


where (We,,)o and (Wiup)o are the uncorrected 
probabilities for the electron and muon decay of 
the m meson, respectively. Radiative corrections 
to both decay types have been calculated by 
Berman!®] (also by Kinoshita!®1), who showed 
that the correction to the ratio (1) is surprisingly 
large and reaches the value of 14%. 

Berman calculated, in the usual manner, the 
sum of the ‘‘radiative corrections’’ and the 
‘‘probability for the emission of real soft photons.’’ 
This quantity depends on the cut-off energy of the 
quanta or, what is the same thing, on the observed 
energy loss of the electrons AE (the result com- 
puted below corresponds to AE = 0.25 Mev). It is 
clear that the correction can be large in this case 
if the shape of the photon spectrum is very differ- 
ent in the two decays. In this case the cut-off will 
separate out different parts of the lepton spectrum. 
The calculations show that this is indeed the 
reason for the large size of the correction. This 
circumstance has also been noted by Kinoshita;(®1 
but he did not give all the formulas. 

In the present paper we shall repeat all these 
calculations; our formula for the correction to the 
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decay probability differs somewhat from that of 
Kinoshita (but the numerical value of our correc- 
tion is almost the same as Kinoshita’s). We shall 
also give formulas for the photon spectra. The 
lepton spectrum obtained by us agrees with that 
calculated by Ioffe and Rudik,"“4] Vaks and loffe 15] 
and Bludman and Ruderman !'!8], 

The calculations are carried out in the standard 
manner. The emission of virtual nucleons is ne- 
glected, since the corresponding terms contain the 
nucleon mass in the denominator (see, for exam- 
ple, §171). Choosing a coordinate system in which 
the mt meson is initially at rest, we have for the 
radiative decay probability /*1 


W) = = {6()[In +—in 0 —p') — Fine +4] 


__ p2 (10 — 7p?)  20+B%) 4 2) 4 (15 — 24 2) 
2(— p?)2 Inw =F re i), Lt yp?) + 8 (4 — p?) v 
(2) 
Cin(t —¢ Sees 
L(x) =\ P09 at = — 3) (x1 <1) 
0 k=1 
Oy taal 
b(p) =2(7-=4 Inp +1). (3) 
In these formulas A is the infrared cut-off 
parameter and yp is the ratio of the lepton and 
pion masses. 
The spectra of the photons and leptons are 
given by the formulas 
i Dy) (4 —5 p? — 28.) 
AW evy (Ex) = (Wev)o = \ rH + G— pp? 
p? ie) £ 
“% (1—2e,) (4 — p*)? a, (l— p?) e, 
2(1— p? — 2e,) l= AG, 
a oa — pe) | aye jer ae 
a 4 ln, eee é AV ey 
AW (0) = Woe =P EERE) 5 Vt 
See aD (4 De pe 28) 
—2Ve2— + SC ea ee 
OS A oe 
/ ppl ieel ae | de (5) 
8 =A ae a pe? 
where 
&, =Ey/ mz, & =Ee/ mz. 


Formula (5) agrees with the formula of Bludman 
and Ruderman.!16] 


Total 

AE,/Me | 0,5 10 | 20] 30 energy 

region 

Ro—R Berman 13.9 | 7.6 |6.4| 5.3 | 3.9/8 
Ro )-408 This work | 14.0 | 7,8 6.5) 5.8 | 3,93 


Dependence of the ratio (Ry — R)/R, 
on the cut-off parameter. 


NEe, in uhits of me 
20 40 60 
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If we take account of all Feynman graphs with 
emission of a virtual photon up to order e?, we ob- 
tain for the probability of non-radiative electron 
(or muon) decay of the 7 meson 


3 Sb, Xr 
Woo (Wer)o {1 a capers In=~ — 6) (In 5 as in 


wer zr) +% a Ey Axe | (6) 


where L and J are the upper and lower limits of 
the energy of the virtual photons, respectively. 
The difference between Kinoshita’s formula!®] 
and ours consists in the fact that in the former 
the term —*/ is replaced by — '’) (after the mass 
correction). 

Summing (2) and (6), we find for the total 
(radiative + non-radiative) decay probability for 
the pion 


Mev + Wew aAiteL . 
Wee eel Fi a ge — Op) inl —p?) 
_ (6 — 20n*+ 1p4) 
: 2(— p)2 ny 
aoe (6 — 9p?) 
ap ay ed BY) + Fant ( 


In Kinoshita’s workl®] the last term (after the 

mass correction) is replaced by 

(13 —19 p2)/8(1—p’). With the help of formula 

(7) we can compute the radiative correction to (1). 
For the probability of emission of a lepton with 

energy less than Emax — AE we find 


Wey (E < Emax — AE) is ie 2 
: -= 2 {— d(p) (In see +210 (1 — p") 


i) + ap EUW) — Le | 


pe (40 — 7p?) 4 (1 — 3p) WE 

24 — y2)? ie y2)8 m, | In p 

(15 — 21?) 4(1+ 2p?) AE 8 
+ aie ee Ga m Ih (8) 


Formula (8) goes over into Kinoshita’s formula!®] 
if we neglect the terms linear in AE. 

We can now write down the formula for the 
correction to the ratio of the probabilities of the 
electron and muon decays in which the leptons 
have an energy which differs from the maximal 
value by no more than the amount AE. Substituting 
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the numerical values of the constants, we obtain 
2AE, 
mM, 


2AE, f (am. \}. (9) 


m.. fie 


R (AE) = Ry {1 — (4.647- 107) [30. 12 —4.611(In 


A comparison between our numerical results and 
those of Berman!®] and Kinoshita!®J is given in 
the table. 

For an illustration, we show the dependence of 
the ratio on the cut-off parameter AFe in the 
figure. We note that for AEe = 10 Mev, which is 
the value assumed in the experiments of reference 
11, we have R=1.198 x 10~ [the experimental 
value is R =(1.18 + 0.08) X 1074). 

We express our gratitude to L. Okun’, Chu 
Hung-yuan, Chu Kuang-chao, Ho Tso-hsiu, Hsien 
Ting-ch’ang, and Wang-j’ung for a useful discus- 
sion of this work. 
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We investigate the excess of electrons in an electron-photon shower. This excess is caused 
by annihilation of the positrons in flight and by the Compton and 6 -electrons in the cascade. 
It is shown that at the maximum of the shower the excess may comprise ten percent of the 
total number of shower particles. The Cerenkov radiation from this excess charge in a dense 
medium is estimated. It is indicated that this radio emission from showers produced by 
high-energy accelerator particles or cosmic rays in blocks of dense matter can be recorded 
and used. The possibility of recording radio waves from penetrating particle showers in the 
moon’s ground, by apparatus dropped on the lunar surface, and in underground layers on the 
Earth in which radio waves can propagate, is also noted. 


1. EXCESS NEGATIVE CHARGE OF ELECTRON- 
PHOTON SHOWER 


i processes contribute to the formation of 
an excess of electrons in a cascade, namely anni- 
hilation of the positrons in flight and dragging of 
the Compton and 6 -electrons into the shower 
cascade. Let us estimate this excess charge. 

We write the equation for the average number 
of electrons n_ and of positrons n, with energies 
of interest to us in the form 


ts - ® (?) = Os + ns, Cc’ fh aad @ (t) thy] Te, 


where @(t, ni, ny) is a function of the electron 
and positron pair production by y rays and 
shower particles, ng, c is the number of Compton 
and 6 -electrons with energies of interest to us 
produced per unit time by the quanta and shower 
particles, 7, is the lifetime of the charged parti- 
cles prior to energy loss to production of the y 
quanta. We put 1/7, =1/rT_+ 1/Tg, where Tq is 
the lifetime of the positron prior to annihilation. 

Subtracting the equation for n, from the equa- 
tion for n_ we obtain for the excess particles v 
=n_-—n, the equation 

y +v/t_=n,/ts +1s, C| n,/ Ta. 

The value of p can be estimated by putting n,/Ta 
~ Aet/T., where T, is the characteristic build-up 
time of the number of annihilating positrons. For 
this case we obtain 


Aet/T+ Te 


~~ -t/t ad Ns eee . 
Vee Ce + oF pie. ~ t,t +1) bee 2 


It is easy to see that T, ~ r_, and therefore pv 
~ n,T/Tq. Inasmuch as T *lyadq/e and Tg 
* 1/Neoac, where the annihilation cross section is 


O, = nrg (mc2/E,) In (2E,/ me’), 


and the radiational length 
% 
laa = 137/4ZN-r? In (183/Z"), 
we obtain 


Tee Ro (=) in (2c) ee 8 
ee ZANE ta (483/Z"2) VARI 


a 


This ratio is independent of the density of the 
medium, and depends only on its atomic number Z 
and on the particle energy. For example, when Z 
10, with a mean particle energy at the maximum 
of shower development E * 108 ev, we obtain 1/Ta 
~ 0.1, i.e., the number of moving electrons in the 
shower can exceed the number of positrons by 
some ten percent. 


2. COHERENT RADIO EMISSION FROM THE 
SHOWER 


The presence of a moving uncompensated 
charge in a shower may increase by many orders 
of magnitude a flash of Cerenkov, bremsstrahlung, 
or transition radiation in the radio range. Various 
possibilities of recording cosmic showers by 
radio emission bursts have been discussed nu- 
merous times (see, for example [!J),. Coherent 
amplification of the radio emission from the ex- 
cess charge increases the chances of registering 
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the showers by radio. Indeed, in the range of 
wavelengths greater than the dimensions of the 
cluster, the intensity of radiation is proportional 
to v*. This value is the greater the more particles 
in the shower, so that radio registration of power- 
ful electron-photon showers becomes preferable. 

The density of the medium determines the di- 
mensions of the localized region of shower parti- 
cles and the range of wavelengths in which the 
radiation is coherent. A flash of coherent radia- 
tion is produced when there are created in the 
shower a large number of particles of such energy 
that the positron annihilation becomes noticeable, 
but the range of the positrons is still not too 
small. In air, the shower dimensions and the 
wavelengths radiated are of the order of hundreds 
of meters. In dense media, the coherent radio 
emission is in the ~ 1— 100 cm wavelength range. 
Interest attaches to registering the flash of radio 
emission from a shower created in a block of 
dense matter by a high-energy particle (from 
outer space or from an accelerator), since it is 
possible to estimate from the intensity of the 
flash the number of particles in the shower and 
the energy of the primary particle. The radiation 
power is greatly dependent on the energy Ey, of the 
primary particle: 


Ada = (e?v? /c) oAw = 3 (101% A,)? «mw for 
Ao ~ 0.la ~ 2-10° (4 ~ 10 cm): 


For example, when E, © 10!8 ev, the radiation 
power is AJ,, * 30 w. It is obviously expedient 
to use media in which the shower has minimum 
dimensions, since this permits the use of higher 
frequencies, where the Cerenkov radiation is more 
intense. 

We note that other mechanisms for the separa- 
tion of charges in the shower are possible. For 
example, V. I. Gol’danskii indicated (private 
communication) that the polarization of a shower 
by the earth’s magnetic field can give rise to co- 
herent radio emission. To him is also due the idea 
of using the transition radiation to register such a 
shower as it arrives to the earth’s surface. 

Increased efficiency of registration of cosmic 
particles and showers of superhigh energies may 
yield valuable information on rare processes in- 
volving gigantic energies and occurring in outer 
space. We consider below a possible method of 
remote registration of penetrating particles by 
using flashes of radio emission produced under- 
ground, either on earth or on the moon. 
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3. REGISTRATION OF PENETRATING PARTI- 4 
CLES AND SHOWERS UNDERGROUND ON . 
EARTH AND ON THE MOON 


The presence of extensive underground zones in 
which radio waves can propagate was noted re- 
cently [71 It was established that the surface layer 
of the earth screens the internal zone completely 
against external electromagnetic interference. 

The small attenuation of the radio waves (particu- 
larly in substances such as rock salt, marble, 
granite, etc.), the dielectric constant of the rocks, 
and the absence of radio interference at great 
depths offer hope of effective registration of 
cosmic particles of high penetrating ability, for 
example muons, by means of the Cerenkov radia- 
tion of the radio waves emitted when the particles 
penetrate deeply underground or when a shower is 
produced there by these particles. 

Let us estimate the effective signal produced 
by the shower: the radiated power due to the mo- 
tion of the excess shower charge is AJ,y) 
~ (e??/c) wAw ~ 30w when p~ 10’ and Aw 
~ 0.lw ~ 2x 108 (A—1) meters. Estimates of 
the absorption path |, for not too short wavelengths, 
1 = Véc/2m0 (see [3] ), based on values of the con- 
ductivity o of pure rocks such as salt, marble, or 
granite (see, for example, 4] ), Show that the ab- 
sorption paths are greater than the distance R of 
interest to us, which is on the order of a kilometer 
to the point of reception. The field intensity of a 
signal equivalent to the radiated power is ¢@ 
= (ev/cR)VwAw ~ 30yuv/m, which is many 
times greater than the level of internal noise of 
an ordinary receiver ( @ = 0.1 pv/m — see, 
for example,|?] p. 88). 

It must be noted that the dimensions of rocks in 
which interactions can be registered are commen- 
surate with the radiation length for a muon ina 
dense medium (on the order of several kilometers), 
thus permitting more efficient registration of the 
muons by means of the electron-photon showers 
that they produce. The absence of external radio 
interference allows amplifiers with low internal 
noise to be used and to register flashes of radio 
emission from groups of mesons of a shower pro- 
duced in the atmosphere, or from individual 
mesons. 

We note that the generation of radio waves by 
cosmic particles and by showers should be more 
intense in the ground of the moon, which has no 
magnetic field or atmosphere, and which permits 
all cosmic rays of any energy to reach its surface; 
the absorption of radio waves in the ground of the 
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moon should in this case be small even near the 
surface. This facilitates the registration of 
flashes of radio emission of showers in the ground 
by means of suitable apparatus dropped on the 
moon. 

In general, the importance of ground-wave 
radio communication on the moon will apparently 
be great, owing to the lack of a Heavyside layer 
and to the large curvature of the moon’s surface, 
which makes it impossible otherwise to communi- 
cate by radio between two remote objects on the 
moon’s surface. 


'J. Jelley, Cerenkov Radiation and Its Applica- 
tions, Pergamon, 1958, Chapter II, Section 5. 

* Radio-Electronics, 31, No. 10, 6 (1960). 

3 Al’pert, Ginzburg, and Feinberg, Raspros- 
tranenie radiovoln (Propagation of Radio Waves), 
Gostekhizdat, (1953). 

4Sb. fizicheskikh konstant (Collection of Physi- 
cal Constants), ONTI, 1937, p. 202. 
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It is assumed that the interactions between elementary particles are characterized by an 
effective range that depends only on the mass of the particles transmitting the interaction. 
It is shown that if all masses (and consequently interaction ranges ) are fixed, then uni- 
tarity and analyticity limit the possible values of the 7N interaction coupling constant, as 
well as the absolute value of the mm scattering amplitude at zero energy (in the case when 
the latter is negative). The proof is carried out by means of dispersion relations for the 


inverse of the forward scattering amplitude. 
1. INTRODUCTION 


ly modern field theory particle masses and coup- 
ling constants between fields describing these par- 
ticles appear as independent quantities, whose val- 
ues must be given by experiment. This is true both 
of the Hamiltonian form of the theory, where re- 
normalization is performed in such a way as to 
make the renormalized charge and mass the same 
_ as the observed ones, and of the dispersion rela- 
tions approach, in which the location of the singu- 
larities of the scattering amplitude and the resi- 
dues of the pole terms are identified with the ex- 
perimental values of the particles’ masses and 
coupling constants. One might, however, ask the 
following question: could not the values of the par- 
ticle masses impose some restrictions on the 
coupling constants? The example of nonrelativistic 
theory with point interaction shows that such a sit- 
uation is possible; in that example the magnitude 
of the renormalized coupling constant cannot be 

in excess of a certain critical value, determined 
by the masses of the particles.[1:2] 

In the relativistic theory no such precise limi- 
tation can be proved. This is related to the cir- 
cumstance that the interaction between particles 
is effectively smeared out by the existence of 
virtual processes. On the other hand, it has been 
assumed in field theory, beginning with Yukawa, 
that if an interaction is due to the exchange of a 
particle of mass yw then the effective range of the 
interaction is of the order of f/uc, regardless of 
the interaction strength. If one accepts this point 
of view, i.e., if it is assumed that the range of the 
interaction is determined by the masses only, then 
it becomes possible to deduce limitations on the 
coupling constants. 


In this paper we consider scattering of 7 me- 
sons by nucleons. Analogous considerations are, 
apparently, valid for other processes (for ex- 
ample scattering of K mesons by nucleons ), how- 
ever the existence of unphysical regions in the 
dispersion relations for these processes compli- 
cates their analysis. 

We find it convenient to make use of dispersion 
relations for the inverse of the forward scattering 
amplitude. These dispersion relations possess a 
number of peculiar properties, although mathemat- 
ically they are a consequence of the direct disper- 
sion relations. In the first place, they are sensi- 
tive to the zeros of the scattering amplitude. The 
number of these zeros is limited; it is shown be- 
low that if the high energy behavior of the cross 
section does not differ much from a constant, then 
the forward scattering amplitude of charged pions 
on nucleons can have in the complex plane one, two 
or three zeros; the mz-scattering amplitude either 
has no zeros, or has one or two zeros; the Compton 
effect amplitude has no zeros. In the second place, 
although the ‘‘inverse’’ dispersion relations are an 
identity with respect to the coupling constant, in 
distinction to the usual dispersion relations they 
do not represent a term by term identity after the 
integrands have been expanded in a power series 
in the charge. 

In addition to restrictions on the coupling con- 
stants, i.e., on the residues of the pole terms in 
the scattering amplitudes, it also turns out to be 
possible to obtain restrictions on the scattering 
amplitude at zero energy (scattering length) when 
the latter is negative. In conclusion we discuss the 
following question: might not the observed pion- 
nucleon interaction coupling constant have the max- 
imum value allowable by the prescribed masses? 
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It is possible to give certain indirect arguments 
in favor of such a hypothesis. 


2. SCATTERING OF 1’ MESONS ON PROTONS 


Let us consider first scattering of a mesons 
on protons. This case is simpler than the scatter- 
ing of charged mesons because the imaginary part 
of the forward scattering amplitude differs in this 
case on the left and right cuts by its sign only. The 
dispersion relations for A°(w), including the form 
of the pole term, are easily written down following, 
for example, the work of Goldberger et ali? taking 


large energies at least as fast as 1/w. And as 
regards the sum of the pole terms, it will be shown 
in the following section that it contains only one 
term with wi < w%, if A°(u) < 0, and one more 
term with w% < w< pu’, if A°(u) > 0. All this, how- 
ever, is irrelevant for what follows. 
The residue of the function A°(w) at the pole, 

proportional to the coupling constant f?, equals 


— (dh/dw*) ~} 2. It is therefore easy to ob- 


ev? =w 

0 
tain the following expression for the coupling con- 
stant: 


co 


into account the fact that A°(w) = [A*(w) + A’ (w)]/2, af 2o9| = \ i A dlr Mi aS an b, |. 


where A* are the forward scattering amplitudes for 


m mesons on protons: 


A® (0) =A? (2) +2Po0| 


+ at Im A? (w’) [a ae — =| dw, (1) 
a 


1 1 | 
o—o? o— 


Here w is the energy of the 7 meson in the labo- 
ratory system, p is the mass of the 7 meson, 2 
= 0.08 is the meson-nucleon coupling constant, 

Wo = pe/ 2m, and m is the nucleon mass. Accord- 
ing to the optical theorem we have 


Im A® (w) = (k/ 42) 0° (w), (2) 


where o°(w) is the total 7°-meson-proton inter- 
action cross section. 

It is clear from Eq. (1) that, as a function of the 
complex variable w*, A°(w) is an R-function, i.e., 
the sign of its imaginary part is the same as the 
sign of the imaginary part of w*, and consequently 
it can have zeros only on the real axis.(1] The in- 
verse function h9(w) = —1/A°(w) is also an R- 
function and has poles only at the zeros of the 
function A°(w), i.e., on the real axis. The most 
general dispersion relation that it satisfies is of 
the form 


foe) 


4 ear R,, 
hh (a) = =| im h (©) ! >» o, — 0 aie ee 


@? 
2 


p- 


The constants w%4, Rn, b and b, are real; further- 
more b,; => 0 and Rn =0. The latter is necessary 
in order that h°(w) be an R-function in the w?- 
plane. The dispersion relation (3) has been written 
without subtractions since Im h°(w) = Im A°(w)/ 

| A°(w)|? goes at large w like 1/w, if the cross 
section 09(w) is approximately constant. Besides, 
two more subtractions in the variable w* would not 
change the discussion that follows. Actually, some 
of the terms written on the right side of Eq. (3) 
drop out. Thus, the quantities b and b, are equal 
to zero if the cross section does not decrease at 


‘se u 2 | Ae (@’) P (@’2 — @°)? 


= (o2 — o>)” 


(4) 
As a result of the positive nature of Ry and by 
it follows from here that 


it 209 C Im A°(@’) dw’* 
3 aie 5 
>t" POT Ge oe 


pe - it 
p? 


The idea of the subsequent discussion consists 
of the following. At low energies, when it is pos- 
sible to limit oneself in the scattering amplitude 
to s-waves only, one has* 


Im A? (0) /| A9(w’) P= k= Vo® oe 


and the range of the variable k’, within which this 
assertion is valid, is determined by the inequality 
k’'p < 1 (p is the range of the 7-meson—nucleon 
interaction). If one accepts the hypothesis men- 
tioned in the introduction, that the quantity p is 
determined by the masses of the particles only 

and does not depend on the renormalized coupling 
constant, then the integral on the right side of Eq. 
(5) will certainly contain a small region (k’p « 1), 
whose size is independent of f?, where the inte- 
grand is equal to k’ (w’*—w%)™*. Since the entire 
integral can only be larger than the result of the 
integration over this small region, it follows that 
the quantity f-2 is bounded from below by a certain 
expression which depends only on the masses of the 
particles. 

Below we shall obtain a more precise inequality 
based on replacing the integrand by a quantity in- 
dependent of f? at all energies. We have for 
Im A? / | A° |? 

Im 4°} @| 3° (@) {of (@, 0) d2/ 4a 
| A°(@) |? 46° (@, 0) 


Rk 


(6) 


V 


a? (@, 0) 


Here o°(w) is as before the total 7°-meson-proton 
interaction cross section, and o{(w, 6) is the dif- 


*Strictly speaking, this equality applies only to pure iso- 
topic states, however the refinements conmected with this re- 
mark are trivial and do not lead to any new results. 
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ferential elastic scattering cross section through 
the angle 6. We next carry out a phase shifts ex- 
pansion of the right side of Eq. (6):* 


& | @,|? (22 + 1) 
[2] a, |(22 + 1) }? * 


Im A°(@) 


Sa; P (24+) 
[A (o) we 


| Bia, (2h 44) (2 i 


zk 


We shall, further, assume that the partial wave 
amplitudes aj decrease rapidly for 1 > 1)(k) 
=ko(k), where p(k) is the interaction range 
characteristic of the given energy. If the effective 
dimensions of the system do not increase indefi- 
nitely with increasing k, then there exists a cer- 
tain maximum p, such that at all energies the aj 
are vanishingly small if 1 >7)=kp. It should be 
emphasized that the quantity p need not coincide 
with the quantity p(k) as k—. It is easy now 
to observe that the right side of the inequality (7) 
reaches a minimum, when all the aj are equal to 
each other. Thus 


ly 
Im A°(o k k 
rato >> e+ DS pam Ge eae. 2 
For ko « 1 one obtains the correct value 
Im A/|A|?=k. Substituting Eq. (8) into Eq. (5) 
and performing the integration we find 
4 4a 2 2p (1 — p? st 1 — 6p? + p4 
poe lasers taper et tae 
(9) 
In Eq. (9) we have set wu =1 and have neglected 
the small quantity w,) in comparison with unity. 
The choice of the quantity p is fairly arbitrary. 
Since the t-meson-nucleon interaction proceeds 
via the exchange of at least two 7 mesons one 
might expect that p ~ %. Then f? < 60 (wy = 0.07). 
When p = 1, f*< 100; when p =0, f*< 15. Let us 
also note that evenif op were to increase with en- 
ergy an estimate of f* would still be possible. One 
would only need to take into account this k-depend- 
ence of p when carrying out the integration in Eq. 
(8). Such a dependence, however, is of little impor- 
tance since the main contribution to the integral in 
Eq. (5) comes from w’ ~ yu. 
The limitation here obtained on the magnitude 
of the residue has the following meaning: as f? 
goes through a certain critical value the scatter- 
ing amplitude ceases to satisfy the unitarity and 
analyticity requirements. That this is so can be 
clearly seen in the example of nonrelativistic 
theory.{] 
The magnitude of the residue of the pole term 
in the amplitude for the scattering of 7° mesons 
on protons, in contrast to the residue in the am- 


*The inclusion of nucleon spin leads to no new results, 
naturally. 
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plitudes for the scattering of charged mesons, is i 
proportional to the small quantity w,). This nu- 
merically worsens the estimate of f? and results 
in a complete disappearance of the inequality in 
the limit when the nucleon mass becomes infinite. 
It is therefore of interest to study the amplitude 
for the scattering of charged mesons on protons. 
We shall show in what follows that in this case 
one obtains a much stronger restriction on f. 


3. ZEROS OF THE FORWARD SCATTERING 
AMPLITUDE 


In order to obtain restrictions on the residue 
of the amplitude for the scattering of charged 7 
mesons on nucleons, it is necessary to know the 
number and the location in the complex w-plane 
of the zeros of the amplitude. In this section we 
shall derive a formula for the number of zeros 
and will discuss their location. 

Let us consider the amplitude A*(w) for the 
scattering of 7* mesons on protons and the ampli- 
tude A-(w) for the scattering of 7 mesons on — 
protons, which is connected to A* by the crossing 
symmetry condition. A*(w) is a function analytic 
in the complex w-plane except for the two cuts 
from w=p to w=+% and from w=-—yp to w 
=-—, and the pole at w = wy) =p?/2m. On the 
right cut the imaginary part of A*(w) is positive 
above the cut [Im A*(w) =ko*(w)/47] and differs 
by a sign below the cut. On the left cut the situa- 
tion is reversed: the imaginary part is positive 
below the cut and equal to ko" (w)/47 and negative 
above the cut. [o*(w) are the total interaction 
cross sections for 7* and 7 mesons with pro- 
tons.] 

Consider the integral 


4 At’ (@ 
a Foy d (10) 
where the contour consists of lines enclosing both 
cuts on both sides joined at infinity by two large 
semicircles. According to Cauchy’s theorem, the 
integral is equal to the number of zeros (k) minus 
the number of poles (p) of the function A*(w) con- 
tained inside the contour (in our case p=1). On 
the other hand the integral is equal to the incre- 
ment in the phase of the function on traversing the 
contour, divided by 27: 


k—p = Ag/2n. (11) 


As will be seen from what follows the increment 
Ag depends on the signs of the real quantities 
A*(u) and A*(—y) =A™(y), i.e., on the signs of 
the scattering lengths. Let us assume for defi- 
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niteness sake that A*(u) <0 and A7(yu) >0 and 
‘start calculating Ay by beginning to traverse the 
contour at w=. Then the initial value of the 
‘phase, y(u), may be taken equal to  [A*(y) < 0]. 
The value of the phase at the point w=+~+ie 
will lie between zero and 7 if the total interaction 
eross section (and, consequently, the imaginary 
part of the amplitude) does not vanish anywhere. 
The total cross section is determined by many 
partial waves and we shall assume that not all 
scattering phase shifts can be simultaneously 
equal to multiples of 7. This assumption can be 
proved theoretically, since the phase shifts cor- 
responding to large orbital angular momenta can 
be calculated from diagrams with lowest in mass 
intermediate states.{4] 

Let us now assume that the asymptotic behavior 
of the amplitude A*(w) at large w has the charac- 
ter w, where n is an odd integer. n must be odd 
in order that the imaginary part of A*(w) be nega- 
tive above the left cut. On traversing the large 
semicircle, joining the points + +ie and -® 
+ ie, the phase increment amounts to nz. As one 
proceeds along the upper edge of the left cut, the 
phase varies between nm and (n+1)7 and conse- 
quently is equal to (n+1)a [an even multiple of 
m since A7~(u) > 0] at the point w =—y. Continu- 
ing these considerations it is easy to show that the 
total phase increment upon traversing the contour 
equals Ay = 27m. From here, according to Eq. 
(11), we get 


k=ntp (A4*()<0, A (y)>9%. 


It is easy to see that Eq. (12a) remains valid if 
At*(u) >0, A-(u) < 0, but 


k=n+p—1 (At(py)<0, A (ry) <9), 
k=ntp+l (Ati) >0, A (ey) >9). 


If the asymptotic form of the amplitude does not 
have a pure power law character, but rather is mul- 
tiplied by a slowly varying function (for example, 
by ~ In~? w, which would insure the decreasing of 
the total cross section!*]), then Eqs. (12) remain 
valid. If instead the behavior of the amplitude at 
infinity is governed not by an integral power of w, 
then it is easy to show that the n in Kgs. (12) is 
equal to the odd integer nearest to the exponent of 
w in the asymptotic form of the amplitude. It 
should be added that in view of the positive nature 
of the imaginary parts on the cuts the scattering 
amplitude cannot, apparently, have an asymptotic 
behavior that depends on the direction in the com- 
plex plane along which the point at infinity is ap- 
proached. 


(12a) 


(12b) 
(12c) 
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If it is accepted that at large energies the total 
cross section is approximately constant (n = 1), 
then it follows from Eq. (12) that the forward 
scattering amplitude of 7* mesons on protons has 
one [A*(y) < 0], two [A*() of opposite signs], 
or three [A*(y) > 0] zeros. Qualitatively the lo- 
cation of these zeros can be easily determined by 
investigating the amplitude A*(w) for real values 
of w in the interval (-y, uw). For w close to wy 
At(w) tends to + if w lies to the left of wp, 
and to —© if w> wp . It therefore follows that in 
the case when A*(y) < 0 and A~(y) < 0 the single 
zero of the amplitude lies on the real axis to the 
left of the point wy). When A*(yu) > 0, A (yu) < 0, 
the amplitude has two zeros: one to the left and 
one to the right of the point wy. When A*(p) < 0, 
A7(u) >0 (the experimentally observed situa- 
tion) one has various possibilities. The two zeros 
of the amplitude could both lie to the left of wo, or 
both to the right of wo, or lie in the complex plane 
(in which case they must be, of course, complex 
conjugate). All the cases with three zeros can 
be obtained from these last ones by the addition 
of a zero on the real axis to the right of wp. 

The amplitude for 7° mesons scattering on 
protons {A°(w) = [A*(w) + A-(w@)172,, AMX) 
= A°(~w)} has two poles at the points wy and 
—Wp , and has consequently either two zeros if 
A°(u) < 0 (which corresponds to the experimental 
data), or four zeros if A°(u) > 0. In the first 
case these zeros are either on the real axis be- 
tween —W ) and w , placed symmetrically with 
respect to the origin, or on the imaginary axis. 

In the second case one must add to them a zero 
to the right of w,) and a zero to the left of — Ww. 
In the w*-plane this corresponds to what has been 
said in the previous section. 

In an analogous manner it is easy to show that 
in electrodynamics the amplitude for forward 
scattering of photons on electrons has no zeros 
[A(0) =—e2/m < 0], and the amplitude for scat- 
tering of 7 mesons on 7 mesons has either no 
zeros, or one, or two zeros. 


4. SCATTERING OF CHARGED 7 MESONS ON 
PROTONS AND tx SCATTERING 


Let us return to the estimate of the residue of 
the pole term in the amplitude for the scattering 
of 7* mesons on protons, A*(w). As was shown 
in the preceding section this function may have 
one, two or three zeros distributed in various 
ways. The most interesting, from the point of 
view of obtaining restrictions on the coupling con- 
stant, is the case of two complex zeros and, pos- 
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sibly, one more zero to the right of w ). All the 
other variants can be discussed in a manner anal- 
ogous to the one described below, and lead to 
stronger inequalities on the coupling constant — 
hence may be considered as being included in the 
estimate obtained below. 

Let w;, and w, = wf be the complex zeros of 
A*(w), and ws the additional zero (w 3 > wy). 
Consider the functions 


=A* (0) (v +p) /(0—o,) (009), 
H* (w) = —1/F* (0), 


F* (o) 
(13) 


which are R-functions (the imaginary parts of 
these functions due to the pole terms and on the 
right cut have the same sign as Im A*(w), and 
the opposite sign on the left cut). F*(w) has two 
zeros at w= —yp and w = wz and a pole at w = wp, 
H*(w) has poles at w = —y, wz and a zero at 

W = Wy; both functions behave for large w approx- 
imately like constants [A*(w) ~ w]. The disper- 
sion relation for H*(w) has the form 


co 
d \ doy’ 
Ha 

pb 


ape oie ee 4 4 
n |A-(0’) Po’ —p Ferm a 


Im At (o’) 
| At (@’) /? 


+ py | o’ — @; ? 1 4 
He o’+y lee -s- | 


|O: + p/? 4 { 4 aa 4 
~~ Am (p) as man : Rol are feral 
(14) 


A subtraction has been performed at the point 
@® = W, in Eq. (14) and the fact that H(w)) =0 has 
been taken into account, so that for w close to wy 
H(w) is of the form H(w) = H’(w9)(w—wyo). 
can be seen from the relation between H*(w) and 
A*(w), the magnitude — 2f* of the residue of the 
function A*(w) is proportional to —1/H’(wy). 
Consequently 


1 Gos {=\ | @’ — a, |? do’ 
2f? | @—a,|? |x } | At fF (@’ — @)? (o’ + p) 
p. 

lee} 
nl \4 A- | +0, |? do’ 
es 


: | Am |? (@’ + @o)? (@’ — 1) 


Ay Stitt? eee ' Rs | 


| 
v A~ (pW) (H+ @o)? © (@3 — @o)?) * (15) 


We can now proceed in the same manner as in 
estimating the residue of the function Al(i5). ie. 
estimate Im A*/| A*|? by Eq. (8) and then 
strengthen the inequality by throwing away the 
last terms in Kq. (15). If the small quantity wy 
is neglected everywhere, we arrive at the follow- 
ing inequality: 


A. A. ANSEL’M et al. 


dw ° ao’ dw’ 
ah cacti »=\reptae Prat 
1 ul (1 6) 


Let us set 1/w, = x + iy; then the polynomial in 
the square brackets [(I,/I,)(x? + y?) +2x +1] has 


a minimum at y=0 and x=~—I,/I,. For the quan- 
tity f* we obtain the estimate 
BUT, 
a eas lca rier = (9) [1 — 9(p)]; 
Te Sue oles _ 2p? In p 
°O=Gratrase tate | aD 


FOrip'=/ £7 < "117; for” pti = aye toryp ee 
f?< 0.5. These estimates are somewhat better than 
those obtained in Sec. 2. It is interesting that cor- 
responding to the maximum value of f* the position 
of the zero turns out to be on the left cut, i.e., ata 
place where the true scattering amplitude cannot 
vanish. Indeed, 

(18) 


a, = —1,/1,=—g(p)<—l. 


This circumstance is related to the fact that we 
have not formulated quantitatively the condition 
that the total cross section must not vanish any- 
where. It is obvious that the restriction obtained 
on f* has been greatly overestimated as compared 
with the true one. From Eq. (18) follow numerical 
values for w, for various choices of p. For p= bh 
W,=—-2.8; for p=1 w,=-2; for p=0 wy—-o~. 

In what follows we consider the question whether 
the pion-nucleon interaction is the maximal 
possible given the masses of the particles. Had 
we been able to give a good estimate for the crit- 
ical constant, beyond which unitarity and analytic- 
ity of the theory are violated, then this question 
could be answered by comparing this quantity with 
the observed value f? = 0.08. The value of the crit- 
ical coupling, obtained from Eq. (17) with p = ye 
io = 1.7 is 20 times larger than the observed 
value. This, of course, means nothing since our 
restriction has been so greatly overestimated. 

One can compare the location of the zeros of 
the amplitude, as obtained from Eq. (18), with the 
location of the true zeros which can be determined 
from experimental data, and see to what extent they 
agree. At that one should remark that since experi- 
mentally A*(u) <0, A~(p) >0, it follows that 
A*(w) has two zeros. It is shown in the Appendix 
that it follows from experiment that w1. = —0.9 
+ 0.5i. These numbers are in qualitative agree- 
ment with the zeros obtained from Eq. (18) by re- 
quiring that f* be maximal, if it is taken into ac- 
count that this requirement must be supplemented 
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by the condition that o*(w) must be larger than a 
certain minimum value, beyond which w,, devel- 
ops an imaginary part. It may be that this com- 
parison may serve as an indirect indication that 
the meson-nucleon interaction is maximal. 
Restrictions on the residues of the pole terms 
can be easily obtained also in the presence of 
bound states in the theory. In contrast to the non- 
relativistic theory [2] the upper bound on the coup- 


‘ling constant may depend here on the energy differ- 


ences of the bound states and increase as this dif- 
ference decreases. 

Let us show now that also the scattering ampli- 
tudes at zero energy, i.e., the scattering lengths, 
are restricted in absolute magnitude, provided that 
they are negative. Qualitatively this can be under- 
stood as follows. At low energies (kp < 1, where 
k is the momentum and p is the interaction range ) 
the scattering amplitude is of the form a/(1-—ika), 
where a is the scattering length. For w<u, 
k=+iV¥y2—w?, so that the amplitude is written 
here in the form a/(1+avyu?—w*?). This expres- 
sion has a pole at |k| = Vw*-w* =1/a. If a< 0 
and |a| is very large then this pole falls into the 
region of applicability of our formula (kp « 1 ys 
Therefore, if it is known that in the given theory 
there are no bound states with small binding en- 
ergies, the quantity |a| cannot be too large. For 
a> 0 the pole passes into the second sheet of the 
complex plane and the restriction disappears. In 
that case we are dealing with a situation analogous 
to singlet np scattering. 

Let us consider ™-meson—m-meson scattering, 
restricting ourselves for the sake of simplicity to 
the case when the crossed reaction is the same as 
the direct reaction. If the scattering length is 
negative then, according to the results obtained 
above, the scattering amplitude has no zeros and 
the dispersion relation for the inverse function 


_ may be written in a form analogous to Kq. (3)* 


[oe] 
1 dw’? Im A (@’) 
h(o) =< \ ora [ACT 
p2 


The scattering length is a=—1/h(y). Hence 
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*For positive a, the right side of Eq. (19) would also con- 


tain the pole term corresponding to the zero of A(w). The 
_ presence of this negative term would make it impossible to 


aaa 


obtain an estimate. 


If the mz interaction is characterized by a 
range p ~ % then |a|< 7/4. Since this result 
most certainly represents a great overestimate 
it is, apparently, to be expected that if the m7 
scattering lengths are found experimentally to be 
negative, they will turn out to be of the order of 
0.1 f/uc, and not h/uc as is frequently asserted. 

Analogous inequalities may be also obtained 
for the mp scattering lengths. For example, for 
the 7°-meson—proton scattering amplitude one 
obtains 


[a| <xp/q (p), (22) 


where y(p) is given by Eq. (17). For p= tee 
|a| <4.3. Experimentally the value of this length 
is ~—0.02. 


5. CONCLUSIONS 


Despite the hypothetical nature of the assump- 
tion that a range independent of the interaction 
strength exists, we are convinced that unitarity 
and analyticity do in fact impose restrictions on 
the possible values of the coupling constant. This 
raises the question whether the 7-meson—nucleon 
interaction, as well as other strong interactions 
of various particles, is the maximal possible given 
the values of the masses of the particles. Formu- 
lating the question in this fashion presupposes that 
the magnitude of the renormalized coupling constant 
may vary to some extent independently of the 
masses. Such an assumption seems reasonable 
at the present time since in field theory masses 
and coupling constants appear as independent 
quantities as a result of the infinite renormaliza- 
tions. As regards a ‘‘future’’ theory, in which 
definite values of coupling constants will be corre- 
lated with strictly determined particle masses, we 
remark that in the first place in such a theory the 
coupling constants themselves will have definite 
numerical values, and in the second place no such 
theory exists as yet. 

An example of maximal coupling in the nonrela- 
tivistic case is provided by the deuteron formula 
for nucleon-nucleon scattering. In this case the 
connection between the location of the pole and the 
size of the residue of the scattering amplitude cor- 
responds to the strongest interaction possible.!?1 

The idea that the strong interactions that are 
present in nature are in a certain sense as strong 
as possible seems rather attractive, although at 
this time it cannot be formulated theoretically in 
a precise manner or verified experimentally. 

In conclusion the authors would like to express 
their gratitude to Ya. B. Zel’dovich, who stimulated 
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their interest in this question. We are also grateful 
to I. Ya. Pomeranchuk and V. A. Anisovich for con- 
structive remarks. 


APPENDIX 


DETERMINATION OF THE ZEROS OF THE AM- 
PLITUDE FOR THE FORWARD SCATTERING 
OF t MESONS ON PROTONS 


The dispersion relation with one subtraction at 
W = Ww for the function — (w—w,)(w—w,)/ 
(w—Ww,)A*(w) can be written as follows (yu =1) 


a (w) — 26 (w) § +c (w) n = 0, (A.1) 
where 
E = (w1 +7o2)/2, 1 = wie, (A.2) 
0 wo? 
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It follows from Eq. (A.1) that no matter what 
two values are chosen for w after evaluating the 
expressions (A.3) the combinations 


E = (aice — aeci)/2 (bice — beer), 
9 = (aibz — arbi)/(bic2 — bec1) (A.4) 


(a, and a,... are the values of the functions a... 
for those choices of w) should lead to the same 
values of € and 7. The verification of this asser- 
tion is by itself equivalent to an additional verifi- 
cation of the dispersion relations. It turns out to 
be simplest to evaluate (A.3) at the points w =+1 
since, on the one hand, it is then not necessary to 
evaluate the integral in the principal value sense 
and, on the other hand, the following quantities 

are known 


Aw A: CVANSE L°M et#al:. 


A+ (1) =a,(1 +4), 
At (-1) = (4a, +44, )(1 ++), 


where a, and a; are the scattering lengths of 
oraiete In the numerical integration in Eq. (A.3) 
we have set w=+1. The values of the real and 
imaginary parts of A+t(w) were taken from\4, 

As a result of integration and evaluation of 
Eq. (A.4) we find = —0.88, 7 = 0.96. Conse- 
quently W1.2 = — 0.88 + 0.441. Since the size of 
the imaginary part of w,,. depends on the differ- 
ence of two rather similar numbers (it is equal 
to Vn—é*) it is unlikely that our determination 
is very accurate. For this reason we give in the 
text the value w,.=—0.9 + 0.5 i. 


Note added in proof (July 14, 1961). From a different point 
of view the question of the strength of the coupling has also 
been discussed by Chew and Frautschi & 
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Various kinematic characteristics of the process 7 + N—1+7+N are examined. On this 
basis, a method is proposed for separating other events from events due to the pole diagram 
considered by Chew and Low. {1 The problem of improving the extrapolation procedure pro- 


posed by Chew and Low is discussed. 


| ‘Tue pole method proposed by Chew and Low! 
for studying the mp interactions has lately 
achieved great popularity. The inelastic interac- 
tion of a meson with a nucleon, for example the 
reaction m™ +p—7 +7°+p(m +7* +n), is de- 
scribed in this method by the diagram of Fig. 1. 


FIG. 1. The pole diagram for 
the process 7+ Noaw+7+N. 
The straight lines correspond to 
nucleons; the wavy lines corre- 


spond to 7 mesons. 
a 


The cross section O7p for the mp interaction is 
in this case related to other quantities in the fol- 
lowing manner!) ; 


F ( 2 A2) — OS np A2 - 2)2 
oO’; ) 0A20W2 ( ibe ) 
2 A2 Sa ee 
= = ait Vo? (0? — 4p?) 522 (©), (1) 
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where f* is the coupling constant, equal to 0.08; 
uw is the m-meson mass; Mm is the nucleon mass; 
qo is the momentum of the primary 7 meson in 
the laboratory coordinate system (l.s.); w is the 
energy of the two secondary 7 mesons in their 
center of mass system (c.m.s.); Onn is the cross 
section for the mutual scattering of two 7 mesons; 
A* is the square of the four-momentum of the in- 
termediate 7 meson related to the recoil energy 
of the nucleon; A? = 2mT (T is the kinetic energy 
of the recoil nucleon in the 1.s. ). 

Thus, by measuring the quantities 7p, A?, and 
w one can obtain information about Onn(w). For 
this it is sufficient, as has been shown in [1] to 
extrapolate the quantity F (w2, A?) from the re- 
gion A? > 0 to the point A? = — p?. At this point 


Gan = — 4atf #F (0*, —p*) gh (0? (08 — 4p?)] 


If all the experimentally recorded cases are indeed 
due to the diagram of Fig. 1 then, in accordance 
with (1), F(w?, A?) must depend linearly on aX 
and the extrapolation procedure in this case is 
simple and does not introduce a large error. 
However, in addition to the possibility repre- 
sented by the diagram of Fig. 1 the process may 
occur in other ways as well. For example, the 
following competing processes have been dis- 
cussed in the literature: a) the so-called head-on 
collisions described by the statistical theory “4 
and characterized by an isotropic distribution of 
the secondary particles in the c.m.s.; b) proc- 
esses in which there is a ™N interaction in the 
final state, the diagram for which is given in 
Fig. 2. 
FIG. 2. Diagram of the 
process taking into ac- 
count the 7N interaction 
in the final state (the 
thick line represents the 
isobar 3/2, 3/2). F 
Moreover, terms can appear in the cross sec- 
tion which represent interference between matrix 
elements of different diagrams. * If the aforemen- 
tioned processes make the same contribution to 
the cross section (or, more accurately, to the 
quantity F (w*, A?)) as does the diagram of Fig. 1, 
then F will no longer depend linearly on A’, but 
will be given in the general case by the polynomial 


F (wo, A) = a0 + a1 (A*/p?) + a2 (A*/p?)? + .... 


*It is impossible to assume that the contribution due to the 
diagram of Fig. 1 will be predominant for small A?, since in 
accordance with (1) the quantity F(’, A*) also tends to zero 
as Nae 0. 
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It should be emphasized that in this case all the 
terms of the polynomial (up to the fourth-degree 
term ) must be of the same order (in absolute 
value) within the region | A?/p?| < 1. 

In this connection it appears to us to be reason- 
able to pick out in advance from the experimental 
material those cases which are indeed due to the 
process shown in Fig. 1.* We consider below one 
of the possible methods of making such a selection. 
The method is based on the qualitative difference 
in the kinematic characteristics of the various 
processes. At the present time it is impossible 
to consider all the processes. Therefore, in addi- 
tion to the pole process we shall discuss only the 
most ‘‘competitive’’ processes a) and b). 

We investigate the kinematic characteristics of 
the process shown in Fig. 1 for a t-meson energy 
Ejab = 1 Bev in the 1.s., since the experimental 
data!>4] refer to this energy. We first assume 
that O77(w) is constant in the range 0.3 =< w < 0.7 
Bev. Then on integrating (1) with respect to A? 
over the range consistent with the conservation 
laws we can easily obtain the quantity doqp /dw, 
i.e., the distribution of events with respect to the 
magnitude of w. This distribution is shown in 
Fig. 3. It is bell-shaped with a maximum at w 
= 0.55 Bev and has a half width Aw ~ 0.3 Bev. 


| Loz,/aw 
ad FIG. 3. The distribution 
dowp/dw calculated for the 
diagram of Fig. 1; m is the en- 
ergy of the two 7 mesons in 
their c.m.s. 
a2. 03 OG), aS a8 OF 
@, Bev 
The angular distribution of the nucleons in the 
c.m.s. of the nucleon and the primary 7 meson 
can be easily obtained by assuming w = w = 0.55 
Bev. It has the form 


4.13 — cos 9 


do ~ 5 —cos 8) 


dcos 0. 
From this it can be seen that the angular distri- 
bution is fairly broad. Therefore, this character- 
istic cannot be utilized for discriminating between 
the pole process and, for example, a ‘‘head-on’’ 
collision. 

The distribution of the 7 mesons with respect 
to the angle y between them (in the c.m.s.) is 
shown in Fig. 4. Curve 1 corresponds to the proc- 


*Of course, in this case, the statistical accuracy in the 
determination of op [or more precisely, of the quantity 
F (@?, A?)] will be reduced, but the accuracy of the extrapola- 
tion will be significantly increased. 
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ess of Fig. 1;* curve 2 corresponds to the process  — 
for which a ‘‘7N isobar’’ of mass Jt =1.3m, iso- 
spin T = % and spin J = % is formed in the final 
stage. This process corresponds to the diagram 
of Fig. 2. The dotted curve was obtained on the 
assumption of isotropic distribution of all the par- 
ticles (7 mesons and nucleon) in the c.m.s. taking 
the conservation of momentum into account." It 
can be seen from the diagram that curves 2 and 3 
are close to one another, but curve 1 is appre- 
ciably different. 


N, arb. units 


Cos p 


FIG. 4. Distribution with respect to the angle ~ between 
two 7 mesons in the c.m.s. The curves correspond to: 1—the 
pole diagram of Fig. 1, 2—the process in which the isobar 
participates, 3—isotropic angular distribution. The histogram 
represents the experimental data ofl‘]. All the curves are nor- 
malized in the same way (N is the number of events), 


We note that an estimate of the interference 
between the matrix elements of the processes 
considered here can also be made using the curves 
of Fig. 3. Indeed, we can always choose the angle 
gy as one of the independent angular variables. 
Then the regions of overlap of the curves of Fig. 3 
give some information about the order of magni- 
tude of the interference terms. It can be seen 
from the graph that even if all the processes make 
equal contributions the interference between them 
is still not very great. It is impossible to estimate 
in advance the total contribution of the diagram of 
Fig. 1 to the process of aN interaction since it 


*In obtaining this it was assumed that the angular distri- 
bution of the 7 mesons in their c.m.s. (denoted in the follow- 
ing by mm system) is isotropic. In actual fact (for example, if 
there exists a resonance a7 interaction in the T=1 and 
J =1 state) this distribution can depend on the angle 3 meas- 
ured from the direction of motion n of the primary 7 meson in 
the 77 system. However, in our case this fact is immaterial, 
for owing to the broad angular distribution in the c.m.s. the 
distribution of the directions n in the 77 system is nearly 
isotropic. 

tAnalogous calculations of angular correlations have al- 
ready been carried out earlier by Rus’kin and Usik. [5] They 
were utilized in one of the variants of the statistical theory 
of multiple production. 
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depends on the magnitude of o77, which must it- 
self be determined from experiment. 

Experimentally the angular correlation of the 
m mesons has been measured only by Walker, 
Hushfur and Shepard"! at an energy of Ejagh = 1 
Bev. Their data are represented by the histogram 
in Fig. 4. It can be seen that there exist two well 
resolved maxima: near cos y = 0.2 and cos 9 
= —0.8. Comparison with the curves shows that 
the region near the first maximum is due to proc- 
esses taking place in accordance with the diagram 
of Fig. 1, while the neighborhood of the second 
maximum is due to other processes. The area 
under the first maximum amounts to approximately 
one-third of the total area. Thus, the pole part 
does not give rise to a dominant contribution to 
the cross section, but amounts to approximately 
one-third of the cross section. 

The whole discussion has been carried out on 
the assumption that o,7,(w) is a smooth function 
of the energy w in the range w ~ 0.3—0.7 Bev. 
However, at the present time there are some in- 
dications of the resonance character of this func- 
tion. If the resonance occurs in the neighborhood 
of wr ~ 0.55 Bev,"! then this merely improves 
the conditions for resolving the maxima in the 
angular distribution with respect to gy (Fig. 4). 

If the resonance occurs at wy ~ 0.7 Bev, then at 
an energy of Ejap = 1 Bev the criteria for per- 
forming the separation become worse, but they 
will again be good at a higher energy. For this 
it is sufficient to have wy < Wmax, where Wmax 


is the maximum value of w consistent with the 
conservation laws: Wmax = (2Ejabm + m? + py”) 
—m. We note that the separation of the maxima 
in the distribution over the angle g is significantly 
improved if we do not utilize all the experimental 
material, but pick out from it the cases corre- 
sponding to small values of A’. 

From the above discussion it follows that the 
angular correlation of the mesons in the c.m.s. 
can serve as a good criterion for ensuring that 
the selected cases actually correspond to the 
diagram of Fig. 1. 

In conclusion the authors express their grati- 
tude to E. L. Feinberg and I. M. Dremin for a 
number of valuable comments. 
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Dispersion relations for the invariant sN amplitudes similar to those used by Bowcock et 
all"] are considered. The relations contain additional subtractions in the energy s (one sub- 
traction) and momentum transfer t (two subtractions). They are regarded as integral 
equations with kernels dependent on the S, P, and D wave nz scattering amplitudes. All 
quadratures obtained in the solution of the integral equations are evaluated for a simple 
phase shift model which is a generalization of the effective interaction range approximation. 
Simple analytic expressions for the contribution of mz interaction to the tN amplitude are 
obtained. It is shown that in previous calculations [3-9] the convergence of the integrals along 
the cut t => 4”, where p is the pion mass, is not sufficiently rapid; conclusions based on 


these calculations are therefore not reliable. 
1. INTRODUCTION 


EVERAT. attempts have recently been made to 
calculate the 7N amplitudes for small values of 
the invariants s and t on the basis of the Mandel- 
stam representation 12] The solution of this 
problem would relate the mz -scattering, 

mN -scattering, NN -scattering, and nucleon elec- 
tromagnetic form factors. The simplest way of 
solving this problem is to use dispersion relations 
to extrapolate the mN amplitudes from the 7+ N 
—>1+ N scattering channel where the imaginary 
parts of the amplitudes are known from experi- 
ment.{381 Then the use of unitarity in the two- 
meson approximation for the N+ N—7a+ a7 anni- 
hilation channel turns these relations into simple 
linear integral equations; the solution of these 
equations is in the form of quadratures dependent 
on the mz scattering amplitudes. 

The main defect of the previous calculations is 
the insufficiently rapid decrease of the integrands 
in the integrations along the annihilation cut t 
24 ue where t is the square of the total energy 
in the annihilation channel and yp is the pion mass. 
As a result, the calculations are inconsistent since, 
on the one hand, the use of unitarity in the two- 
meson approximation assumes that we are con- 
cerned with only small values of t, while, on the 
other hand, the integrals obtained in the solution 
of the equations depend strongly on the behavior 
of the amplitudes for large t. Moreover, in sev- 
eral papers 3-6] numerical integration was used 
to carry out the calculations; this makes the con- 


sideration of the various problems requiring a 
knowledge of the 7N amplitudes very complicated. 
We note also that Efremov, Meshcheryakov, and 
Shirkov!®] made use of a patently incorrect sim- 
plification in their equations (see below); as a 
result, their results must be revised. 

Bowcock, Cottingham, and Luriel] ( see also 
[8] and [9]) obtained simple analytic expressions 
for the tN amplitudes in a model with a sharp m7 
resonance; however, this was achieved at the 
price of not using the correct solution of the inte- 
gral equations. For this reason it is not clear 
whether the contributions they obtain from the cut 
t=4 me are consistent with the two-meson ap- 
proximation or not, i.e., whether they are a conse- 
quence of mm interaction or of heavier intermediate 
states in the unitarity condition. 

In this work we attempt to improve the method 
used in '71 by introducing additional subtractions 
and correctly solving the integral equations thus 
obtained. In a simple ma phase model which is a 
generalization of the effective interaction range 
approximation, all the integrals are evaluated and 
simple analytic expressions are obtained for the 
contributions from the cut t = 4”. In this model 
the am interaction is specified by a number of 
parameters which are unknown at present. The 
scattering length! 4,6] and Breit-Wigner reso- 
nancel* 9] approximations used previously are 
special cases of our model. The tN amplitudes 
we obtain can easily be used in various problems 
involving nucleons and pions; this will be done in 
separate papers. 
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2. EQUATIONS FOR THE INVARIANT 7N 
AMPLITUDES 


We use the system of units in which h =c =p 
=1 and the following notations for the invariants 
(see Fig. 1): 


t=(p +p’)?, v= (p— 7’) (k —k)/Am, 
s=(p +h? = m? 4+1—t/2 + 2mv, 
u=(p +k’)? =m + 1—t/2—2mv, 
PH=prar= {/27, e015, 


acre ae Ms 

(1) 
In the 7 + N—7+ N channel the invariant s is 
related to the total energy w of the incident pion 
in the laboratory system of coordinates by 


w = (s — mn? — 1)/2m. 


In considering the 7N amplitudes in the annihi- 
lation channel, it is convenient to use the variables 
x and 9 (the square of the pion 3-momentum and 
the angle between the vectors Pp and -k, respec- 
tively, in the center-of-mass system in this chan- 
nel), which are related to t and v by 

t=4(1 +4), 
vy = Vi/4m? — 1 V t/4 — 1 cos 0. 

The pion-nucleon amplitude is specified by the 
invariant functions A *) and pi) (in the usual 
notation! Atty, which satisfy dispersion relations 
in v (or, equally, in s) for fixed momentum 
transfer t. We use these relations as a starting 
point. Instead of A‘) we consider the functions 
with definite helicity"? 13] 


(1’) 


Fe) = (1 — t/4m2) AM) + vB™, (2) 


which, as will be apparent in the following, have 


some advantages over the A = 
The dispersion relation for F® is 


POM ay =F, 21) + FO, t) 


aaa ‘aa Pi 4 
ee \ ImF ° (s‘,¢) lsat 
(m+1)* 


1 2 ; 
ft v—uvt s— | ds’, 


where the notation for the pole terms is 


(3) 


ui oh ieee 


m—s 


PH Be vB; Page ae ge ( 


with ne = arg’, ge = 14.5, 

We consider the analytic properties in t of 
Im F“*)(s’, t) and of the subtraction term 
F“)(0, t). The subtraction term has the cuts t 
>4 and t = —4m, and ImF"®?(s’, t) has cuts for 
t =t(cy3) =4 and t =t( cy) < —4m, where Cj 
and c;3; are the boundary curves in Mandelstam’s 
notation. The contributions from the left-hand cuts 
can be expanded in powers of t; this gives a series 
in powers of |t/tef¢| < |t|Am=e|1+x |. Keeping 
just two terms of this expansion and combining 
them with similar terms from the right-hand cuts 
(which is equivalent to using a dispersion relation 
in t with two subtractions), we obtain 


[1] 


FO a SEF, vy, 4 F > (0,4) 
4 Mm Ga. , oe eee 
es Im F Si). racn 
(m-+1)* 
1 : 
trates t) ae rao |* 


12 , dt’ 
+N Fite ( t) yr (9) 


50, H=FO 0,044 [POO D |p 


iF) Ge heim POs 0) te im FG 
ot t=0 
(6) 


which is accurate to order e*(1 + x). 

The last term in Eq. (5) gives the exact contri- 
bution (with two subtractions) of the cut t = 4; 
EGA signifies the annihilation part of the absorp- 
tive part of the amplitude FEF”, For t =16 only 
two-meson states contribute to eae their contri- 
bution can be obtained by extrapolating Im | ages 
from the physical region of the N + N—ort+dT 
channel.{!.14] The extrapolation can be carried out 
by means of an expansion in Legendre polynomials 
P,; (cos gy U3] This expansion in annihilation har- 
monics is equivalent to a series in powers of 
[ v/v (C43) |* and converges in the region between 
the boundary curves* Cj3: 


ai (C13) < A! < v (cis), v (Cy3) = arhs\. 


For accuracy of order =( p/2.75)? we can keep 
just the lowest harmonic; by using unitarity{ this 


*The minimum value (equal to 2.75) of v on the curve ¢,, 
occurs for t = 4.5m. 

tWe note that the unitarity condition for the functions (2) 
has the same form as in the scalar theory and leads to the 
simple expressions (7) and (10). 
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can be expressed in terms of the S wave phase 
shift 6)(x) for mz scattering: 


(7) 


In Eq. (7) and in the following we use the notation 


FSD, (v, x) = e®( sin d0(x) FS? (x). 


(PE); Bo) 


1 
= + \ P, (cos 6) (F‘*)(cos 6,x); B'*’ (cos 8, x)) d cos @ 
ae (8) 
for the annihilation harmonics. 
For the other invariant amplitudes we obtain 


Be Bi Gh a) het Gea) ee pr 
(m-+1)3 ’ 


dt’ 
(t' aw t) t/2 ” 


1 , i? (+) , 
— say] 4s + = \ Burn (v.21) 


4 


FO (v, 2) = FO), 2) + VFO (vo, t) — FS? (vo, 2)]/Volv,—0 


aie (9! ! : 
+t | m6. 0/5 - aw 


(m-+1)* 
rAY) , 
aCe) |4 ere 


(-) dt’ 
20 POO, £’) @— pi? 
4 


B® v,) = BS W,) +8 0,9—8 0,0 


il a (-) 
ioe Im # ° (s’, i) a —s(v, 5 ae t) 
(m1) 
9 ' (-) dt’ 
eae url ds’ + — oA Bo (v, t D Nerrazy At 729 (9) 


where ¥°) and #(+), as in Eq. (6), denote two 
terms in the expansions of F“ and B‘*) in 
powers of t. We note that for the amplitudes F” 
and B“ it would be possible to make no subtrac- 
tions in the energy variable, but in this case the 
original dispersion relations would contain arbi- 
trary terms ypa(t) and b(t) of the same form as 
the subtraction terms!!] Thus, the introduction 
of subtractions to improve the convergence of the 
integrals over the energy does not increase the 
number of unknown parameters. 

The lowest harmonics of the functions F{in 
and Bit) are expressed in terms of the P and D 
wave mm scattering phase shifts 6,;(x) and 6,(x) 
by 


BD, (v, x) = Bve Fl) sin db, (x) (BY? (x) — BS(x)]/ WV — x, 
FO), (v, x) = 8ve-® sin d(x) FL) (x)/WV —x, 
Ba (v, x) = el sin 81(x) [BS (x) — BE? (x)], 


W=V1l—e(l +x). 
The extrapolation of the functions (10) from the 
physical region of the N+ N—7+ 7 reaction to 
the region x ~ 1 is made on the upper side of the 


(10) 
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cut x = 0 (t =4), where we take W(—x)¥” 
= —il|W(—x)¥? |. 

Equations (5) and (9) are similar to those used 
in [7], they differ only in the presence of additional 
subtractions. The subtraction terms in (5) and (9) 
can be expressed in terms of the S, P, and D 
pion-nucleon scattering lengths (see the Appendix); 
in F(+) they can be expressed in terms of only the 
S and P scattering lengths. The s’ integration is 
over the physical region for tN scattering along 
the line t = 0, s’ =(m + 1)?; the main contribution 
comes from energies of several hundred Mev, 
where the tN amplitudes are rather accurately 
known. 

For numerical calculations it is essential to 
express the first term in the expansion of 
Im F'+)(s’, t) in powers of t in terms of the 
total cross sections o;( 1+) p) for m(+)p inter- 
actions: 


Im F™) (s, 0) 


= then gF>) (s, 0) = Di spat lo; (xp) 


(11) 


Here Ec.m, and pe.m. are the total energy and 
momentum in the center-of-mass system. This 
procedure gives significantly higher accuracy 
than calculating with the 1N phase shifts. 

The relations (5) and (9) are thus equations of 
the form 


(Fo) (v, ai B\* (v, t)) 


(Fi) (v, t) 


ann 


+ 6;(%*p)]/2m. 


= (FF) (v, t); Bo (v, t)) 
; BY) (v, 1’) dt’ 


ann 


CAs 


(12) 


aS 


where F(+) and Bi) are known functions without 
singularities on the line t = 4 and F(4) and Bi) | 
are certain integrals of F(+) and B(+). By solving 
these equations we obtain the amplitudes for small 
values of the invariants with an accuracy of order 


|¢/2/16m, | v |2/8, (13) 


due to the expansions used above.* 

Similar equations were obtained by Ishida et 
al [4] They differ from (5) and (9), however, in 
that they contain integrals of Im A(*) and Im BI?) 
in an unphysical region along the line u = const, 
s =(m+ 1)’; it is therefore difficult to estimate 
with sufficient reliability the contribution from 


*We emphasize that the parameters in (13) define the ac- 
curacy of the solution of the problem within the two-meson 
approximation; the study of the conditions under which the 
latter is applicable is the self-consistency question. From 
general considerations one can expect that higher-mass in- 
termediate states in the unitarity condition will give addi- 
tional contributions of order (t/16)? and (t/4m)*. 
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that part of the region of integration where they 
used an incorrect expansion in Legendre poly- 
nomials. 


3. SOLUTION OF THE EQUATIONS 


When Eq. (12) is written in terms of the annihi- 
lation harmonics (8) with the substitutions (7) and 
(10), it has the form of a well known integral equa- 
tion!!5,16] whose solution can be written in terms 
of the auxiliary function ( meson form factor) 


8, (x) dx’ 


eget 
w(e) = exe [> \ aoe op 


0 
A subtraction at some point ~ is used to improve 
the convergence for x’ — ©. In order to calculate 
(14) we approximate the mm phase shifts by 


xt V x ctg 6; (x) = X (x), (15)* 


(14) 


where X(x) is a polynomial of arbitrary degree. 
The phase shift (15) corresponds to the mz ampli- 
tude 


dy (x) = ix! V—xI(X (x) + 1 V—29), 


dy (x + i0) = ef: sin 6, (x), (16) 


defined on the whole plane with a cut for x = 0 and 
poles at the points x = xk (k=1, 2,...n) which 
are the roots of the equations X(x) + xt ( he 
= 0, Re( —x)¥ =0. Generally speaking, these 
poles have no physical significance, but just rep- 
resent the effects of the left-hand cut x = —1, 
which the ‘‘true’’ mz amplitude with the correct 
analytic properties must have. 

Substituting (15) into (14) and transforming the 
integral into a contour integral around the cut x 
= 0, we obtain 
Tp (% — Xp) 
Mie Ve 


1 (x) = (17) 


We consider now the solution for F“?, which 
can be written in the formt 
FO (x) = FO (x) + SE s(x) 


2ni 


(18) 


ep EL (x!) [pet (x’ — 10) —g gt (x’ + 0)] dx’ 
ss \ @— xx’? 
0 


*ctg = cot. 

tThe solution (18) is unique if we require that F(+) (x)/ 
x’ ~o(x) go to zero as |x| becomes infinite; this is fulfilled if 
we require that the function FS) (x)/ Pu (X), which has no cut 
for x20, satisfy a dispersion relation with two subtractions 


(cf. [5]), 


p(x Fe? 10,5) 
ces ms e(1+ 2x), e+ 2x) +2” Vox | 
8 a 4WY —x i e(4 el 2x) DW Vo ae 
i" 2 lees (o, ») Hopson 
ot wo+e(1-+ x) 2W V—x« 


x In ote(it»xy+wWy—x 
Gell a) Wy x 


For the higher harmonics F}” xy Fi? (x). The 
subtraction term in (19) can be expressed in terms 


of the experimental tN amplitude with an accuracy 
of «(1+ x) (see the Appendix); it is 


1 |do. (19) 


GF (0, x) = egra (x), a (x) = 0.95 +0.2 (1 +2). (20) 


The last term in (19) can be neglected, since it is 
a correction of order <= €°x to the subtraction 
term, as can be seen by expanding the integrand in 
powers of 

WY x 
o+e(1+%) 


2 WV—x 2 


Fm eee say YO Hen ene 


and calculating the lowest order term (the value 
weff © 2.4 corresponds to the 33 resonance). 

The integration over x which remains in (18) 
can be put into a form analogous to the integration 
in (14) by noting that 

Mee Medi (22) 
peg he it) 


is the analytic continuation of the functiou 

gj! (x—i0) — g(x + i0) to the whole plane with 
the cut x = 0 and coincides with it on the upper 
side of the cut. Summing all the harmonics in re- 


verse, we obtain finally 
FO Wey SP 9) 


4 iegths (a) (a) —1 +2052 


x In (1 + 2x ee ieee + Lint (iV—=}, (23) 


where the polynomial {§), (x) of degree n+1 is 
found from the conditions that the expression in 
the curly brackets vanish at the points x = — 1 
and x =x, (k=1, 2,..., n) along with its first 
derivative at the point x = — 1.* The conditions at 
x = — 1 are equivalent to the presence of two sub- 
tractions in (18). In the integration of the loga- 
rithmic term in (19), W has been replaced by unity 
*For actually calculating the polynomial Le) it is con- 
venient to write it in the form L,(x) + (1 + x)? L,_,(x), where 
the first degree polynomial L, (x) is first determined from the 
conditions at x = —1, i.e., it is independent of the xx. 
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and the contribution from the cut x< =n 


(itt — 4m’) which remains after the integral in 
(18) is transformed into a contour integral has 
been dropped; this gives an accuracy of e2(1+x). 


We call attention to the compensation of the sub- 


traction and pole (of order eg’) terms in (19) and 
(23); these appear in the combination* @&(x) — 1 
~€(1+ x). A similar compensation also occurs 
in the subsequent terms of the expansion (7) which 
depend on D-wave and higher mz phase shifts. 
This makes the contribution of mm interaction to 
F*) smaller by an additional factor € and in- 
creases the relative error due to the corrections 
that have been neglected in calculating this contri- 
bution. This compensation shows that in no case 
may one neglect the contribution of B™? to the 
absorptive part in the equation for A“), as was 
done by Efremov, Meshcheryakov, and Shirkov!®1 
[see Eq. (5.3) in their first paper ]. Notwith- 
standing this fundamental distortion of the equa- 
tion, they obtained the same S-wave mm scattering 
length as was obtained in papers by Sato et al f3] 
and Ishida et al,{4] where this contribution was in- 
cluded. This is apparently a consequence of the 
fact that in both cases the main contribution comes 
from the region of impermissibly large values x 
=m, where this compensation does not occur. 

The solutions for the other invariant amplitudes 
can be obtained in a similar way. Thus, for B‘*? 
we expand the additional absorptive part in powers 
of €(1+ 2x)/2x¥ and keep just the lowest order 
term to obtain 


B™ (v, x = BM (v, x) + Siveg?Ap (x) {x7} 


+ Linn (x) V—x}, (24) 


where the polynomial LP. (x) is determined ina 
manner analogous to that in which ALE) is de- 
termined. For simplicity we denote the number of 
poles in the D-wave mz scattering amplitude by 
the same letter n that we use for the S wave am- 
plitude. Since the absorptive part vanishes like 
x? near x = 0, the expansion in powers of 

€(1+ 2x)/2x¥” does not, in practice, introduce 
errors near x = 0; it provides an accuracy of ex? 
for the integration region x > 1. Corrections of 
order € to the contribution of the D-wave scatter- 
ing to B®? need not be taken into account, since 
they are of the same order of magnitude as the 
D-wave contributions to F), which we neglected. 


*This result was obtained previously for the amplitudes at 
the point v = 0, t = 4? where they determine the peripheral 
interaction. L 17918 
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The solutions for F© and B“, which depend 
on the P-wave m7 scattering, are expressed in 
terms of the annihilation harmonics 

4 
W V—=*x 


Soe 4 - ay) 

FO” (x) = 3y [FO (v0, x) — Fp? (%0, ¥)] 
har 
BS” (x) —BY) (a) = B ©, ) —BS? 0,9) 


3eg? ( + e2/4x 


4W* |\wV—x 


Vo=0 


eg? (1 + 2x) 


e(-+2x) | 
DW x a 


AWV=e e(f 2p ow ye 


(25) 


e (1+ 2x) + 2W V—x 
nN —— 
e (1+ 2x) —2W W—x 


ek 


(26) 
where we have dropped the terms similar to the 
last term in (19), since they are corrections of 
order €°x to (25) and (26). We obtain finally 


FO (vy, x) = FO (v, x) 4 B8ivdp (x) F(x) 


+ Lies ()/x V—x), (27) 
B® (v, x» = B (v, x) + idp (x) 6 (x) 
+ Mees (x)/x V—x}, (28) 


where F(x) and B(x) denote the functions (25) 
and (26) with the additional replacements 


Wire I 


tg ree a V—x 


ala 
& (2k) = 2 Vn 


cS 

(29) 
The polynomials in (27) and (28) are determined 
analogously to those in (23) and (24). 

We call attention to the fact that (25), like (19), 
is decreased by a factor of order €. However, 
this is due to the smallness of both the subtraction 
and pole terms and not to their compensation; 
therefore this factor should apparently also occur 
in the corrections we have neglected in obtaining 
the original equations [see the derivation of 
Eqs. (5) and (9) J]. In this case, the main error in 
(25) is due to the error in the subtraction term 
which amounts to a correction of order €(1 +x) 
to the pole term and must be set equal to zero for 
the accuracy stated above ( see the Appendix). 

Comparison of the amplitudes in Eqs. (23), (24), 
(27), and (28) with Eq. (12) shows that the solution 
of the integral equations actually amounts to a 
calculation of the contribution to the mN amplitudes 
from the annihilation cut t = 4 due to aa interac- 
tion. 

We now discuss the convergence of the integrals 
over the annihilation cut which we obtained in the 
solution; this convergence, along with the errors 
in the integrands, determines the accuracy of the 
calculations of the m7 -interaction terms. The 
solution of Eq. (12) in the two-meson approxima- 


-2 In (1 + 2% + 


ssa 


St oe 
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tion, i.e., with the absorptive parts (7) and (10), is 
logically justifiable only if the result is independent 
of the behavior of the amplitudes in the region 


_ where they are not known, which is the region x 


>m(t2>4m). Clearly this requires sufficiently 
rapid convergence of integrals of the type (18) in 
the region x’ < m, and thus a corresponding be- 
havior of the harmonics like (19) and the auxiliary 
functions like (22). In this latter region we have 
effectively 


eee (a BW VY Se ~ I, 


(30) 


F\? /W V — x ~ const, By pT) Vex, 

and therefore convergence of the type dx’/x’*/?, 
for example, which would give a contribution of 
order €°/* from the region x’> m, requires the 
presence of at least one pole in the mm amplitude 
(16). Only poles which lie sufficiently near im- 
prove the function (22) in the region x’ < m. This 
shows the importance for the ‘‘true’’ mm amplitude 
of the left-hand cut x = — 1, which is represented 
in the model (15), (16) by unphysical poles. 

It is also not hard to see that the previously- 
considered simpler scattering length!?»4»*] and 
sharp 17 resonance!? 9] models lead, in a scheme 
with one subtraction in t, to integrals of the form 
dx’ /x’”? for x’ < m; a large contribution must 
therefore come from the impermissible region of 
integration m< x’ < m’, where the quantities in 
(30) are replaced by factors that converge some- 
what more rapidly. For these models, the intro- 
duction of a second subtraction, like that used in 
the present work, leads to convergence of the 
form dx’ /x’¥* in the region x’ < m and makes 
possible the calculation of the mm terms with an 
accuracy of <”*, Then corrections of order 
€(1+ 2x) /2x¥* must be neglected in (25) along 
with corrections of order €?(1 + 2x)"/4x in (26); 
this is equivalent to substituting in Eqs. (27) and 
(28) 

F(x) = eg? (1 + 2x)/2x, 


b (x) = B (0, 0) — B,” (0, 0) 


Beg? { 2 Dy gee ES a 
Tt aaa . (31) 


4, CONCLUSIONS 


1. The method used in the present work allows 
us to obtain the invariant 7N amplitudes in the 
two-meson approximation with an accuracy of 
about (t/4m)?; consequently, in the calculation of 


the contributions from the mz interaction we have 
neglected corrections of order €?(1+ x)? and €?. 
However, the amplitude F? [Eq. (23)] is de- 
creased by an extra factor € due to compensation 
of the mz terms, and its relative accuracy is 
therefore determined by the parameters € and €x. 
The mm term in the amplitude B‘*) [Eq. (24) ] is 
small because of the small D-wave mr -scattering 
amplitude and therefore corrections of order € 
and €x have been dropped in calculating it. The 
relative accuracy of the mm terms in (27) and (28) 
is determined by the parameters ¢? and €?x’. 

2. The accuracy described in item 1 is attained 
only for ‘good’? meson form factors which provide 
sufficiently rapid convergence of the integrals 
along the annihilation cut t 24 and thus lead to 
relatively insignificant contributions (< ¢ for F™ 
and B“*) and < €? for F© and B“) from the 
region of integration t> 4m. The behavior of the 
form factors is improved by singularities of the 
mm amplitude in the unphysical region within a 
radius |x| <m. In the worst case the m7 terms 
have an approximate accuracy of e¥2 or (ex)¥. 

3. Peripheral mN interaction is due to the con- 
tribution from the S-wave mz -scattering amplitude. 
The reduction of this contribution to F? because 
of the compensation described above must make it 
more difficult to fulfill the conditions under which 
the asymptotic formulas [17] can be applied for the 
partial amplitudes with large angular momentum 
1. The disagreement!!7] of the theoretical and ex- 
perimental J = 2 phases is apparently a conse- 
quence of the fact that the role of terms neglected 
in the calculation, namely B‘“, which is due to 
P-wave mm scattering, and further peripheral 
terms such as four-meson terms and pole-terms, 
is sharply increased by the compensation. 

4, In previous calculations [3-9] the integrals do 
not converge rapidly enough, and the mm terms 
must depend in an essential way on the amplitudes 
in the region |t| > 4m in which the behavior of the 
amplitudes is not known at present. Therefore, 
conclusions concerning the mz interaction drawn 
on the basis of these calculations must be con- 
sidered unreliable.* 

The authors are grateful to B. L. Joffe, I. Ya. 
Pomeranchuk, and K. A. Ter-Martirosyan for dis- 
cussions and useful comments. 


*Ball and Won [1°] have also shown that the results of 
Frazer and ey abl are unreliable and that subtractions must 


be introduced. 
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CALCULATION OF SUBTRACTION TERMS 


The subtractions at v = 0 which enter the orig- 
inal dispersion relations can be expressed in 
terms of subtractions at s = Ss) =(m + 1)” by 


F® ©, ) — FS ©, ) =F (5 4) — Fp” (so 2) 
2 fer Im F™ (@, t) do 
—=(1+ ga) (o—1)(@ +1/4m)(@ +14 8/2m)’ 
(A.1) 


FAIS} — Foe Go 2) 
1+ %¢/4m 


A EFO (vo, ) — FS) (v0 DM eo = 
0 


aia vari 
; 1 A.2) 


The analogous relations for B“? are obtained 
by replacing F® in (A.1) by B™. By keeping just 
two terms in the expansion of (A.1) and (A.2) in 
powers of t, we obtain the relations we need for 
the functions ¥ *'and' R@: Thus, for example, 
for ¥) we have 


FOO, DF sp2) = Fon (Sond) 
Shee alt ae 
Bie) w? (w@ + 1)? 
. (A.3) 


The main contribution of the integral terms in 
(A.3) can be expressed in terms of the 7N cross 
section” by using (11); this gives a value —0.10 
— 0.02 (1+ x). In calculating the remaining part 
of the integral terms we consider just the resonant 
33 phase shift!#!]; this gives —0.08(1 +x). The 
first term in (A.3) is expressed in terms of the S 
and P scattering lengths by 


FO (sy, H/4x = (1 + &) (2a, +a) 


Im FO) (a, 1) do 
(@ — 1) (@ + ¢/ 4m)? (w+ 1+ aah 


Im F™ (a, 0) (20 +1) do 


co 
Im ¥ (a, t) do t \ 
foo Shpen ~~ Qum 


ae + (1 + x) (1 + 2) [2as3 + 31 -F + (2a13 + a1) : 
(A.4) 

The lengths a3, a,, 433, and a3, are quite accurately 
known,-*! 2] put reliable values of ay3 and ay, are 
not available and we neglect them. This gives an 
error which we estimated by using the 200- to 300- 
Mev data!??J and assuming the P phases to vary 
with energy as p}.y.; this gave a contribution to 
(A.4) of order e*(1+x). Substituting also the 
pole term, which gives the main contribution to 


(A.3), we obtain finally 
F (0, x) = eg? B(x), % (4) = 0.95 +0.2 (1 + x) (A.5) 


with a relative error of order €?(1+x). 
In a completely analogous way we obtain 


A. D. GALANIN and A. F. GRASHIN 


[FO (vo, X) — Fp? (vo, x)]|,=0 = egela +6 (1 + x], 

Ja|, |b] ~ e. (A.6) 

In the subtraction term #?(0, x) — BS ( 0, x) 
the main contribution comes from the term 


BO (5, x)/A = > 2 (a, — as) +m (Qss — Ag, + Qi — 


— (1 + x) [e (@s3 — ay3) — 4m (d35 — d3z + dig — dy;)I. 
(A.7) 
We neglect the dependence of (A.7) on the D 
lengths d. To estimate the error thus introduced 
we use:the analysis of the data at energies above 
300 Mev!?3] and mata gies that the D phases vary 
with energy as Deen This gives a D-length con- 
tribution of order €7(1+x) to (A.7). Therefore 
the main error comes from the contribution of 
44;— 2,3 which we do not take into account and 
which apparently amounts to not more than 20%. 
We obtain finally 
[B® (0, x) — BS” (0, *)l/4x = 0.9 + 0.3 (1 + x) (A.8) 
| Adie 


with an error of A+b(1+x), 0.2, |b | ~ €?. 
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Spectral distributions and correlation functions are derived for various fluctuating quantities 
(electron and ion densities, electron and ion current densities, electric and magnetic fields, 
particle distribution functions). The possible difference between the electron and ion temper- 
atures is taken into account. The cross sections for the scattering of electromagnetic waves 
on plasma fluctuations are determined. It is shown that the possibility of propagation of 
Langmuir oscillations as well as of high-frequency sound waves (ina nonisothermal plasma) 
leads to the appearance of satellites in the spectrum of the scattered radiation. When a con- 
stant magnetic field is applied, the scattered-radiation spectrum contains satellites due to 
the possibility of propagation of Langmuir, Alfven, and magnetic-sound waves in the plasma. 


\e A study of plasma fluctuations can be of 
interest to plasma physics. Since it yields directly 
the spectrum of the plasma oscillations, such a 
study can serve to determine many plasma param- 
eters (density, temperature) and can probably 
help explain the role of oscillations in transport 
processes and in the establishment of equilibrium 
in the plasma. This paper deals with a theoretical 
determination of the spectral distributions and 
correlation functions of various fluctuating quanti- 
ties ( including the particle distribution function) 
and a determination of the cross section for the 
scattering of electromagnetic waves on fluctuations 
in a plasma without collisions. We consider here 
free plasma as well as plasma in a uniform mag- 
netic field, and take into account the possible dif- 
ference between the electron and ion temperatures.* 
2. Fluctuations in a plasma which is in com- 
plete statistical equilibrium can be investigated in 
the general theory (Callen and Welton,-4] Leonto- 
vich and Rytov,{® 6] Landau and Lifshitz ) by 
using the known dielectric-constant tensor of the 
plasma.?t In particular, the space-time Fourier 


*The particle-density fluctuations in a free plasma were 
determined in a paper by Salpeter, [] with which we became 
acquainted after completing the present work (the results of 0] 
coincide with the ones we obtained by a different method), 
The scattering of electromagnetic waves by Langmuir plasma 
oscillations was considered earlier. [’] Scattering with small 
frequency variation in the presence of a magnetic field is 
treated by Dougherty and Farley.‘ 

tEquations for the spatial correlation functions of parti- 
cle systems with electromagnetic interaction are derived in 
the papers by Tolmachev, Tyablikov, and Klimontovich.|*~*] 
The correlation functions of microcurrents were calculated by 


components of the correlation functions of the 
current density j(r, t) can be determined from 


Giro = \ <ii (t,t) i; (r’, Ud ee - 1+ ot-1) dr dt 


h 4 * 

Spa ts — a. (1) 
where ij (k, w) is the tensor relating the Fourier 
components of the current jj(k, w) and the poten- 
tial Aj(k, w) of the external field: 


jz (k, ©) = C04; (k, ) A; (k, @) 
( the symbol <...> denotes averaging over the 
fluctuations). The tensor ajj, as follows from 
Maxwell’s material equations, is connected with 


the dielectric-constant tensor €4j (k, w) by the 
relation 


ayy = — w® {Aly — ATA Ag AT}, (2) 


where ; 
Al, = 1? (Riki? — 8) + 6;;, Ae = Ay — 87 + 8c; 
Ahi; = (A?)z;, A = det Ay, tl ke/o. (2’) 
We note that the equation A(k, w) = 0 is the dis- 
persion equation of the system. Consequently the 
spectral distribution of the fluctuations has sharp 


maxima near the natural frequencies of the system.* 


Shafranovl"] from the laws of motion. The spatial dispersion 
as it affects the fluctuations was treated by Bass and 
Kaganovl"’] and by Silin. [*4] 

*Relation (1) can be derived, according to Landau and 
Lifshitz, [7]from the expression of the rate of change of the 
plasma energy under the influence of the external field 


U = (2c) Re $1 iwj* (k, @) A(k, ©). 
k,o 
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The dielectric tensor constant of a free plasma 
has the form 


Eq (k, w) = Rikjk *e, (R, w) + (6, = k-*k;R)) E} (R, w), 


where <j and €; are the longitudinal and trans- 
verse dielectric constants of the plasma 


e, = 1 + (ak)? [1 — 9 (2 — @ (v2) 


4 25 Vaz (e-* + ne), 


Q2 
@? 


e = 1 —2 


| (z) — J Virze-*|; 9 (z) = zee dt 
o (3) 


(z = w/ks, p? = M/m, a? =(8re’ny)!T, 2? 

= 4re*n, /m, and s* = 2T/m; ny is the equilibrium 
density of the electrons, while m and M are the 
electron and ion masses (the plasma is assumed 
nondegenerate). 

Substitution of (3) into (1) and (2) leads to the 
following expressions for the Fourier components 
of the correlators of the charge densities and of 
the transverse current in the plasma 


2 Wwe Im €, _ T(aky 
<p ko = 55 o fe? WV mas 
0 
{1 =| (ak)? — @ (2) ay) (uz)? + (x/4) 2 (e —2z3 a we =p") 2 ’ 
+? ie Im €, 
(ike = gq OCT? — 1 eR 
(1 — 12)? ze 


(4) 


To (a 

== (a) 
It follows from these expressions that when ka 
> 1 the principal role in the fluctuations of p and 
j is played by the low-frequency oscillations. The 
frequency of the fluctuations increases with de- 
creasing ka and at ka « 1 the only frequencies 
remaining in the spectrum are those close to the 
natural frequencies of the longitudinal (in the 
spectrum of p) and transverse (in the spectrum 
of jt) oscillations of the plasma (w > ks): 


[o* (1 — 18) | — 29 P+ ate 


CP* ko = = TR (w — ©p), Op =aQ(i+ + eo 


ke =  TQ*0-%B (w — 7), OF = Vee + 9. (5) 
Integrating <p’ >kq with respect to the fre- 
quencies (which is most readily done with the aid 
of the Kramers-Kronig relations, seel"]), we de- 
rive the well known formula for the spatial Fourier 
component of the charge-density fluctuation 


4 1p (ak)? 
CPO‘ = 5, \ <P" )ko dO = Tea T+ (ae? * 


—co 


From this we can then obtain the mean frequency 


(6) 
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of the plasma space-charge fluctuations 


co ioe) 


= | \ <P?) ka do} * \ @? <P" ko da = 2? + > (ks)?. 


—oo 


Finally, (6) leads to the following expression for 
the correlation function of the charge density 


e7rla 
<p (r’, t) p(t", t)> = 2e*no E (r) ee 


r=r—r’. 


(7) 


Analogously we can determine the correlation 
function forthe density of the total current 


<j (r’, 2) i (r", f)> = 8e%no (T/m) 4 (1). (8) 


The spectral distributions of the fluctuations of 
the electric and magnetic fields E and H are also 
expressed in terms of €] and €t: 


8nT Im €, Im €; 
2 SW eS SEER EY 
culkin 6 ( ee Oia ee 
ae DMG T ar PME 
<H ko = o [mwz—e,?" (9) 


Inserting (3) and integrating with respect to w, we 
obtain 


4 
<E?>x = 8nT (1 + +a) ; (H?>_ = 8nT. 
From this we readily determine the correlation 
functions for the fields 

-r/a 
<E(t’, f) E(t’, t)> = 8aT | 8(r) ao pe a) , 


r 


<H (r’, 2 H(t", t)> = 8x76 (1). (10) 


3. Using the well-known expression for the di- 
electric constant of a degenerate electron gaslt4] 
we can use (1) to determine the spectral distribu- 
tion of the fluctuations in an electron gas with T 
<«K mv; /2 (vo — boundary velocity). In particular, 
we have for <p? >kw 


ACR 
Sar (0 lel) 


<P? ko aad = 1 
z 4+ 2\2 / mz \27 21 

x[(6-+1—s Ings) +(F)] 

414.4 
z+ 1!) sign 2}, 

vee Opera a 
8 (2) mde 2>0? 
whore y= o/kvy end ¢ =< kv, /i1)"/2. 

4, The fluctuations in a plasma situated ina 
constant homogeneous magnetic field H) are also 
determined by the general formula (1). (The com- 
ponents of the tensor €jj of a plasma in a magnetic 
field are known!!5»181_) 


4 
+8(C+1—gin 


(11) 
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If we disregard the thermal motion of the 
plasma particles (w >> ks), then € ij has the 
form!17] 


i Q2 Oy, 2 
fs a ay 
wo? — 0,’ ® oo, 
Q2 eH, 
Poy Neon ty amet ea) 


In this case relation (1) becomes (T > fw) 


Cel Deo = TON heAy (A (4? — ni) (n? — m3), 


A = ea: sin? d + escos?d, (13) 


where 7;,. are the refractive indices of the ordi- 
nary and extraordinary waves, and Aij is deter~ 
mined by formula ( 2’) (4 is the angle between H) 
and k). 

Equating the argument of the 6 -function to 
zero, we obtain the dispersion equation for the 
high-frequency plasma oscillations. The equation 
A = 0 determines here the frequencies of the 
Langmuir oscillations of the plasma in a magnetic 
field 


Oy = + (QM + oH) + + [(Q? + wy)? — 4Q?w7 cos? OY. 
With the aid of (13) we can find the spectral 


distribution of the charge-density fluctuations ina 
plasma at high frequencies (w > ks): 


(0! — 09)" 


ot cos? @ + (w? — w§,)? sin? o 


Peo = (4) {8 (w —@,) 


+8(o +0.) +8(o—o) +6(™+o)). (14) 


5. We now proceed to determine separately the 
electron and ion density fluctuations, and also the 
fluctuations of the plasma-particle distribution 
functions, without assuming the electron and ion 
temperatures T© and T! to be equal. Since the 
energy exchange between the electrons and ions is 
much slower than exchange between like particles, 
we can regard a nonisothermal plasma as a quasi- 
equilibrium system and apply the general methods 
of fluctuation theory to the fluctuations produced 
in this plasma. 

To determine the fluctuations of the particle 
distribution functions we must introduce into the 
kinetic equations that define these functions the 
random forces y® i(v, r, t) (the indices e and 
i will henceforth denote electrons and ions) :* 


*This method is a generalization of the one employed by 
Abrikosov and Khalatnikov |**] to find the distribution-func- 
tion fluctuations in an equilibrium Fermi system. 


and SITENKO 
te} (e} é (6) e 
tar tYor toi af (Vj.Fi2) 


= Sea r,t) + y°(v,r, ¢), 


fe) te) e (6) i 
(sr +¥ or — meat (v,r, t) 
Se vars ty (Vix, t); (15) 
Tv 
where F&>! are the Maxwellian distribution func- 


tions for the electrons and ions, f©: i- Fel 

— F§:! are the deviations of the distribution func- 
tions from Maxwellian, and 7® ! are the relaxa- 
tion times, which will tend to infinity in the final 
results. For simplicity we consider first only 
longitudinal plasma oscillations; in this case 


div E = 4me {8n® — 6n‘} = Ane \ (F* — F') dv, rotE = 0. 
(16)* 


Taking the time derivative of the entropy of the 
electron and ion system (separately for specified 
values of the electron and ion energies and num- 
bers), we obtain 


ke \ dr dv (x°X° + xX’), 


‘ed at e,é e,é e,é oe 
et a ee 
aoe Fe 


Using further the method developed by Landau and 
Lifshitz"!9] and by Abrikosov and Khalatnikov!'!®1 
we obtain the following expression for the mean 
values of the products of the random forces 


CHV FD Ue (V GT yt 
= 055 2(12). 1 Fo (v) Oly, —v') O10 Olt 7 eee 


where the indices a and b label the type of 
particle (a, b =e, i). We now must use (15) and 
(16) to express the distribution functions and the 
various physical quantities defined by them in 
terms of the random forces, and average these 
forces with the aid of (17). For the Fourier com- 
ponents of the fluctuations of the electron and ion 
densities we obtain 


6n? (k, w) = —— {Yiiw (1 + 4ax’ ) + Viodtan*}, 


my > Seay @) 


dn! (k ee Yiu 4x! + Yi, 4nx)}; 
’ oO &(k, @) { kw TUK ++ ko (1 + mx )}; 


Yin =\ (o—kv + = als " y2(v, k, o) dv, (18) 
where € =1+47(K©& + x1), where x®> 1 are the 
electric a ro of the electrons and ions: 


x2 (Rk, ©) = Fo ()— "a Av. (19) 


Te To = kv + i0 


*rot E = curl E. 


’ i = 
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Averaging of Y leads, according to (17) and 
(19), to the expressions e?<Y@Y>>,,, 
= 25ab wT? Imk2(k, w). Using next Eq. (18) we 
obtain ultimately* 


e? /8n"? ko = er (721 + docx! 2 Im we + T! | doce? Im x), 
e2<| dn! ko 
2k 


= Set (T?| nx! |? Im xe + T’ {1 + 4xxe |? Im}, 
e Connon = C2 C6n!SN* ko 


2k? 


~ ore 


{T° (1 + 4x’) (4nx’)* Im x? 


4 T! (1 + 4nx*)* (4rx¢) Im x}. (20) 
From these formulas we can readily obtain the 
spectral distribution of the charge-density fluc- 
tuations: 


Cp?) ken = 2 ¢| bn? — 61! | ko = suk Im {Txt + T’x’}. (21) 


When T® = Ti, this expression goes into the first 
expression in (4). 

We note that in the region of the small phase 
velocities (w/k « s© and s!) we have 


2Vx ef 1 RE oe 
Cerne = AP ete (Setar) (It ae) 
ta ie Vk2 + ki, ke, i= 4me’ny /T& 1), If s& > w/k 
> si and Te > Ti, then 


(8 (w—o, (f)) 


1 e 


+ 5(w + @s(R))}; Os (k) = VEne ; 


where at = 4re’ny /M; 
F Se T! Q, 2 4 Hide 
p=(1+5e|-(4) aerl|/ [3 


eres 


x exp 


(In particular, if In( T/T) « (Qj /si)? (eae ah aon 


then B =1.) We see that in a highly non-isothermal 
plasma with T° > Ti the correlation function of 
the charge density has a sharp maximum at w 
=+ws(k), corresponding to the possibility that 
specific sound oscillations propagate in the ; 
plasma.t At large phase velocities (w/k > s®, s+) 
the principal role in the charge-density fluctuations 
is played by electrons, and <p? >kw is determined 
by the formula (5) with T = Tes 


*Salpeter [:] derived the expression for <|5ne |? >a by a 
different method. 

tThese oscillations were investigated by Tonks and 
Langmuirl?*] and by Gordeev. a] 
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Let us express now the Fourier component of 
the distribution-function fluctuation in terms of 
the random forces 


4me? 4 kvF 5 (v) : i 
e — 6ne — 6nt e 
Ff) RT? o—kv+ ijt? Ne a Buaewriyen ss Gs 
; ance 4 —_kvFy (2) ; 
£ = - : ne == 6 t 
i (v) eT ei evieniy v (on w) 
i PRT pe S78 | L 
ie o—kv+ iit! y y): 
Using (17), we obtain the distribution-function 
correlators* 
<2 (v) f° (v’) Deo = 278a0F 6 (v) 6 (V — v') 5 (@ — kv) 
+n. A4nek2F 4 (v) Fe (v’) S* (v, v’), (22) 


where the upper (or lower) sign is taken in the 
case of like (unlike) particles and 


ab 4 kv 4 h 
: ~ 72 wo —kv + 10 oe Kv) 
1 kv’ 1 
Tite w — kv’ — i0 & CAC TS 8 
Bet A kv kv’ Im (T°x? + T’x!) 


Bi © T4¢7? o—kv+i0 o—kv’ — i0 je |? 


6. We now generalize the obtained results to 
include a plasma ina constant homogeneous mag- 
netic field H). In this case the kinetic equations 
can be written (in Fourier components) as 


— iG* (v, k, @) f* (v, k, @) $eE ry F¢ (v) =y* (v, k, @), 


bee . e[vH,] 9 i e[vH,] @ 
ORR rae Nery percent te. ae, G =o—kv—i eG, 
(23)T 


We can use (23) to relate the fluctuations of the 
electron and ion currents with the random forces 


PLIERS tones Yi = \ v; (G2)-4 y* dv 

[the upper sign pertains to the electrons (a =e) 
and the lower to the ions (a =i) ]. Here (Gaia3 

is the operator inverse to G®, E is the fluctua- 
tion of the electric field, and Ke are the tensors 
of the electric susceptibility of the electrons and 
ions of the plasma in a magnetic field. Expressing 
E in terms of j =j° + ji with the aid of Maxwell’s 
equations we obtain 


-a . a a * 
j= ieY; — 4nx, ,Qyjt, 


Quy = kikjk® — (nu? — 1)? (6 — R*RR))- (24) 
*The fluctuations of the distribution function of a gas 
(without account of the self-consistent fields) was investi- 


gated by Kadomtsev. [25] 
t[vHy] = v x Ho. 
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( The field E is not assumed potential, for in gen- 
eral the longitudinal and transverse oscillations 
cannot be separated in the presence of a magnetic 
field. ) 

Introducing for simplicity of notation a (2 x 3)- 
dimensional current-density vector jq, which 
combines the two currents j©(a@=1, 2, 3) and 
jh a=-—1, —2, —3) we rewrite (24) in the form 


se ; 
Ma a 1eY x, las = 4 ’ Vie = 
BJB ] ( if ie 
stay = (EO tt) 
4nx’Q I + 4nx'Q! 
Recognizing that det IN differs from the deter- 
minant of the matrix A [see (2’)] only by a factor 


(nm? —1)7, we write the solution of (24’) in the 
form 


(24’) 


Ia => ieA apy py 


where tap MBy = day. 

We must now average the products of the cur- 
rents over the random forces with the aid of (17). 
( The fact that (23) contains additional terms due 
to the field Hy, not contained in (15), does not 
change the expression for S, and consequently 
does not change the expression for <yayb kw: ) 
Noting that 


CLV IV key = — i8qp0T* (xij — 1%), 

we obtain finally an expression for the correlators 
of the electron and ion currents 
Cifij ko = —io| AL? (uiiwinT? (im — 22) 

pil pin T* (im — %int)}s (25) 
where pp are the elements of the matrix p: 

(ke pe 
Bsa hele Pei} 
we op 
From (25) we readily obtain the spectral distri- 


bution of the fluctuations of the total current 
density 


Cjii>ko = —i@| Al? pipnim {T° (Him — Xin) + T! (Xin — Hina), 


(26) 
where the tensor yt is related with the tensor 
Mi; = (mn? — 1)-4 (MPk-Pexkerky — Az) 


by the equation at Mf; = 6jjA [we note that 
det Mt =(n? —1)77 A]. 

Using Maxwell’s equations we obtain with the 
aid of (25) and (26) the correlators of all the quan- 
tities of interest to us. 

In particular, the correlators of the electron- 
density fluctuations and of the magnetic-field fluc- 
tuations have the form 
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RR; +@ + 
2 <| bn? kw = a ili kos 


2 . Pe 
(66H pio = (=f arte ME Dp Cimejt'm'R *Riky <jmjm'>kos 


Ani 2 RnR’ 7 :€ “ef 
é (6n°OH ko = — aires Cjm't— px {<imJi> ko Cjmji>«ea)s 
(27) 
where e... is a completely antisymmetrical 


third-rank tensor. 

As already noted, the correlation functions 
have sharp maxima near values of w and k 
satisfying the dispersion equation A(k, wn(k)) 
= 0 (the index n labels the type of oscillations). 

It is easy to establish the form of the correlation 
functions near such maxima. For example, for the 
quantity <jijj>kw we have 

(Jil Dk = Bi (k, ©) 8 (@ + On (k)), 


T° (Xfm — #nt) +7 (im — Ximt) 
Im A 


ll eae tine £8: 
Hip jm 


: OA 
Bi; =— ino | Se 


If w/k > Se, si, then this formula goes into 
Eqs (13) with TreTr- 

We note also that if 7 > 1 the correlators of 
the particle densities and the charge density in 
the presence of a magnetic field are determined 
by the same formulas (20) and (21) as in the case 
of a free plasma. Here we must take x and € to 
mean the longitudinal components of the corre- 
sponding tensors, for example kK *kikj€ ij ( this 
conclusion does not hold true only near the poles 
of the correlation functions, corresponding to the 
propagation of fast and slow magnetic-sound 
waves) .* 

To find the correlators of the distribution func- 
tions it is necessary to express, with the aid of 
Maxwell’s equations, the fluctuation of the electric 
field in terms of the fluctuation of the distribution 
functions and, after substituting the resultant ex- 
pression (23), to average in accordance with (17). 
We do not give the corresponding expressions here. 

7. We consider now the scattering of electro- 
magnetic waves by fluctuations in a plasma. Ina 
free plasma this scattering is determined only by 
the fluctuations of the electron density; for a 
plasma ina magnetic field Hy it is necessary to 
take additional account, generally speaking, of the 
magnetic-field fluctuations 6H (the fluctuations of 
the ion density are insignificant because of the 
large ion mass). The electric field of the scat- 
tered waves obviously satisfies the equation 


4ne oO 


(rot rot +: : on) E’ tga an 


, 
2 OP MoV + én’v), 


*These waves were investigated by Stepanov!) and 
Bernstein. [24] 
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where v is the average electron velocity due to 
the field of the incident wave 

E = E°exp( ik): r — iwot): 

@E — a3, (RE) h — i@.@;, [hE] 


e 
2 
m Wo (WS — OF) 


and v’ is the electron velocity associated with the 
scattered wave: 

dv’ (ie e F e 

are fae ier Od Ho] + ~~ [voH] 
(We assume that v, v’ «c). From these relations 
follows an equation for the field of the scattered 
wave with frequency w = wy) + Aw and a wave 
vector k = k) + q: 


Aup(k, ©) E(k, 0) = EP {22 (by —e8) 


w 


6n* (q, Aw) 
un 


$i 28 (by — ex) tem (84) — &%)) Hm (G, Ao) 
where €jj = €ij(w) and ef = €ij (wo) [the tensor 
€jj is determined from (13) iF 

To find the scattering coefficient we must di- 
vide the intensity of the scattered wave by the ko 
-component of the Poynting vector of the incident 
wave 


/ ak, |? 
So = gqtwl Blt (1) 


| & P&G / 
2 : 
hs (i: ep : i nesin 26, sie chy 
oe a ag na Bea bere 
4 ne— ey ’ 2 wPsin® >) —25 ‘ Wo 


(3) is the angle between H) and ky). We give 
only the final results. 

In the absence of a magnetic field, the differ- 
ential scattering coefficient for an unpolarized 
wave is 
d= (a) (2YV (1 + cost 0) <| dn" ?raae 40 dw, 

(28) 
where @ is the scattering angle, do the element 
of solid angle k, € =€(w) =1— Q7/w*, and €9 
= €(w ). We note that this formula admits of 
arbitrary frequency variations. When Aw K wo 
the factor (w/w)? €/€, becomes equal to unity, 
and (28) goes into the well-known formula for the 
scattering on fluctuations with small frequency 
variation (see, for example, ys 

In the presence of a magnetic field, dz has the 
form 


4 2 \2 /w,0 \2 : 
dB =A (SY (ey R {JEP <1 62" Prare 
— tte 8. Im (EA; <dn°H: qa) 
+ a 7A; (8H8H) Yaa} dodo, 
eo ne {Mo (| &> p—! + exit} \ ; eee (ef; — 6.) ee), 


Ay = (11 — Sat) €xCtmi (&mj — Omi) i> (29) 
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where e is the polarization vector of the scat- 
tered wave 


COS 
1 ? 


oo ba) : ° mei 
aay sin @ + 1 cos @; ae 


Led Graih! 
fising: pate) 
[9 is the angle between H) and k, while ¢ is the 
angle between the planes (ky, H)) and (k, H)) J. 
The quantities <|6n° |? >, <6n@6Hj> and 
<6Hj6Hj > are determined from (27). 

8. If the electron and ion temperatures are 
equal and there is no magnetic field* the spectrum 
of the scattered radiation consists of the 
Doppler-broadened principal line (Aw < qsi) and 
of sharp maxima at Aw = + if aq «1. Ifin 
addition wy >> 2, then the integral scattering 
coefficient (in a given angle interval) has the 
form 


58 WN 9: 4c) 2 20,1) sO 
az = (a) SAA (1 + cast 0) dex g= 2B sin 
(30) 


Whether the electron and ion temperatures are 
equal or not, the coefficient of scattering is deter- 
mined for small changes in temperature (Aw 
<« qsj) by the formula 


(aq)® 


n f e®\2 a 
= ste (aa) et a oe 


d= (1 + cos? 0) do dw. 


If Aw > qSe the scattering is only on the Lang- 
muir oscillations. In this region, for arbitrary re- 
lation between T€ and Ti, the form of dz is 

eT °q? 


w? aig a 
“6x (mc®)* ee (1 + cos? 6) {6 (Aw — &) 


+ 6 (Aw + Q)} do do. 


di= 
(32) 


In a strongly nonisothermal plasma (Te > Ti) 
an additional sharp maximum appears in the fre- 
quency interval between the central ( Doppler) 
maximum and the Langmuir satellites when Aw 
=wg(q). This maximum is connected with the 
possibility of propagation of specific sound oscilla- 
tions in the plasma. In the case of greatest interest, 
when Aw/qsi > In( T€/T!), the scattering coeffi- 
cient for Aw ~ wg(q) is equal to 


2page 2 
CHT OF 9) 65 (Aw — 04 (@)) +8 (Aw + 02(9))- 


PYG Towers oA ET CTR 
16: (mc?)? (2 + q?) (33) 


9. In the presence of a magnetic field, as fol- 
lows from the results of Sec. 6, the scattered- 
radiation spectrum contains, along with the 
Doppler-broadened principal lines, sharp maxima 
connected with the possibility of propagation of 


*Various particular cases occurring under these conditions 
have been studied in detail for small changes of frequency 
(Aw K w,) by Dougherty and Farley. 3] 
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various natural modes in the plasma (two types 
of Langmuir oscillations, Alfven waves, and also 
fast and slow magnetic-sound waves in the case 
when Te > T!). We give here the final expression 
only for the scattering coefficient on the Langmuir 
oscillations (Aw ~ w,), which is simplest in form 
eer? 6) pie p (Ao)? [(Ao)? — 03)? 

8m (me?)? QS ' (Aw)* cos? ® + [(Aw)? — o2,]?sin? 6 


x { 8 (Aw —@,) +6 (Aw +0,) +8 (Ao—o) 
+6 (Aw + 0.)} dodo, (34) 


d= 


where 3 is the angle between q and H). 

When w) > w, and T® = T!, we can determine 
the integral scattering coefficient (ina given 
angle interval). It is then sufficient to retain in 
(29) only the first term proportional to <|6n¢ |?>; 
the relative contributions of the second and third 
terms to the integral coefficient amounts to s/c 
and (s/c)*. If (Aw)efp denotes the effective fre- 
quency interval in which < |6n® ?> is different 
from zero [we note that (Aw)eff < w, ], then the 
integral scattering coefficient, for (Aw)eff K wo 
sin 6, will be 


Ny ( &% \2/ @ \4 4 + 2 (aq)? 
da = a (a) ( a ) (R a ee Taq? 22: (35) 


[We note that in general the second and third 
terms in the differential scattering coefficient (29) 
cannot be neglected. ] 
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Dara on processes connected with cosmic rays 
in many astronomical objects are of great impor- 
tance to the solution of many astrophysical prob- 
lems. Such data can be obtained from the high- 
energy photons arriving at the earth without being 
deflected. 

Cocconi!!J proposed to locate on the celestial 
sphere sources of photons with E ~ 10’ ev by 
measuring the relative delay in the passage of a 
front of a developing air shower through scintil- 
lators. /?1 

It seems to us that showers from primary pho- 
tons with energy E ~ 10!2 ev, ina solid angle 2 
~ 10-* sr, can be registered more reliably and 
with much simpler means by using the Cerenkov 
radiation produced by the shower in the atmos- 
phere. For this purpose, the light flash should be 
registered with a photomultiplier placed at the 
focus of a large parabolic mirror. The angular 
resolution of such a system can be reduced to 
os an 

It is advisable to use several paraboloids with 
parallel orientation to distinguish between sepa- 
rate showers by the time coincidences of the pulses. 
It is possible in this case to register showers for 
which the number of light quanta gathered on the 
photocathode is greater than 200. [3] Calculations 
of the intensity of Cerenkov glow of a sea-level 
shower produced by a primary 10!2-ev photon 
yields a flux of ~50 quanta/m*. To register such 

showers the area of the parabolic mirror should 
be 4 m2. In spite of many shortcomings (the ob- 
servations can be made only in moonless and 
cloudless nights) the proposed procedure seems 
more promising than that of Cocconi,!!] at any 
rate when searching for photons from known 
radioastronomical objects. 

If the apparatus is located on a mountain and if 
large-area mirrors are used, primary photons of 
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lower energy can be registered. At high energies, 
the ratio of the photon effect to the cosmic-ray 
background can be improved by using penetrating- 
particle detectors connected for anticoincidence. 

An advantage of the proposed method, in addi- 
tion to the possibility of placing the apparatus at 
sea level, is the relatively large effective area of 
shower registration (on the order of 10° m?), so 
that high statistical accuracy can be attained; the 
latter is very important, since the optimistic esti- 
mates given in C1] for the intensity of the high- 
energy photons from radioastronomical objects 
are highly overestimated. A likely estimate can 
be made by counting the number of neutral pions 
generated when cosmic-ray particles collide in- 
side an object with atomic nuclei of disperse 
matter (gas or dust). 

Using the experimental data on cosmic rays in 
the atmosphere and assuming that the cosmic rays 
in radio nebulae have an energy spectrum similar 
to that of the particles incident on earth [i.e., 
Fo(E)dE = AE~‘Y* dE with y = 1.7 when E 
> Emin and Fe(E) = 0 when E< Emin], we can 
write for the number of photons produced by pas- 
sage of the cosmic rays through a layer of matter 
of thickness dx 


dFpXE) =Konl¢(E) dt /ho,  Kpn2- 107, 
Ao=1.5-102 g/cm? 


Therefore, integrating over the volume of the en- 
tire object and expressing the constant A in terms 
of the cosmic-ray energy density €¢, 
eo = 4nc \ EF .(E)dE, 
Emin 

we can obtain in simple fashion the following esti- 
mate for the intensity of the flux of photons with 
energy greater than E at a distance R from the 
object: 

50> By S10 E EW oR eM; 


where Emin (~ 107% erg) is the minimum energy 
of the cosmic-ray particles in the object, c is the 
velocity of light, while €, and M are the energy 
density of the cosmic rays and the mass of the 
gas in the object, determined from the relation 


eM = \ec(t) P(r) dV, 


where p is the density of the gas and integration 
is over the entire volume of the object. F 

The flux of cosmic-ray particles at the earth 
is Ig (> E) =5 x 10-°E-Y erg-em~™ sec”! sr7}, 
The expected fraction of showers from the photons 
inside a solid angle 2 = 107*is 
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A = (Ipp/ Ic): 108 = 5-10. MR? = 2-10° H2?MR® 


(if it is assumed that €e = H*/8r, where H is the 
intensity of the magnetic field). If, for example, 
we assume for the Crab nebula H = 3 x 107% oe, 
M = 10% g, and R= 10” cm, then A=2 x 107". 
If (as in the center of the galaxy) H = 10°%, 
Need" and R= 2 10, then Ai O10) = 

Thus, even the most favorable estimates yield 
rather low values for the photon intensity. Recog- 
nizing, however, that the cosmic-ray spectrum in 
many objects can be richer in high-energy particles 
than is the spectrum on earth, and also that only the 
order of magnitude of most astrophysical quantities 
is known, it seems advantageous to investigate by 
the above-described method the most promising 
objects (such as the center of the galaxy or the 
radio nebulae ). 


! J, Cocconi, Trans. Intl. Conf. on Cosmic Rays, 
vol. 2, AN USSSR, 1960, p. 327. 

2B. Rossi, ibid. Delos ; 

3 Chudakov, Nesterova, Zatsepin, and Tukish, 
ibid. p. 36. 
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Ke is well known, the chemical potentials of the 
electrons of metals in electrical contact are equal- 
ized. Contact can also be accomplished by tunnel- 
ing transfer of electrons through a layer of insu- 
lator separating the metals. If a potential differ- 
ence is applied to the layer of insulator, the cur- 
rent produced depends not only on the dimensions 
of the insulator, but also on the distribution of 
electron states near the energy corresponding 

to the chemical potential. According to the pres- 
ent theory of superconductivity, {1,24 the transition 
of a metal from the normal into the superconduct- 
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ing state is accompanied by a change in the distri- 
bution density of electrons p; if p=N(0) inthe 
normal state, then in the superconducting state 
the density of ‘‘unpaired’’ electrons (for E > 0) 
or holes (for E < 0)* 


ps (E) = N (0)\E|(E2?— A2]-", ESA, 
ps(E)=0, E<A, (1) 


where E is the energy, measured from the chem- 
ical potential, and A(T) is the width of the gap in 
the energy spectrum of the electrons of the super- 
conductor. A change in the electron density dis- 
tribution will, evidently, produce a change in the 
current when the applied voltage is less than A/e. 
This effect has recently been found [3] and also 
confirmed.4] In these experiments, however, the 
measurements were carried out in a temperature 
region where the smearing out of the electron dis- 
tribution, due to the influence of temperature on 
the Fermi distribution, affects the results appre- 
ciably. 

In the present paper we report on a study of the 
tunnel effect at temperatures down to ~ 0.1°K. The 
specimens were metal films of thickness ~ 107° 
cm, condensed at 300° K onto a glass surface in the 
form of a ~1 mm wide strip. The measurements 
were made on the overlap regions of strips of suc- 
cessively condensed metals. An oxidized alumi- 
num layer, or in some experiments a BaF, film, 
was used as insulator. The resistance of the spe- 
cimens was 104*—10° ohm. The tunneling transfer 
between Al and Al, In,Sn, and Pb was mainly 
studied. The temperature of the specimens was 
reduced by adiabatic demagnetization of a para- 
magnetic salt..5] It was possible with the appa- 
ratus to achieve brief heating of the specimen to 
~4°K before the measurements.f In an experi- 
ment, current-voltage characteristics were meas- 
ured between metals in the normal (Jp— V) and 
superconducting (Jg — V) states. The dependence 
of the current on temperature and on a magnetic 
field parallel to the plane of the specimen was 
measured. 

The Jn — V characteristic is linear up to 
~107* v for the tunneling transfer of electrons 
between metals in the normal state (at a tem- 
perature above the transition temperature or in 
a field greater than the critical magnetic field). 


*The paired electrons are only important in the equaliza- 
tion of chemical potentials. Their contribution in the tunnel- 
ing current is negligibly small. 

+The heating served to remove the frozen-in fields from 
the specimens. These fields, frozen-in during the adiabatic 
demagnetization, led to a spreading of the a(V) dependence. 
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FIG. 1. The reduced conductivity 
0 =Js/Jn for tunneling transitions 
between Al and Al, In, Sn, and Pb 


A departure from linearity is observed for large 
potential differences, related to the penetration 
of electrons through the potential barrier. Figure 
1 shows the change in the J-—V characteristic 
when the metals go over into the superconducting 
state. 

Let us consider the results obtained at ~ 0.1°K. 
It is evident that if the spread of the Fermi distri- 
bution f(E/T) is negligibly small, the current due 


to the tunnel effect between superconductors will 


only appear if the applied voltage V = (A; +A,)/e, 
where A, and A, are the gap widths in the super- 
conductors being studied. With this condition we 
can deduce A, + A, from the data of Fig. 1 and 
then A for Al, In, Sn and Pb. It was found that 
for the Al specimens only the ratio 2A/kT¢ = 3.37 
+ 0.10 remains constant, while the value of A 
changed correspondingly with the critical temper- 
ature of the specimen (Tg varied from 1.35 to 
1.45°K). For the remaining metals the following 
values were found: (A is given in millielectron 
volts ): 


Ain = 0.505 + 0.01, Asn = 0.5640.01, 


App = 1.33 40.02 Mev, 2Ain/&T ce = 8.45 + 0,07, 


2Nen [RT ce = 3-47 £0.07, 2Apy/ kT ¢ = 4,26 + 0.08. 


The electron distribution density in the super- 
conductor pg(E) can be determined from the 
voltage dependence of the conductivity ratio 0 
=Jg/Jn, It is easy to show [4] that if the proba- 
bility of tunneling penetration of the barrier is 
the same for the normal and superconducting 
states, then 


3= + \ pu (E)pa(E—V {i (Fa )—F (Gr) ae. 


Using the values of A obtained above, the o(V) 
dependence for the pairs of superconductors stud- 
ied can be calculated from (2). The results of this 
calculation are shown in Fig. 1, from which it is 
seen that the values of o calculated theoretically 
and obtained in the experiments are close to one 


films. The dashed lines indicate re- 
sults calculated from relation (2). 


20 fe? 


V, mv 
another. Some difference is only observed in the 
immediate neighborhood of A, + Ap. 

We now discuss the change in o(V) on increas- 
ing the temperature. It can be seen from Fig. 1 
that for Al in the temperature region T < Teg, an 
increase in o is observed not only for eV ~ A; 
+A», but also for eV ~ Ay—Ay. The effect of the 
appearance of a current for A;—Ap:, as a result 
of the spread of the f(E/T) distribution, was dis- 
cussed in detail.{*.4] Our data for the pair Al-Pb 
agree with those given in these papers. Similar 
results were obtained for the Al-Sn pair. The ex- 
istence of the additional maximum in o at eV = A; 
— A, is most clearly seen in the Al-Al pair. The 
ratio o decreases several fold in the range from 
V=0 to eV = 2A. 

As can be seen from Fig. 1, the potential dif- 
ference at which the sharp increase in o for Al- 
Al occurs changes with temperature. This vari- 
ation is evidently produced by the variation of the 
width of the gap A with temperature, which can 
therefore be determined from the data of Fig. 1. 
The A(T) dependence is shown in Fig. 2. The 
form of the variation with temperature is close 
to that which follows from the present theory. 
qs 


eT. 


FIG. 2. The dependence of the gap width A in Al on tem- 
perature: e—from measurements on the AI—Al pair (A, = 0.41 
Mev, Te = 1.4 + 0.02°K); 0 —for the Al—Sn pair (Tcat 
= 1,34°K); the dashed curve shows the theoretical A (T) de- 
pendence. 
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The results obtained thus show that the tunnel- 
ing effect between ~ 107° cm thick superconduct- 
ing films can be explained satisfactorily by the 
present theory of superconductivity, and the ratio 
2A/kTe is not a universal constant. The ratio 
2A/kTg obtained on thin films is close to the 
value determined by other methods on bulk spe- 
cimens. However, while results of investigations 
on bulk specimens indicate the existence of strong 
anisotropy of A in a number of metals, no notice- 
able anisotropy was found in the investigation of 
the tunnel effect in thin films of superconductors. 
For example, although the anisotropy of A in tin 
is as much as ~ 30%, according to measurements 
on the heat capacity /*] and on the absorption of 
ultrasonics, /°1 the 0 (V) dependence is close to 
that which follows from an isotropic model. It is 
possible that this arises because the thickness of 
the films studied was much smaller than the co- 
herence distance of the electrons of the supercon- 
ductor. 
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iN Recently two experimental groups have detected 


an anomalous temperature behavior of the Méss- 
bauer effect in SnO,!1] (radiator Sn‘!%) and 
Dy,O3 [2] ( radiation Dy!*), It appeared that in these 
materials the effect exists at high temperatures, and 
its fall-off with increasing T occurs much more 
slowly than would be expected starting from the 
actual values of the Debye temperature and a 
simple theoretical description of the effect. [3] 

In the present note we give the results of an 
analysis of the effect of optical branches of the 
crystal on the magnitude of the Mossbauer effect, 
which makes it possible in particular to explain 
the observed regularities. 

2. The probability of the Mossbauer effect ina 
crystal of arbitrary symmetry, when the radiator 
is one of the atoms in the elementary cell (j), 
is given by the expression [4] 


Wj = exp {— Z}}, (1) 


LETTERS: TO ERR BALDOR 


In conclusion, I express my thanks to P. L. 
Kapitza and A. I. Shal’nikov for their interest in 
this work. 
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. " 2 

Zj= Roe ps oe a [2n(f, a) + 1a (2) 
(where the notation is all the same as in [4J), 

If we use the orthonormality of the complex 
amplitudes Vj (f, ~), one can show that for any 
atom in the cell and for arbitrary direction of the 
Y quantum we have the relation 


(2n)-8 v9 > \ IqV;(f, a) Pdf = 1. (3) 


It then follows from (2) and (3) that at T=0 the 
effect is determined by the average over branches 
and phase space of the value of 1/w (f, a), where 
the probability density distribution is given by the 
quantity |qa° Vj(£, a)|?. 

This result enables us to draw the important 
conclusion that the probability of the M6ssbauer 
effect will be the larger the greater the relative 
magnitude of the amplitude of oscillation of the 
atom in the highest-lying optical branches in the 
fundamental region of the phase space of the re- 
ciprocal lattice. 

Let us compare crystals with one and with sev- 
eral atoms in the unit cell, which have similar 
characteristic acoustic frequencies (that is, 
similar Debye temperatures ). If we have the 
same radiator in both cases, it follows from (2) 
and (3) that the Méssbauer effect in the polyatomic 
lattice will, in general, occur with higher proba- 
bility. 
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The presence of optical branches in the crystal 
can markedly change the temperature dependence 


_ of the effect. In fact, the temperature excitation 


of optical phonons begins at much higher tempera- 


' tures compared with acoustic phonons. Therefore, 


if the role of optical branches in vibrations of the 
atoms of the j-th type is significant, Wj drops 
with temperature more slowly compared with the 
monatomic lattice with the same Debye tempera- 
ture. 

In the limiting case where the optical branches 
play a predominant role, Wj changes slowly with 
temperature, so long as kT does not become of 
the order of the characteristic energy of the optical 
phonons. 

3. To find the frequency spectrum and relative 
values of the amplitudes of oscillation for different 
branches, one must solve the eigenvalue problem 


for the dynamical matrix c%f(f).[*] Let us con- 


sider a lattice with two atoms in the elementary 
cell. If for simplicity we assume that the dynam- 
ical matrix can be reduced to diagonal form simul- 
taneously for all values of f and j, j’, then the 
qualitative analysis of the vibration problem can 
be carried through completely. 

As f— 0 for the acoustic branch which corre- 
sponds to polarization along the & axis, we have 


Vi Vs =V im] m, (4) 


while for an optical phonon with the same direction 
of polarization: 


VE/V5 = — Vig [tm 


If m; > mg, we see that for a heavy atom the 
contribution to Zj in (2) ‘for small f is due mainly 
to the acoustical branch, while for the light atom it 
is mainly from the optical branch. Which situation 
will hold for arbitrary £ depends essentially on the 
nature of the interaction between the atoms. If the 
interaction between the heavy atoms is greater than 
all other interactions, so that the inequality 


ICE (H|S>1Ce (|, | Ca (| (5) 


holds in the fundamental part of phase space, then 
with increasing f the heavy atom ‘‘slips over”’ into 


(4’) 


| the optical branches. Since the phase volume cor- 


responding to small wave vectors is small, Zj for 


the heavy atom will be determined for the most 


part by the optical branches. As a consequence, 
we get a large Méssbauer effect for a heavy radi- 
ator at T = 0, and a weak dependence of the effect 
on temperature. 

The results found give a good qualitative expla- 


~ nation of the observed temperature dependence of 
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the effect.1:2] Though the elementary cell in SnO, 
and Dy,O; contains more than two atoms, it is ob- 
vious that all the arguments remain unchanged. 

If the predominant interaction is that between 
different atoms or the interaction between light 
atoms, then as f— 0, just as for arbitrary f, in 
the optical branches the predominant vibration 
will be that of the light atom. As a result, in such 
a lattice one will observe a weaker temperature 
dependence even for the light radiator. The case 
of a cubic lattice, which is considered in detail 
in [61 , taking account of the interaction with 
nearest neighbors, corresponds to just this variant. 


1V. A. Bryukhanov et al., JETP (in press). 

2 Sklyarevskii, Samoilov, and Stepanov, JETP 
(in press). 

3Ww.M. Visscher, Annals of Physics 9, 194 
(1960). 

4Yu. Kagan, JETP 40, 312 (1961), Soviet Phys. 
JETP 18, 211 (1961). 

5M. Born and K. Huang, Dynamical Theory of 
Crystal Lattices, 1954. 

6 Yu. Kagan and V. A. Maslow, JETP 41, 1296 
(1961), Soviet Phys. JETP 14, (1962). 
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POLARIZATION OF LAMBDA HYPERONS 
GENERATED ON LIGHT NUCLEI BY NEGA- 
TIVE 2.8-Bev/c PIONS 


Yu. S. KRESTNIKOV and V. A. SHEBANOV 


Institute of Theoretical and Experimental 
Physics, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor June 15, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 661-663 
(August, 1961) 


Many experimental investigations (131 were de- 
voted to the polarization of A hyperons generated 

in mp and 7 -nucleus collisions at pion energies 

greater than 2 Bev. Ina preliminary communica- 

tion!1] we reported a freon bubble chamber J in- 

vestigation of the transverse polarizations of the 

A particles produced in the reactions 


(1) 
(1’) 


x + A>A+ K+ A'-+na, 
ep A> EEK A+ nm, WALT 
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Number of negative pions from Number of negative pions from 
A decays, emitted A decays, emitted in the S plane 
In the plane 
Number of of creation Indeter- 
A decays Down- and indeter- # minate es, 
Aspt+mr ward minate cases cases (ap)' 
564 50 —0.11 + 0.08 22 0.04 +0.08 
Including 106 
paired cases i —0.32 + 0.19 0.15 + 0.19 


at 2.8 Bev/c on light nuclei (C, F, Cl). The asym- 
metry coefficient obtained in this investigation (in 
183 A-decay events ) 


ap = 2(N,—N,)/(Ny + Ny) = — 0.304 0,15 


resulted in noticeable probability for a negative 
value of ap. 

To improve the statistics, we analyzed more 
than 350 additional A particles (on top of the 183 
decays ) registered in a chamber and correspond- 
ing to reactions (1) and (1’) at 2.8 Bev/c. The av- 
erage A-particle momentum in the spectrum was 
650 Mev/c. The K°-decay admixture was less 
than 7 percent of the number of A decays. The 
total number of particles was 564, and 106 events 
corresponded to bound creation of A + K® and 
2° + K°® in the reactions 


m+ A—->A-+K°+ A’ + ma, 

mw + A 29+ K°+ A’4 mn, L®°>A-+y, 
where m = 1.2 + 0.15.15] 

The measured values of ap are listed in the 
table. It is seen from this data that slightly more 
negative pions are emitted downward from the A- 
particle creation plane, but the value of ap, ob- 
tained from 564 A decays, is close to zero; on the 
other hand the value — 0.32 + 0.19, obtained from 
the paired cases of bound creation A(=°) + K® is 
subject to large statistical error. Therefore, as 
before,!!] we cannot conclude with certainty that 
ap is negative. 

We also investigated the right-left asymmetry 
for the obtained A decays. The asymmetry co- 
efficient is in this case 


(ap) = 2(N,—N.)/(N,+N.), 


where N. and N~ is the number of negative pions 
from A-hyperon decay, emitted to the right and to 
the left of the plane S defined by the vectors pj 
and py, prim * Pa: Such an asymmetry arises if 
parity is not conserved in the creation of strange 
particles in strong interactions.[¢1 

In the latter case the resultant longitudinal po- 
larization of A hyperons leads to a front-back and 
left-right asymmetry. As noted in [7] measure- 


(2) 
(2’) 


ment of (ap)’ excludes the systematic error due 
to the method used to select the A decays. It is 
seen from the table that no right-left asymmetry 
is observed, within the limits of statistical errors. 

The measurement of the front-back asymmetry 
is made difficult by the uncertain efficiency of ob- 
serving the A decays, due either to the smallness 
of decay-particle ranges or to the small angles be- 
tween them. In order to reduce these uncertain- 
ties to a minimum, we used only cases of pair 
creation (106 cases), which were selected most 
carefully .[*1 Upon correcting for the foregoing 
uncertainties we found the fraction of the pro- 
tons emitted backward in the A-particle c.m.s. to 
be 0.53 + 0.08. This is in good agreement with 
the value 0.5, expected if parity is conserved dur- 
ing the process of creation of the A particle. 

In conclusion, I am deeply grateful to A. I. 
Alikhanov and A. G. Meshkovskii for discussions, 
and to Ya. Ya. Shalamov, V. P. Rumyantseva and 
N. S. Khropov for help with the work. 
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PARITY NONCONSERVATION IN STRONG 
INTERACTIONS AND NUCLEAR FISSION 


V. V. VLADIMIRSKII and V. N. ANDREEV 


Institute for Theoretical and Experimental 
Physics, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor June 23, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 663-665 
(August, 1961) 


Recenrty, in connection with the discovery of 
nonconservation of parity in weak interactions, 
attempts have been made to determine the degree 
of nonconservation in strong interactions. We can 
expect the admixture of parity-nonconserving in- 
teraction in the nuclear forces to be of order 

f?/nc ~ 107'4 if we include, in addition to the ex- 
change of 7 mesons, the virtual exchange of lep- 
tons. Gell-Mann and Rosenfeld“! found that under 
certain assumptions it is possible to have emission 
of a nucleon-antinucleon pair with the strong coup- 
ling constant g/Viic , and the absorption of the 
pair by weak interaction with the weak coupling 
constant f/Vfic . The admixture of such a parity- 
nonconserving interaction into the strong interac- 
tion amounts to ~ fg/tic ~ 10°’. Within the frame- 
work of the universal Fermi interaction, a similar 
result is obtained for a four-fermion interaction 
and an interaction in which two fermions and two 
bosons participate.!?1 

The possibility of observing experimentally the 
admixture of parity-nonconserving interaction re- 
sults from the fact that selection rules hinder the 
parity-conserving transitions. Blin-Stoyle [3] in- 
vestigated the possibility of observing a pseudo- 
scalar admixture in nuclear y transitions. A com- 
parison of the computations with the experimental 
data shows that the admixture of nuclear states 
which do not conserve parity is F < 1074—10°°. 
An increase in accuracy of the measurements by 
2—3 orders of magnitude is required in order to 
reach the theoretical value F ~ 107". 

Further possibilities for detecting nonconser- 
vation of parity in strong interactions may be given 
by investigations of nuclear fission. The most im- 
portant fact in this case is that the value of the fis- 
sion threshold, according to the hypothesis of 
A. Bohr!4! and the data of Stokes et al,-*] depends 
on the spin and parity of the fissioning nucleus. If 
it turns out that the barrier for fission of a nucleus 
with nonconservation of parity is lower than the 
barrier for fission with conservation of parity, then 
the admixture of parity-nonconserving states, after 


passing through the barrier will be greater than the 
value F in the ratio of the barrier factors P, and 
P,. The maximum enhancement can be obtained in 
the case of spontaneous fission, in which the ratio 
of the barrier penetrabilities is ~ 108AE where 
AE is the difference in heights of the barriers in 
Mev. Thus in the case of spontaneous fission it 
would be sufficient to have a difference in barrier 
heights AE = 1 Mev in order that FP;/P, ~ 1. 

A difference in barrier heights of this order 
was found by Stokes et al‘*! in investigating the 
fission of even-even nuclei, and by Simmons and 
Henkel ®] in investigating nuclei with odd A. For 
odd nuclei the probability of spontaneous fission 
is, on the average, 107‘ of the probability for spon- 
taneous fission of the neighboring even-even nuclei. 
This fact was explained by Newton!?] and Wheeler !*1 
as an effect of raising of the barrier with the spin 
and parity of the ground state above the ground 
state at the saddle point. To explain the smaller 
probability of spontaneous fission of nuclei with 
odd A, it was necessary to assume that this rise, 
the so-called ‘‘restricting energy,’’ amounts to 
~1 Mev. 

Several effects may occur in experiments from 
nonconservation of parity in strong interactions: 

1) Increase in fission probability because of the 
contribution of fission with nonconservation of 
parity. This effect can be observed only when one 
makes a comparison with theoretical calculations 
of fission probability. However, because there is 
no quantitative theory of fission, this effect cannot 
be detected. 

2) Observation of the asymmetry in emergence 
of the light (or heavy) fragment along the direc- 
tion of and opposite to the direction of the nuclear 
spin, i.e., an asymmetry of the form 1+ ag°p, 
which is possible only when we have nonconserva- 
tion of spatial parity. Such an asymmetry occurs 
as a result of the interference of states of one 
parity with states of the opposite parity and is 
maximal for FP;,/P, ~ 1. 

One can suggest a mechanism for the appear- 
ance of spatial asymmetry. According to Lol | in 
a sufficiently elongated nucleus the external nu- 
cleons with large angular momentum are located 
in the neighborhood of one of the ends, producing 
a pear-shaped deformation. We denote the wave 
functions of the states in which @ is directed along 
the two opposite ‘directions relative to the “‘pear”’ 
by 7, and 7». If parity is conserved, two combina- 
tions of these states are possible: the even state 
», =, +, and the odd state p_ = 1-42. If 
there is a weak parity violation, combinations of 
these functions must appear. In a nucleus with 
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positive parity, we get ~=%,+ Fy~_. After pass- 
ing through the barrier, whose penetrabilities for 
the states ~, and ~_ are equal respectively to 
P, and Py, we form a state 


ab = Pab. + PF poss Pe (+36 F)a+-ZF Fel, 


i.e., a state with a pear-shaped deformation which 
is correlated with the spin. An analogous result 
is obtained for a nucleus with negative parity. 

The estimates given above for the values of 
P,/P, and F show that the spatial asymmetry 
can be quite large in certain nuclei. An experi- 
ment for observing spatial asymmetry can be 
carried out with polarized nuclei which have a 
spin in the ground state and a relatively high 
probability for spontaneous fission:'49] BK249 
(Tgp.f; = 6 * 10°yr ee Cr” (Tep.f— 2.0% 10° yr); 
Es253 (Ts, ¢ = 710° yr) and possibly Am”! 
(Top. = 2x10 yry.E9 

3) The appearance of longitudinal polarization 
of secondary neutrons, associated with the fact 
that the direction of the spin of the fragments 
formed in fission may be correlated with the di- 
rection of motion of the fragments. The observa- 
tion of longitudinal polarization of neutrons can be 
carried out with unpolarized nuclei. 

4) The occurrence of circular polarization of 
y quanta, associated with a possible transition of 
the mixture of even and odd wave functions in the 
fission fragment. 

The authors express their gratitude to I. S. 
Shapiro for many useful comments. 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 665-667 
(August, 1961) 


Ar the present time there are only three papers 
dealing with the experimental study, in large mag- 
netic fields, of the even e.m.f. (even relative to 
the magnetic field direction), which —like the Hall 
effect—appears in the plane perpendicular to the 
current; the experiments have been conducted on 
single crystals of gallium,!!4 tin,-@Jand copper./?1 
In the last case this phenomenon is attributed to 
the motion of carriers in open trajectories. 

We have carried out an investigation, which was 
described in [2] | on cylindrical specimens of pure 
tin (Po9°K /P4.2°K = 60000) of various orientations 
in fields up to 7 koe. The voltage proportional to 
the resistance due to inaccurate disposition of the 
contacts amounted to several percent of the meas- 
ured effect. 

The rotation diagram of the even voltage is 


given in the figure for one of the specimens— Sn-11; 


for comparison, the rotation diagram of the resist- 
ance in the magnetic field is given. (The quantity 
Eqy plotted in the diagram in the projection of the 
vector of the even electric field Eg on the y axis; 
the x and z axes are directed along the current 

j and field H, respectively. Since Ey 1H, it fol- 
lows that Egy coincides with |Eg| except in sign.) 
For directions leading to open trajectories, the 
even voltage attains a maximum (as in the case 

of copper [3]), it does not, however, disappear for 
intermediate directions of the magnetic field when 
there are no open trajectories (with the exception 
of the direction H || proj.[001]).* A rotation dia- 


*The symbol proj. [001] means the direction of the pro- 
jection of the [001] axis in the plane of rotation of the mag- 
netic field. 


| 


ce 
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Rotation diagram Egy/j (j is the current density) for spe- 
cimen Sn-11; the specimen axis lies in the (010) plane and 
makes an angle of 27° with the [001] direction. Magnetic field 
is 6.9 koe. 


gram of this type is characteristic of all the tin 
specimens, with the exception of those oriented 


‘parallel and perpendicular to the [001] axis. In 


the latter case the even effect is absent. 

It seems possible to us that the occurrence of 
the even voltage can be explained as due to the ap- 
pearance of closed carrier orbits elongated in one 
direction, oriented so that the direction of elonga- 
tion makes with the current direction an angle not 
equal to 0° or 90°. (Open trajectories can be con- 
sidered as particular cases with limiting elonga- 
tion.) From this viewpoint singularities in the 
behavior of the even voltage can be explained on 
the basis of a knowledge of the form of the Fermi 
surface. In the case of tin the Fermi surface is 
such (see (51) that elongated orbits passing 
through several elementary cells in reciprocal 
space exist for all directions of the magnetic 
field which are not parallel to the [001] axis and 
the (001) plane. For all these directions of the 
magnetic field an even voltage arises (with the 
exception of the case when H |! proj.[001] i.e., 
when the direction of elongation is perpendicular 
to the current ) which attains a maximum when 
open trajectories appear. In copper the Fermi 
surface has a more symmetrical form [7] and 
elongated orbits only occur in directions close 
to open trajectory directions. Therefore, the even 


voltage in copper has the form of separate ‘‘peaks’’; 


unlike in tin, there is no even voltage between 
them .[3] To some extent our viewpoint confirms 
the mention of the presence of an even voltage 
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in bismuth,|®1 which has closed Fermi surfaces 
in the form of strongly elongated ellipsoids. 

As Klauder and Kunzler!*] showed, a knowledge 
of the vector of the even field Eg and the resist- 
ance field allows, when open trajectories appear, 
the direction of these trajectories in space to be 
determined. However, concerning the sharpness 
of the peaks, it is possible that their smearing is 
caused by the imperfect structure of the crystal 
(of a growth-structure type), which it is impos- 
sible to avoid in practice. This fact reduces the 
reliability of such a determination. The assertion 
by these authors that the rotation diagrams of the 
even voltage and the resistance of one specimen 
are adequate for the complete disclosure of the 
Fermi surface topology is true only in the sim- 
plest case; this apparently led to the authors 
making the error of incorrectly describing the 
particular directions of the magnetic field in 
copper (cf. [7]), At the same time a study of the 
even voltage together with the resistance in a 
series of specimens of various orientations can 
give more complete information about the Fermi 
surface than the study of the resistance alone. 

In particular, whatever the particular directions 

of the open trajectories the singularities appear- 
ing are always maxima in the case of the even 
transverse voltage, whereas singularities of the 
resistance can be minima (tin) or maxima (metals 
of the first group, tin for some orientations ). 

The author is grateful to A. I. Shal’nikov and 
N. A. Brilliantov for their interest, to Yu. P. 
Gaidukov for discussions, and to S. Volkov for 
help in the work. 
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ELASTIC SCATTERING 
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Un TIL recently, elastic scattering at high ener- 
gies s and at small transferred momenta t (re- 
gion of the diffraction peak) was described ex- 
clusively on the basis of the classical picture of 
diffraction from a black body, in which the invari- 
ant scattering amplitude A(s, t) has the form 


A (s,i) = sf). (1) 

Recently, owing to the progress in the study of 
the analytic properties of the scattering ampli- 
tudes,/!] it became possible to approach the asym- 
ptotic behavior of the scattering amplitude in a 
somewhat less phenomenological fashion. It turned 
out here!?] that an asymptotic behavior such as (1) 
cannot be reconciled in simple fashion with the uni- 
tarity and analycity conditions. It was simple to 
reconcile diffraction with a slowly decreasing 
cross section, such as from a grey sphere. At 
the present time it is not clear whether a classical 
diffraction pattern is produced at all in the scatter- 
ing of high-energy particles. 

In this connection, we wish to discuss in the 
present note a different type of asymptotic behav- 
ior, which in spite of having a few unusual features 
is theoretically feasible and does not contradict the 
experimental values. Before we formulate this 
asymptotic behavior [see (4a) and (4b) below], let 
us see how it is deduced from the analytic proper- 
ties of A(s, t). We consider the scattering of 
identical spinless particles with mass pu, which 
are the lightest in theory. 

The physical region corresponds to t < 0. If we 
continue A(s, t) into the region t > 4y2, then 
A(s, t) can be regarded as the scattering ampli- 
tude of particles having a squared energy t in the 
c.m.s. and having a nonphysical squared momen- 
tum transfer s. The asymptotic behavior at large 
values of s and at the values of t referred to here 
was investigated in !*], where it was shown that it 
cannot have the form sf(t). Regge [3] has shown 
that in nonrelativistic theory, at large momentum 
transfers, A(s, t) behaves as gl(t) where 1 (t) 
is the position of the pole of the partial wave fj 
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as a function of the momentum 7 in the complex 
plane. He also showed that the poles are deter- 
mined by the possible bound and resonant states. 
When t < 42, these poles go to the real axis of 

the complex 1 plane and 7(t) decreases with t. 

In a future more detailed paper we shall show that 
in field theory the amplitudes of the partial waves 
are also analytic functions of 7, and that the asym- 
ptotic behavior of A(s,t) as s—o is deter- 
mined by the nearest singularities of fy on the 

side of the larger 1. If we now assume that the 
nearest singularity in the 7 plane is a simple pole, 
we arrive at the same asymptotic behavior of 

s(t) with real 1 for t < 4u? as in the nonrelativ- 
istic theory. In the nonrelativistic theory, how- 
ever, there is only one channel (t, the energy). 

In the relativistic energy, on the other hand, the 
region t < 0 is a new physical region (where s 

is the energy) which is of principal interest to us. 
In this region, A(s, t) should satisfy the unitarity 
conditions. As shown by Frautschi,(41 it follows | 
from the unitarity condition and from the Mandel- 
stam representation that | 


. (2) 


This means that 1(0) = 1. If we assume that the 
strongest possible interaction is realized, then 
1(0) =1. If we write for small t 


|A(s, 0)| <CsIn?s. 


(3) 
then we obtain 


A(s, t)~ sev, (4) 
and consequently, A(s, t) decreases rapidly with 
increasing t. at high energies, so that the signifi- 
cant interval of t is of the order of —1/é (itis 
readily shown that y>0). If we take crossing 
symmetry into account we obtain the following 
expressions for the imaginary (A,) and real (D) 
parts of A(s, t) when t ~ —1/E: 


ei is 


(4a) 
(4b) 


AatSyat) =e Cseit ss 
DY sites sie yers 


Let us list the main properties of such an asym- 
ptotic scattering behavior: 1) the total interaction 
cross section is constant at high energies, so that 
Ai(s, 0) =Cs; 2) the elastic-scattering cross sec- 
tion tends to zero as 1/é; 3) the scattering ampli- 
tude in the significant region becomes pure imagi- 
nary because of the factor —yt in (4b); 4) the re- 
gion of momentum transfer significant for the 
elastic scattering decreases with increasing en- 
ergy: J/-t ~ gtk, 5) the amplitudes of the par- 
tial waves 


ania Sa 


\ P,(z) A(s, #)dz 


— hs 


ay (8) => 


as functions of 7 (or, what is more convenient, as 
functions of the impact parameter p = 1/p) behave 
in the following fashion: 


Cc 2 4 
ea PUN [ at =| 7 

a (s) =a(p, s) = 18 r E Pte ey 
paste: Ie, p> yré 


i.e., an important role is played in the scattering 


‘by impact parameters p ~ (yé 12 for which 
-a(p,s)~1/é. This behavior means that the 


particles become grey with respect to high-energy 
interaction, but increase in size, so that the total 
cross section remains constant. 

If we assume, as was done above, that the 
asymptotic behavior is determined by the position 
of the pole of the partial wave as a function of 1, 
for example for m7-scattering, then, inasmuch as 
the partial waves of different processes are re- 
lated by the unitarity condition, it can be shown that 
in general the processes with partial waves that 
have poles for the same value of | will be N+N 
—27, N+ N—N+N, etc, and consequently the 
behavior of the amplitudes of the reactions 7 +N 
—a7+N, N+N—N+#N ete. will be similar to 
(4a) and (4b), with the same value of y as for m7 
scattering. 

Chu and Frautschi [5] expressed in several ar- 
ticles the conviction that the asymptotic behavior 
of large momentum transfers in the nonphysical 
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region should have common features in relativis- 
tic and nonrelativistic theory. It was emphasized, 
in particular, that the condition that the total cross 
section be constant, which calls for a pole at / = 1, 
is indeed the condition for the interaction force to 
have a maximum. These authors have disregarded, 
however, the fact that /(t) is an analytic function 
of t, a consequence of which is the extraordinary 
nature of the described scattering picture. 

Ordinary diffraction arises only if the partial 
waves have a pole at 1=1 when t < 4u?, or have 
no pole when t > 4u?. As will be shown in a more 
detailed article, the partial wave must have for 
this purpose complicated analytic properties, which 
have no nonrelativistic analogue. 

In conclusion I wish to express my deep grati- 
tude to I. Ya. Pomeranchuk, L. D. Landau, and 
I. T. Dyatlov for useful discussion and for valuable 
remarks. 


1S, Mandelstam, Phys. Rev. 112, 1344 (1958). 

27, N. Gribov, Nucl. Phys. 22, 246 (1961). 

3T,. Regge, Nuovo cimento 14, 952 (1959); 18, 
957 (1960). 

4¥Froissart. Preprint. 

5G. Chew and S. Frautschi, Phys. Rev. Lett. 5, 
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A translation, beginning with 1955 issues of Zhurnal 
Eksperimentalnoi i T eoreticheskoi Fiziki of the USSR 
Academy of Sciences. Leading physics journal of Soviet 
Union. Similar to “The Physical Review” in quality 
and range of topics. Outstanding new work is most 
likely to appear in this journal. 

Vols. 13 and 14 comprising twelve issues, approx. 4000 pp. 


$75 domestic, $79 foreign 
Libraries* $50 domestic, $54 foreign. Single copies, $8 


Soviet Physics—SOLID STATE 


A translation, beginning with 1959 issues of Fizika 
Tverdogo Tela of the USSR Academy of Sciences. 
Offers results of theoretical and experimental inves- 
tigations in the physics of semiconductors, dielectrics, 
and on applied physics associated with these problems. 
Also publishes papers on electronic processes taking 
place in the interior and on the surface of solids. 

Vol. 3 comprising twelve issues, approx. 3800 pp. 


$70 domestic, $74 foreign 
Libraries* $45 domestic, $49 foreign. Single copies, $8 


Soviet Physics—TECHNICAL PHYSICS 


A translation, beginning with 1956 issues of Zhurnal 
Tekhnicheskoi Fiziki of the USSR Academy of Sciences. 
Contains work on plasma physics and magnetohydro- 
dynamics, aerodynamics, ion and electron optics, and 
radio physics. Also publishes articles in mathematical 
physics, the physics of accelerators, and molecular 
physics. Vol. 6 comprising twelve issues, approx. 2000 pp. 

$55 domestic, $59 foreign 
Libraries* $35 domestic, $39 foreign. Single copies, $5 


Soviet Physics—ACOUSTICS 


A translation, beginning with 1955 issues of Akusti- 
cheskii Zhurnal of the USSR Academy of Sciences. De- 
voted principally to physical acoustics but includes 
electro-, bio-, and psychoacoustics. Mathematical and 
experimental work with emphasis on pure research. 

Vol. 7 comprising four issues, approx. 500 pp. 


$12 domestic, $14 foreign 
(No library discounts.) Single copies, $4 


Publication year July, 1961—June, 1962. 


Soviet Physics—DOKLADY 


A translation, beginning with 1956 issues of the physics 

sections of Doklady Akademii Nauk SSSR, the pro- 

ceedings of the USSR Academy of Sciences. All-science 

journal offering four-page reports of recent research in 
physics and borderline subjects. 

Vol. 6 comprising twelve issues, approx. 1500 pp. 

$35 domestic, $38 foreign 

Libraries* $25 domestic, $28 foreign 

Single copies Vols. 1 and 2, $4; 


Vols. 3 through 5, $8.00 
Vol. 6 and subsequent issues, $4.00 


Soviet Physics—CRYSTALLOGRAPHY 


A translation, beginning with 1957 issues of the journal 
Kristallografiya of the USSR Academy of Sciences. 
Experimental and theoretical papers on crystal struc- 
ture, lattice theory, diffraction studies, and other topics 
of interest to crystallographers, mineralogists, and 
metallurgists. Vol. 6 comprising six issues, approx. 1000 pp. 

$25 domestic, $27 foreign 
Libraries* $15 domestic, $17 foreign. Single copies, $5 


SOVIET ASTRONOMY—AJ 


A translation, beginning with 1957 issues of Astro- 
nomicheskii Zhurnal of the USSR Academy of Sciences. 
Covers various problems of interest to astronomers and 
astrophysicists including solar activity, stellar studies, 
spectroscopic investigations of radio astronomy. 

Vol. 5 comprising six issues, approx. 1100 pp. 


$25 domestic, $27 foreign 
Libraries* $15 domestic, $17 foreign. Single copies, $5 


Soviet Physics—USPEKHI 


A translation, beginning with September, 1958, issue of 
Uspekhi Fizicheskikh Nauk of the USSR Academy of 
Sciences. Offers reviews of recent developments com- 
parable in scope and treatment to those carried in Re- 
views of Modern Physics. Also contains reports on 
scientific meetings within the Soviet Union, book re- 
views, and personalia. 
Vol. 4 comprising six issues, approx. 1700 pp. 
(Contents limited to material from Soviet sources) 


$45 domestic, $48 foreign 
Libraries* $30 domestic, $33 foreign. Single copies, $8 


*For libraries of nonprofit academic institutions. 


